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RIESZ’S FUNCTIONS AND CARLESON INEQUALITIES

TAKAHIKO NAKAZI

(communicated by H. M. Srivastava)

Abstract. Let u be a finite positive Borel measure on the open unit disc D and H a set of all
analytic functions on D . For each a in D, put

r(u,a) = supf (a)?

where f € H and / |f |*du < 1. Unless the support set of u is a finite set, /r(u,a)du(a) =
D D
oo . However

swp [ sl adu(a) < oo
z2€D JDy(2)

may happen where D;(z) denotes the Bergman disc in D. We study when this is possible.
When v is a discrete measure such that dv = Zs(u, a)dq
acA

sup/ r(u,a)dv(a) = sup Z 1.
Di(2)

z€D ZGDaEAﬁDt(Z)

Under some condition on u, we show that sup / r(u,a)dv(a) < oo for a finite positive
z€DJ Dy(2)
Borel measure v on D if and only if (v, u)-Carleson inequality is valid.

1. Introduction

Let D be the open unit disc in C and H a set of all analytic functions on D.
When u is a finite positive Borel measure on D and a € D, put

(1) = s(ut, @) = inf{ / FPdu : f € Handf(a) = 1}

and
r(u) =r(u,a) = sup{[f(a)|2 ; f € Hand /L)V\zdu <1}
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Key words and phrases: Bergman space, weight, Riesz’s function, Carleson inequality, interpolation
sequence.

This research was partially supported by Grant-in-Aid for Scientific Research, Ministry of Education.

© gepay, Zagreb 383

Paper MIA-02-34



384 TAKAHIKO NAKAZI

In the previous paper [2], we noted the following : r(u,a)s(u,a) = 1 for a € D,
assuming co X 0 = 1, r(u) is lower semicontinuous and s(t) is upper semicontinuous
on D. r and s are called Riesz’s functions. Corollary 2 in [2] shows that

| rtwaduta) =

if supp u is not a finite set. By Theorem 8 and Lemma 2 in [2], when (supp u) N D
is a uniqueness set for H, L2(u) = H N L*(u) is closed if and only if for all compact
sets K in D

/K r(u, a)du(a) < oc.

For any z in D, let ¢, be the Mobius function on D and put

Blew) = 3 log(1 +19:00D(1 ~1g:0)) ™" (ew e D).
For 0 <t < oo and z in D, set
Di(z) ={weD; B(z,w) < t}

which is called the Bergman disc with “center” z and “radius” ¢. For all compact sets

KinD /r(u,a)du(a) < oo if and only if for any z in D, / r(u,a)du(a) < co.
K Dy(z)
We are interested in when t

sup/ r(pu,a)du(a) < co.
z€D Dt(Z)

In Section 2, we study a finite positive Borel measure u such that

sup/ r(pu,a)du(a) < co.
Dr(Z)

z€D

If sup / r(u,a)du(a) < oo and v is a finite positive Borel measure on D with
z2€D J Dy(z)

v < u then sup/ r(u,a)dv(a) < oco. Even if sup/ r(u,a)du(a) = oo,
2€D Jpy(z) 2€D JDy(z)

sup/ r(p,a)dv(a) < co may happen when Vv is enough small. In Section 3, we
2€D JDy(2)

study a finite positive Borel measure v for each u such that sup / r(u,a)dv(a) <
z2€D JDy(z)
00.

Throughout this paper, the measure m denotes the normalized Lebesgue area
measure on D. We define an average of a finite positive Borel measure u on D,(z) by
0:(z) = w(Di(z))/m(D:(2)) (z € D). We say that v and u satisfy the (v, u)-Carleson
inequality, if there is a constant C > 0 such that

[ irPav<c [ Pau
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forall f in H. Under some condition on u, the (v, u)-Carleson inequality is valid if
and only if ¥, < y[i, on D for some positive constant ¥ > 0 (see [1]). In Section 4,
under the same condition above on u, we show that the (v, u)-Carleson inequality is

valid if and only if sup/ r(u,a)dv(a) < co. If dv = Zs(u,a)&l where A isa
zeD Dt(z) acA

discrete set in D and §, denotes a po int mass measure at a, then note that
sup/ r(u,a)dv(a) = sup Z 1.
z2€D JDy(z) z€D a€AND;(2)

Hence our result implies a generalization of a theorem of K.Zhu in [4, Theorem 1] when
u=m.
For a finite positive Borel measure y on D, put

M@:LW@WW@ (a € D)

where k,(z) = (1 — |al*)/(1 — az)*. When du = wdm, we denote the function by W
instead of fi. We say that w isin (A;)y if there exists a finite positive constant y such
that

w(a) x (w1~ (a) <y
forallain D.

2. r(u,a)du(a)

It is easy to see that sup/ r(m,a)dm(a) < co. In fact,
z2€D JDy(z)

sup [ (1~ [af’) 2am(a)
Dy(z)

z€D

< sup{ sup (1|a2)_2}m(Dt(Z))

z€D | a€Dy(z)

—w

1—zw

32 (1= 2Py

(1 — [z]k*)?

= supg sup |1-—
z€D | weDy(0)

16
< sup(l — |z*A%) 72 x — sup (1—|wP*) ™2 <00
€D K \epi(0)

because k = tanht € (0,1). When du = Zs(,u,a)ﬁu and A is a set of finitely
acA
many separated sequencesin D, sup/ r(u,a)du(a) < oo because r(u,a)du(a) =
Dy(z)

zeD
Zﬁu . Put

acA

%—WWWLMWMW@<ML

z€D
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then m belongs to # and du = Zs(u,a)Sa belongs to A if and only if A is a set of

acA
finitely many separated sequences in D, that is, the supremum of the number of points

in AN Dy(z) is finite.

LEMMA 1. Suppose du = wdm and w isin (A3)g, and fix t > 0. If B(z,a) < t
then there exists a constant C > 0 such that

1 _ uDia)
¢ = u)

Proof. When B(z,a) < t, Di(a) C Dy(z) and so it is enough to prove that
kP2

b U(Dy(z))

This is equivalent to that
sup I{Zt( z)
z€D “t( )
L < [i on D forany t by Lemma4.3.3 in [5]. By hypothesis on w, there exists a finite
positive constant y such that i < Y[, on D for any t (see [1, p157]). This implies

that supfly,(z)/f(z) < oo.
z€D

< 0

LEMMA 2. Suppose du = wdm and w is in (A3)p, and fix t > 0. Then there
exists a constant C > 0 such that

1
—<M<C (ZED).

C = u(Di(2))

Proof. Since w € (A;)g, there exists a positive constant y

Y~ < ()7 < exp(logw)

on D. By Proposition 4 in [2]

—1 ~ S(‘bL, Z) ~
y7w(z) < m <W(z).
on D. By the proof of Lemma 1, (z) is equivalent to {,(z) = (1 — |z|*)2u(D:(z))
on D. This implies that s(u, z) is equivalentto u(D;(z)) on D.

THEOREM 1. Let U be a finite positive Borel measure on D.

(1) If wj (j = 1,2) belong to %, and A; (j = 1,2) is a positive constant, then
AUy + Ay belongs to %.

(2) Suppose du = Zv(a)&, and each point in A is isolated in D. Then u

acA
belongs to Z if and only if A is a set of finitely many separated sequences.

(3) Suppose sup/ (1—a|®)~2du(a) < co. If du = wdm and | w'dm <
2€D JDy(2) Ke
oo for some compact set K in D, then u belongsto X% .
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(4)If du = wdm and w is in (Az)g, then U belongsto X .
(5)If du = wdm and w = |f |* for some f in H, then u belongsto % .

Proof. (1) Note that for j = 1,2, Aj; < Ay + Aaplp and so Ajr(w,a) >
r()tl,ul + Az[.lz,cl) (a S D) Then

sup / s+ i, g + e @

zeD JD,

< A sup/ . r(uy, a)duy (a) + A3 sup/ ( )r(uz,a)dug(a) < 0.
Dy(z Dy

zeD z€D

(2) Since A isisolated in D, for each a € A there exists a function f in H such
that f(a) = 1 and f = 0 on A\{a} (cf. [3, Theorem 15.11]). This implies that
s(u,a) = v(a) and so r(u,a) =v(a)~'. Hence

wp [ @ = sp ¥
€D JDi(z) D wepiz)na

This implies that u belongs to % if and only if A is a set of finitely many separated
sequences.

(3) By Theorem 5 in [2], if / w™'dm < oo for some compact set K in D, then

c

s(u,a) > (1~ |a’)’? (a € D)

for some positive constant C. Hence by hypothesis on u,

sup [ rlua)du(a) < Csup [ (1 [aP)du(a) < oc.
Di(z) Di(z)

zeD z€D

Thus u belongs to Z .
(4) By Lemmas 1 and 2,

sup / r(u, a)du(a)
Dy(z)

zeD
sup {( sup r(lha)) X u(D,(z))}
zeD a€Dy(z)
1
= fgg { ((zg}zd —s([.l,a)> X H(Dr(Z))}

Ci sup { (aesgtpzz) 7“(;(‘1))) x M(Dr(z))}

X u(D,(z))} =C,

/A

N

< GCysup

where C; and C, are finite positive constant.
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(5) Since w = |f|> and f € H, exp(logw)™~(a) = w(a) (a € D). For

(log | 7)™ (@) = / log If o 0u(2) Pdm(z) > log f o 0a(0)]*.

Hence by (2) of Proposition 4 in [2]

sup / r(u, a)du(a)
2€D JDy(z)

1
= sup /D,(z) w(a)dm(a)

z€D , s(,u,a)

u W(a) mla
S s /D,@ (T P expiogw)~ (@) ™

< sup / (1~ |af?)2dm(a)
Dy(z)

zeD

By the remark in the first line in this section, m € % and so u belongsto Z .

3. r(u,a)dv(a)

If v is a Borel function such that 0 < v < s(u) on D, and dv = vdm, then
SUP/ r(p, a)dv(a) < / r(p, a)v(a)dm(a) < 1.
€D JDi(z) D

Put

a* = {v; sup/ r(u,a)dv(a) < oo, vis afinite positive Borel measure}
2€D JDy(z)

for each finite positive Borel measure p. Then the above measure vdm belongs to
Z* . In this section, we study the set Z* .

THEOREM 2. u, v and G denote finite positive Borel measures on D.

(1)If wisin Z and v < yu for some positive constant y then v belongs to
A* .

(2) Suppose du = wdm and w is in (A2)g. If v isin " and 6, < yV; on D
for some y > 0 and some t > 0 then o belongsto FZ*.

(3) When A is a (not necessarily finite) positive Borel measure on D and dv =
s(u,a)dA(a), v belongsto Z* if and only if sup A(Dy(z)) < oo for some t > 0. In

zeD

particular, when dA = 26“ and A is a discrete set in D, v belongs to %" if and

acA
only if A is a set of finitely many separated sequences.

Proof. (1) is clear.
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(2) Suppose w € (Az2)s. By Lemmas 1 and 2, there exists a positive finite constant
C such that

. sup #(Dilz)) < sup/ r(u,a)da(a) < Csup a(D,(2))
Dy(z)

C :ep U(Di(2)) ~ zep «eb U(Di(2))
because r(u,a) s(u,a) = 1. These inequalities imply (2) by applying it for o = v
and o = 0. In fact, as a = v in the above inequalities
D
sup v(Dy(z))
eb W(Dy(2))
because v € Z*. As a = 0,

o(Dy(z)) " v(D,(2)) " o(Dy(z) o
B ad) S rDG) VD)
because 6; < yV;.
(3) If dv = s(u,a)dA(a), then

sup/ r(i, a)dv(a) = sup A(Dy(z)).
Dy(z)

z€D z€D

This implies (3).

4. (v, u)-Carleson inequality

If / r(u,a)dv(a) < oo then (v, u)-Carleson inequality is valid (see [2, Theorem

7]). The following question is natural. Is (v, u)-Carleson inequality valid for v in
Z* ? Theorems 2 and 3 answer for it positively when du = wdm and w isin (A;)s.
Corollary 1 is a generalization of a result of K.Zhu [4, Theorem 1].

THEOREM 3. Let U be a finite positive Borel measure and A a (not necessarily
finite) positive Borel measure on D. Suppose du = wdm and w is in (A3)s, and
dv = s(u,a)dA(a). sup A(D,(z)) < oo if and only if (v, u)-Carleson inequality is

z€D

valid.

Proof. By Theorem 3 in [1], in order to prove this theorem, it is sufficient to show

that sup A(D,(z)) < oo if and only if
z€D

Or (Z)
sup —
b (2)

The proof of Theorem 2 shows this.

< 00.

COROLLARY 1. Suppose du = wdm is a finite positive Borel measure with w in

(A2)s and dv = Zs(u,a)Sa with a discrete set A in D. A is a set of finitely many
acA
separated sequences in D if and only if (v, 1) -Carleson inequality is valid.
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