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ON GENERALIZED LORENTZ—ZYGMUND SPACES
B. Opic AND L. PICK

(communicated by J. Pecari¢)

Abstract. We study generalized Lorentz—Zygmund spaces with broken logarithmic functions. We
derive necessary and sufficient conditions for embeddings between them. We give a complete
characterization of their associate spaces. We establish necessary and sufficient conditions for
a generalized Lorentz—Zygmund space to be a Banach function space and to have absolutely
continuous (quasi-)norm. We describe completely relations between these spaces and Orlicz

spaces.
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1. Introduction

In 1980, Bennett and Rudnick [BR] introduced the three-parameter scale of the
so-called Lorentz—Zygmund spaces. The Lorentz—Zygmund space L, 4., Where 0 <
p,q < oo and o € R, is the set of all functions f on an appropriate measure space
(%, 1), whose non-increasing rearrangement f* , defined by

@) =inf {4 >0;u({x € Z:|f (x)| > A}) <t}, 1€]0,00),
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satisfies
1_1 "
(|67~ (1 + [log t))°f ()l g.(0.u(22)) < 00

Bennett and Rudnick successfully applied Lorentz—Zygmund spaces to the develop-
ment of a powerful interpolation theory involving operators satisfying certain a-priori
rearrangementinequality. This way they considerably improved many results describing
the behaviour of operators, especially in limiting cases. The class of Lorentz—Zygmund
spaces is very important as it contains such classes as Lebesgue spaces, Lorentz spaces
or Zygmund classes, and at the same time it is a class of quite easily tractable func-
tion spaces. Another very important example of a Lorentz—Zygmund space is the one
normed by

_ L Y
F 1= Nl (1 + [log e) =1 * (1) oy

(in the above notation, Lo, »,—1 ). This space was discovered independently by Hansson
([H]) and by Brézis and Wainger ([BW]) as the appropriate target for the limiting case
of the Sobolev-type embedding of the space W!”, where n is the dimension of the
underlying domain. The significance of this space was recently approved by Edmunds,
Kerman and Pick ([EKP]) who showed that it cannot be replaced by any essentially
smaller rearrangement invariant space, and by Cwikel and Pustylnik [CP] who proved
the same fact in a stronger sense.

Recently, an investigation of double-exponential integrability of convolution oper-
ators was carried out by Edmunds, Gurka and Opic ([EGO1]). The authors extended the
theory of Lorentz—Zygmund spaces by introducing a second tier of logarithms, calling
the outcoming structure generalized Lorentz—Zygmund (GLZ) spaces. In [EOP1], a
variety of sharp interpolation theorems in the sense of Bennett and Rudnick was ob-
tained by simple techniques; the results of [BR] were extended to the context of GLZ
spaces, many of them were improved, and their sharpness was shown. In particular, the
important scaling property of GLZ spaces was discovered, and the cross-case interpola-
tion was treated. For technical reasons dictated by various limiting versions of Hardy’s
inequality behind the proofs, the results of [EOP1] were restricted throughout to the case
when the underlying measure space is of finite measure, similarly as in [BR] or [GM].
This difficulty was removed later in [EOP2], where the so-called broken-logarithmic
functions were introduced. This enabled us to carry out a comprehensive interpola-
tion theory for functions defined on a non-atomic o© -finite measure space. Using the
abbreviations £(r) = 1 + |logz| and £(r) = 1 + log (£()), t € (0,00), we define
broken-logarithmic functions by

£%(1), 0<r<l
L% (1), 1 <t<oo,

where A = (0, oo ) € R?; £0%(1) is defined analogously. Similarly as A we shall use
few other symbols for two-dimensional vectors, namely B = (S, Bo), D = (80, 00 ) »
L = (A0, Ax), E = (&,€x), S=(00,0x), and W = (wy, 0 ). These symbols
should not be confused with the usual letters N and R which traditionally denote the
set of all natural numbers and the set of all real numbers, respectively.



ON GENERALIZED LORENTZ-ZYGMUND SPACES 393

The present paper is devoted to a detailed study of two types of GLZ spaces with
broken-logarithmic terms, namely

Lygam = {f € M(Z, W) |If lpgan = ||”_’_MA(I)%B(I)JC*([)Hq.,(O.,M(%)) < OO}

and
l_l k%
Lipgan) = {f € (R, 0 If | p.gam) = 1790400 (0)f (1) | g o)) < o0},

where f**(t) = ! fot f*(s)ds. An extension to the cases involving more tiers of
logarithms is just a technical matter (cf. e.g. [EGO4)).

In several directions of our recent research (let us name, for example, the investi-
gation of limiting cases of convolution inequalities ([EGOL1]), the study of embeddings
of Bessel potential spaces based upon GLZ spaces ([EGO2], [EGO3], [EGO4], [GO]),
the development of real interpolation theory with broken logarithmic functors ([EOP1],
[EOP2], [EQ]), or the investigation of embedding theorems for Bessel potential spaces
with logarithmic smoothness ([OT])), we found a reasonably complete information on
basic properties of GLZ spaces indispensable. Thus, guided by requirements coming
directly from applications, we have been collecting for several years pieces of informa-
tion until we reached a point of being able to write up a self-contained comprehensive
“primer” on GLZ spaces. Such a primer is presented in this paper. Since the information
is complete and exhaustive, we believe that the list of results can be found handy by
many authors (by those interested in the area of limiting behaviour of operators and
also by those seeking non-trivial examples or counterexamples). Therefore, we are con-
vinced that our primer is worth publishing although some of the results are not strictly
“new” as they might be obtained (usually via a tedious and time-consuming calculation)
from more general criteria, scattered in existing literature. Needless to say, when we
first started this work, some of the papers that appeared recently were not available (for
example, [GHS], [So], [CS3], [CPSS] etc.).

A typical more general context is that of classical Lorentz spaces. The spaces
A?(w), determined by the quantity

IF lno) = (7(}‘*(t))‘fw(t)dt> "

which were introduced in [Lo1] and later studied by many authors, contain all the spaces
Ly4ap aslong as g € (0,00). Similarly, for ¢ € (0,00), the spaces L, a5 are
particular examples of the spaces I'?(w), introduced by Sawyer in [Sa], where

f lraqwy = (7(}‘**(t))‘IW(t)dt) l/q.
0

The situation is not so straightforward when ¢ = oo; in such case many (but not
all) of the GLZ spaces are covered by weak modifications of classical Lorentz spaces
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AP (w), T'%°(w), respectively (cf. [CS1]), where

t

il = s 7@ [ w(s)ds)l/q,

0<t<oco
0
and
f 1/q
f lracoqn) = sup f**(f)</W(S)ds> '
0<t<oo 5

Now we shall give a detailed outline of the paper with the discussion of its relations
to the existing literature.

Section 2 contains preliminaries and notation. In Section 3 we collect very basic
facts about GLZ spaces (frequently needed in subsequent sections), such as the char-
acterization of those parameters p,q, A, B, for which the corresponding GLZ space
is non-trivial, that is, not equal to {0}, the list of the fundamental functions of GLZ
spaces, and some inclusion relations between both types of GLZ spaces. All these
facts follow simply from definitions, apart perhaps from the inclusion relations in The-
orems 3.8 and 3.16. For more general spaces, inclusion relations can be found, e.g., in
[Sa, Theorem 2], [CS2, Theorem 3.2], and [So, Proposition 2.7, Theorem 4.1 (i), and
Theorem 4.2 (ii)]. For the questions of non-triviality and fundamental functions, cf.
also [CPSS, Lemma 3.6].

In Sections 4 and 5 we review embedding relations between the spaces L, 4.4 B
and L, 4 B), respectively. To be more precise, in Section 4 we give a complete
characterization of the parameters involved for which the embedding

Lp, oL — Lp, rsw

holds. Almost all the results can be obtained from more general criteria provided by
[Sa, Remark, p. 148] (1 < Q,R < c0), [St, Proposition 1] (0 < Q,R < o0) and [So,
Proposition 2.7] (some particular cases when Q = co and/or R = oo ); we thus omit
the proofs. Analogously, in Section 5 we deal with the embeddings

LipoLE) = LprrSW)-

General criteria for this type of embedding were obtained by a discretization method in
[GHS]. However, in some cases the conditions are very implicit and hard to verify. For
this reason, we present detailed and self-contained proofs in the Appendix.

In Section 6 we give a complete characterization of associate spaces of GLZ
spaces. We present elementary proofs based on rearrangement techniques in the spirit
of [BS]. Again, for some cases, certain more general results are known. In [Sa, Remark,
p. 147], the associate space of A?(w) is characterized provided that 1 < ¢ < co and
Jo " w(s)ds = oo. Similarly, in [GHS, Theorem 3.1], the associate space of I'/(w) is
described, but, again, in the case 1 < g < oo, the criteria are given in rather implicit
terms involving discretization. For some further results and references see [CPSS,
Section 9].
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Our next concern is the question when a GLZ space satisfies all the axioms of
the so-called Banach function space in the sense of Luxemburg (cf. [BS, Chapters 1
and 2]). Clearly, neither of the quantities || - ||, 448 OF || - |[(p.g:a,B) is necessarily
a norm; consider, for example, the cases when ¢ € (0,1). In Section 7 we give a
full characterization of those GLZ spaces which are rearrangement-invariant Banach
function spaces. These results are, as far as we know, new.

In Section 8 we present a comprehensive analysis of the problem when a GLZ
space L, aB OF L, 4 m) coincides with an appropriate Orlicz space. For u(#) <
oo, related particular results can be found, for example, in [BR], cf. also [EGOI,
Lemma 3.10], [EGO2, Lemma 4.2] or [EOP1, Lemma 2.2]. Since the situation is in
general rather complicated and most of the results are new, we include detailed proofs.

Finally, in Section 9 we characterize all GLZ spaces whose norm is absolutely
continuous (cf. [BS, Chapter 1, Section 3]).

2. Preliminaries

The symbol C will denote various constants independent of appropriate quantities.
We write A < B whenever A < CB, and A =~ B wheneverboth A <B and B<A. For
aset E we denote by yg the characteristic function of E. We shall use the convention
1/oo =0 and co/oo = 0, and for 0 < ¢ < oo we define ¢’ by $+qi, = 1 when
q# 1,and g = +oco when g =1 (note that ¢/ < 0 when 0 < g < 1).

Throughout the paper, (#,u) denotes a totally o -finite measure space with a
non-atomic measure W, and 4 (%, ) is the set of all extended complex-valued u -
measurable functionson &% . By .4 (2, 1) we denote the set of all non-negative func-
tions from .# (%, ). In the case when Z = (0,00) and u is the Lebesgue measure
on (0,00), we simply write .# (0, c0) instead of .#Z (%, u). By .#*(0,00; ) we
mean the subset of .# " (0, c0), consisting of all non-increasing functions on (0, 00).

Let X,Y be two (quasi-)normed linear spaces of functions from .# (%, u). We
say that X coincides with Y (and write X =Y ) if X and Y are equal in the algebraic
and the topological sense (their (quasi-)norms are equivalent).

We shall use the symbol — for the continuous embedding of (quasi-)normed
linear spaces.

Following Luxemburg ([Lu], cf. also [BS]), we say that a Banach space X of
extended complex-valued u -measurable functions defined on % is a Banach function
space (BFS), if the following axioms hold:

(P1) the norm || - ||x is defined for every f € .# (%, ), and such f belongs to

X ifand only if ||f ||x < o0}
(P2) |Ifllx =0 ifandonly if f =0 u-ae,;
(P3) [Ifllx = [If [ llx whenever f' € .2 (%, u);
(P4) 0 < g <f w-ae. implies [|gllx < [If[lx:
(P5) 0<fy /f p-ac.implies [fullx / |If
(P6) ||xellx < oo whenever U(E) < co;
(P7) If u(E) < oo, then there is a constant Cg such that [, |f| < Cgl|f [|x forall
feXx.
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We shall use the following

CONVENTION. Let X = (X, || - ||x) be a (quasi-)normed linear space of functions
from .#(Z%,u). By saying “X is a BFS” we mean that there is a norm || - || on X,
equivalentto || - ||x, such that the space (X, || - ||) is a BFS.

Let X be a quasi-normed linear space of functions f € .#(%,u) satisfying
(P1)—(P6), modified in the sense that || - ||x may be a quasi-norm. The space X is said
to have absolutely continuous (quasi-)norm if every f € X satisfies the axiom

(ACN) |If x£,|lx — O for every sequence {E,} C % suchthat E, \, 0 u-ae.
(Recall that E, \, § w-a.e.if xg, \, 0 u-a.e.) Moreover, the set X', given by

X = {f EL///(%M);/Vg\ du < oo forall geX}7
%

and endowed with the norm

il =sup { [ 17l s gl < 1},
X
is called the associate space of X . The Holder inequality

/ el dp < IIf xllglle
74

holds for every f € X, g € X', and moreover

17l = sup { [ 17l ap
R

gl <1}

By [BS, Chapter 1, Theorem 2.7], X" = (X’)’ = X provided that X is a BFS.
Let f € (%, u). The distribution function py of f is defined by

) =u({xe Zlfx)]>AY), A €0,00).

The non-increasing rearrangement f* of f is given by
Fr@) =inf {4 >0;u,(A) <1}, 1€0,00),

and the maximal function f** of f* by

t

f**(t):l/f*(s) ds, 0<t<oo.

t
0
Recall that suppf™* C [0, u(Z#)] and f*(¢) < f**(¢) forevery f and ¢.
Let X be a quasi-normed linear space of functions f € .#(%,u), satisfying
the axioms (P1)-(P6) (modified again in the sense that the norm of X may be a
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quasi-norm) and such that ||f|[x = ||g||lx whenever f* = g*. Then X is called a
rearrangement-invariant (r.i.) space.

Let X be an r.i. space. For each finite ¢ € [0, u(%)] , let E be any subset of %
with u(E) =t, and

ox () = [l 2ellx-

The function @x so defined is called the fundamental function of X . Let us note that
for two r.i. spaces X and Y such that X — Y, we necessarily have ¢y (1) < @x(t) for
all finite # € [0, u(Z%)).

Since u is non-atomic, for every finite 7 € (0, u(Z#)] there is a u-measurable
subset E of % such that u(#) = t, and therefore (yz)* = x(0,) . Hence (cf. [BS]),
forevery f € .#(%,u) and every finite ¢ € (0, u(%)],

/ £(s) ds = / £ ds < el lf
0 0

which yields

t

2.1) / £105) ds < ox(®) I -

0

We write ¢ € F provided that
(i) @(r) =0 ifand onlyif z =0,
(ii) @ is continuous except perhaps at 0,
(iii) ¢ is equivalent to a non-decreasing concave function on (0, u(%)) .
If X is an r.i. BFS, then @x € F (cf. [BS]). Moreover, the fundamental function
@y of X' satisfies

22) P = 1 ORA).  gu(0)=0.

ox(1)
Conversely, if ¢ € F, then ¢ is a fundamental function of some r.i. Banach function
space(s). Among all such spaces, two are of an extraordinary importance. Namely, the
spaces A, and M, , defined as the families of all functions in .# (%, u) for which the
functionals

w(%)

23) Wl = [ 570 a0,
0

and

(2.4) Il = sup [ (0)e(0),
0<t<u(Z)

respectively, are finite. Both A, and M, are rearrangement-invariant Banach function
spaces with fundamental function ¢, and, in fact, A, is the smallest and M,, is the
largest such a space. In particular, for any r.i. BFS X,

(255) Agy — X — Mg,.
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It follows that (cf. [Sh] or [BS, Chapter 4, Exercise 21 (d)])
(2.6) (Ap)' =M, (My)" = Ag,
where @(r) =1/¢(t) .

A typical example of an r.i. space is the Lebesgue space [P = L[P(%,u) with
0 < p < o0, whose (quasi-)norm is defined by

1/p . )
27) Il = <%; If (x)] du) if 0<p<oo;
esssup,c If (¥)] if p=o0.

When Z = (a,b), —00 < a < b < 00, and u is the Lebesgue measure, we sometimes
write || - ||4,(ap) for the (quasi-)norm (2.7). We recall that I” is a BFS if and only if

1 < p < 0o. Moreover, for ¢ € [0, (%)), @(t) = t'7 when 0 < p < oo, and
P (1) = Xou@)) -

Another important example of an r.i. BFS is the Orlicz space Ly = Lo(%Z, 1),
generated by a Young function ®@: [0,00) — [0,00), which is an increasing convex
function satisfying

(2.8) tim 2O i o,

The space Lg is the collection of functions f € .#(%,u) for which there exists
a A > 0 such that f D(|f (x)|/A)du < oco. If ® satisfies the A, —condition, that

is, ®(2¢) SO(1) for all + > 0, then f € Lo if and only if fCD If)du < oco. The
(Luxemburg) norm in Lg is given by

If llo Ziﬂf{7L > 0;/<I>(|(z—)|) du < 1},

&
and (Lo)' = Lg , where @ is the complementary function of ®,
(1) = sup (st — d(s)), 0< 1< cc.

Let us also recall the Young inequality
st < D(s) +D(r), s,2€[0,00).

The fundamental function of the space Ly endowed with the Luxemburg norm reads
(cf. [KR, (9.23)])

29) 0 (0) = o

Let 0 < g < oo and let w be a weight function (an a.e. positive measurable
function on (0,00)). If u(#) = oo, we define the classical Lorentz spaces A?(w)
and T?(w) (cf. [Lol] and [Sa]) as the sets of all functions f € .# (%, 1) such that

€ [0, u(Z)).

If Wl g,0,00) < 00 and If“wllg,0,00) < 00,
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respectively. Itis worth noting that, for 1 < ¢ < oo, I'%(w) isarearrangement-invariant
BFS if and only if w satisfies, for every ¢ € (0, c0),

(2.10) [w(s)|lg.0) < 00 and Hs_lw(s)Hq’(,’oo) < 00.

Indeed, the axioms (P1)—(P5) readily follow from elementary properties of rearrange-
ments (cf. [BS, Chapter 2]). The axiom (P6) is a consequence of (2.10) and the identity

(2.11) Xion(8) = 200)(5) + 157 K100 (5)-
As for (P7), note that for a set E with u(E) =1,

t t
/ Fldu < / £7(5)ds = G 15~ () lleoe) / £7(5)ds < G [ o).
E 0 0

where C; = (|[s™'w(s)|g(00)) "' < 00. If, conversely, (2.10) is not satisfied, then
evidently (P6) does not hold and therefore I'?(w) is not a BFS.

Let 1 < g < co. By [Sa, Theorem 4], A?(w) is a Banach space (that is, there is
anorm || -] on A?(w) equivalent to the original one) if and only if A?(w) =T%(w).

If, additionally, [ w(r)dt = oo, then [A9(w)]" = I (i), where 1+ =1, and
0

’ £ 7‘1’
w(t) =1 w(t)(fw(s) ds)
0
Important examples of classical Lorentz spaces are the generalized Lorentz—
Zygmund spaces, defined in Section 3 below.

3. The GLZ spaces — definitions and basic properties

As usual, the symbols R and N stand for the set of all real numbers and the set
of all natural numbers, respectively. Moreover, we shall use the letters A, B,D, L, E,S
and W for two-dimensional real vectors, that is, A = (o, 0o), B = (Bo, Boo) >
D = (80,000), L = (A0, A0)> E = (€0,6x)> S = (00, Ox), and W = (wp, 0o) €
R?. Given o € R, we shall use the convention A + 6 = (0 + 0, ttoo + 0) and
oA = (0ay, 00 ). We also write A < B and A < B when o; < ff; and o < f3;,
respectively, i = 0,00. If A = (0, 0so) € R?, we put A = (ttoo, o) .

We shall use the abbreviations

0(r) =1+ |logt|, €0(t) =1+1log (€(r)), LLL(r) =1+ log (€4(1)), t>0.
If A= (0, 0s) € R?, we define
£%(1), 0<tr<l1
0% (1), 1 <t<oo,

and analogously for £¢4(¢) and €00%(t).
We are in a position to define generalized Lorentz—Zygmund spaces with broken
logarithmic functions.
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3.1. DEFINITION. Let 0 < p,q < oo and A, B € R?. The generalized Lorentz—
Zygmund (GLZ) space L, 4.4 B is given by

Lygas = {f € (B 105 If lpans = 107~ * (1) g.0.00) < 00}

3.2. REMARKS. (i) Generalized Lorentz—Zygmund spaces L, ;.4 g include many
familiar ones: When A = B = (0,0), we obtain just the Lorentz space LP4. If,
moreover, p = ¢, then L, a5 = L is the classical Lebesgue space, and the (quasi-)
norms coincide. If (%) < oo, o € R,and A = (o, 00), B = (0,0), then L, ;.45 is
the Lorentz—Zygmund space [P (log L), considered by Bennett and Rudnick ([BR]),
which coincides with the Zygmund class L?(log L)* when p = ¢.

(ii) Note that the use of different powers near 0 and near oo is reasonable only if
W(Z) = oo.

When u(#) < oo, the space L,ap coincides with L, .4 5 introduced in
[EGOL1]. Below we shall use the following slight modification of these spaces.

Let 0 <p,g< o0, a,feR,and T € (0, u(#)]. Then we put

L gap(0.T) = {f € A(R,1): f lpgepor) < 0},

where, for 0 <t < T < u(%),

Il ) = 157~ £4)EP (5)F () e
If 0 < T < o0, then it is easy to see that
f €Ly4ap(0,T) ifandonly if  f € L, 4.44(0,1),
and forall f € .#Z(Z%,u),

1 llp.ge.0.1) 2 If llp.gicepuo.0)-
We put
Ly gap = Lpgop(0, W(#)) = Lp g:(c.0).(8.8)
and
I lpgop = 1l llpgi(oc.8.)-
In addition to the above notation we write for g € .#Z(%Z,u), p,q € (0,00],
ABcR?,and 0<t<T < u(%),

1_1 .
Igllpga.0m) = lls?~ 7 €5(5)€6% (5)8" (5) g o) -

Besides the spaces L, ;.4 5 we also introduce their analogues Ly, 4.4 ) by replacing
the non-increasing rearrangement f* by the maximal function f**. Let us be more
precise.

3.3. DEFINITION. Let 0 < p,q < oo and A, B € R?. The generalized Lorentz—
Zygmund (GLZ) space L, 4.4 5 is given by

1_1 k%
Lipgan) = {f € A (B, 0): | lpgai) = 7~ 7€ 0} (O (1) g0 < 00}
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3.4. REMARKS. (i) Let 0 < p,g < 00, a,B € Z, AB € R?>,and 0 < 1 <
T < oo. The spaces L 4.8 (0,T), Ly gap) - and the quantities [|f || g:0.8)(0.7) »
Wf 1l p.gse.8) » and ||f || p.g:.B)(s,7) » are defined in an obvious way (cf. Remark 3.2 (ii)).

(ii) Occasionally we shall use a third tier of logarithms (cf. e.g. Section 6). In such
cases we work with the spaces

Lygasp = {f € A (%, 1);|If llpg:app < 0},

and
L(p,q;A,B,D) = {f € %(‘%M"L)’ ‘V||(P,4;A,IB,D) < 00}7
where
L1z B D *
I llp.gamm = [[t77 a5 ()L () CLL™(0)f ™ (1)l g (0.(22))
and

If |l (p.g:a.B.0) = ||f’_’_”A(I)MB(I)MKD(I)JC**(f)Hq,(o,u(g))-

As we have already mentioned (cf. Remark 3.2 (ii)), the use of different powers
near 0 and near oo is reasonable only if ©(#) = co. We thus adopt the following

CONVENTION. Throughout the paper we assume that u(#) = oo unless it is
explicitly said that u(%) < co.

Since f* < f**, we have
(3.1) Lpgam = Lpgas-
Let us first clarify when the spaces L, 4B and L, 4 B) are non-trivial.

3.5. LEMMA. Let 0 < p,q < 00, A = (06, ttoo), and B = (Bo, Boo) -
(i) The space Ly 4.4 5 is not trivial, that is, not equal to {0}, if and only if one of
the following conditions holds:

p <00

p =00, o+, <0;
p=00, 0+ ;=0 B+ <0
p=00,g=00, =0, fy=0.

(32)

(ii) The space L, g p) is not trivial, that is, not equal to {0}, if and only if one
of the following conditions holds:

1 <p<oo;

p = 0, O(o+$<0;

p=00, 0o+ ;5 =0, fo+ 5 <0
(33) p=00,q=00, tg =0, By =0;
p=1, ocoo+é<0;

pP=1, O+ =0, oo+ 5 <O0;
p=1g=o00, 0o =0, B, =0.
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Proof. The proof of (3.3) is an easy modification of that of Corollary 2.3 in [EOP2].
For (3.2), cf. also [EOP1, Lemma 6.1]. O

3.6. REMARK. Let 0 < p < o0, 1 € ¢ < o0, A = (0, 00), and B =
(Bo,Bx) € R*. Then X = L(, 4 p) is a rearrangement-invariant BFS if and only if

X # {0} . This follows from the fact that the function w(r) = tll’féﬁA(t)MB(t) obeys
(2.10) if and only if one of the conditions in (3.3) holds.

‘We shall now list the fundamental functions of GLZ spaces.

3.7. LEMMA. Let 0 < p,q < 00, A = (0, o), and B = (Bo, Boo) -
(i) Assume that the space X = L, a5 is not trivial (cf. Lemma 3.5). Then, for
0<r<1,

17 0% (1) £0Po (1) if 0<p<oo;
(a0 if p=oco, ag+L<0;

ox(1) = 1
178103 if p=o0, 00+1=0,By+1<0;
1 if p=o00,g=00, =0, P=0;
whereas, for 1 <t < oo,
19 0% (1) 0P (1) if 0<p<oc;
1 if p:oo,eitheraoo+%<0,

or Oloo+$=07 Boo+$<0,

or q =00, Os =0, B =0;

ox(t) ~ 1
gO{ooJra(t)ggﬁoo (l) lf P = 00, Ol + % > 0;
00P=+a (1) if p=00, 0ot 1=0 Poutl>0
0004 (1) if p=00, to+1=0 Pt+l=0

ii) Assume that the space Y = L, ,.aom) is not trivial. Then, for 0 <t <1,
(p.q:A,B)

17 0% (1) £0P (1) if 1<p<oo;
(a0t (r)  if p=oco, ap+ <0

e ) if p=o00, a+5=0 Bo+g<O0:

1 if p=o0,q=00, =0, fy=0;
prln) ~ § HUTWUR@) i p=1 00+1>0;

0 () if p=1Lo+;=0B+;>0

000 (1) if p=1,0+1=0po+1i=0;

t if pzl,eitherozo—|—$<07

or ozo—&—é:O, B0+$<0;
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whereas, for 1 <t < oo,
0 ()00 (1) if 1< p < oo
1 if p=o0, eitherocooJré<07
or Otoo—l-é:O, Boo+$<0,
or q= 00, O, =0, Boo =0;
(=TI () i p =00, Qoo+ L > 0;

Q

PO bt I p=oo, tet E=0, futl>0:

0064 (1) if =00 tot =0 Potl=0;
UG (1) if p=1, o+ L <0

106P=+5 () if p =1, either oo + 5 =0, e + 5 <0,

or q= 0, Os, =0, B =0.

Proof. This is just an elementary calculation, using (2.11) in the case (ii). O
Our next aim is to study relations between the spaces L, ;ap and L, 4 o B) -

3.8. THEOREM. Let 1 < p< oo, 0<g< o0, A= (t,Uo), B=(Bo,Pso) €
R?, and assume that one of the conditions in (3.3) is satisfied.
(i) If 1 < p < oo, then

(3.4) L(p,q;A,]B) = Lp,q;A,B~

(ii) The space L 1.am) coincides with the space

L11:0,0000 +1),(0,800) if Os +1<0, eitherop+1 <0,
or og+1=0,By+1<0;
Liyav1p if Oeo+1<0, 00+1>0;

Ly 10,000 41) (Bt 1.8s0) U O +1 <0, ag+1=0, fo+1>0;
L1 150,000 11).(0,B00),(10) I Qoo +1 <0, a0 +1=0, Bo+1=0;
Ly1:(0,0),(0.850+1) if Oo+1=0, Bs+1<0,

and either op +1 <0, or o+ 1=0, By +1<0;
L1 1:(c+1.0),(BoBoo+1) if Ou+1=0,PBoc+1<0, 00+1>0;
L1 150,0)B+1 if Ow+1=0,B0c+1<0,00+1=0,+1>0;
L1 ,15(0,0),(0,B00+1),(1,0) if Ow+1=0,B0+1<0,00+1=0,0+1=0.

(iil) Let 1 < g < 00. Then

. 1 1
(35) Liganp G Lugap if oo+ p >0, Oy + p <0,
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and
c . 1 1
(36) qu(% %)B+l iL(laq;(_éa_é>7B> l‘f BO+5 >05 ﬁoo+5 <0
(iv) Let 0 < g < 1. Then
. 1 1
Ll,q;A+é,IB§ ; L(l,q;A,B) if Op + 5 > 0, Ooo + 5 <0

and ) |
Ll,q;(O,O),B‘Fé C L(laq;(*éa*é)aB) lf B() + 5 > Oa Boo + 5 < 0

Proof. (i) Assume first that 1 < g < oo. Since p > 1, the Hardy inequality

1777 04 ()05 (1) l/g

0

(3.7)

1) 0 (1)g(0)|

q

holds for every g € .#*(0,00) (cf. [OK, Theorem 5.9]). Applied to g = f*, (3.7)
implies L, 448 — L g.a8) . Combined with (3.1), this yields (3.4). If 0 < g < I,
we use an analogous argument, applying [La, Theorem 2.2].

(ii) By the Fubini theorem,

oo oo

Vlaies = [0 [ ewe ar)as

0 s

Calculating the inner integral, we obtain the assertion.

(iii) Both embeddings in (3.5) and (3.6) follow from the corresponding Hardy
inequality (cf. [EOP2, Lemmas 4.2 and 4.3]). The distinction of the spaces follows by
comparing their fundamental functions (cf. Lemma 3.7).

(iv) This follows from [La, Theorem 2.2]. [

Now we shall prove some auxiliary results which will be needed later.

3.9. LEMMA. Let 0 < g < oo, and A, B € R?. Assume that for each i € {0,00}
one of the following conditions holds:

1
o+ - <0;
q

1 1
a+-=0,p+-<0;
q q

q = 00, ai:O> Bl:O

Then forall f € Lo g:AB

e €% (1)00P (1) * (1)l g, (1,00) S 177 €% ()L (0)f * (1)l 0.1)-
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Proof. Our assumptions imply that
L 1
(3.8) 7 0% (1)e0P= (1) g 1,00 = 12 [l 7 ()0 (1) | 0,)-
Consequently, forall f € Lo g:aB
1 . “ L
™3 0% (1) 0P (D) * (1)l 1.00) < (1) [l 70 (1)00P ()] 1,00
1 1 “
=)l Te (el ()00 < 77O OF (1)l O
3.10. COROLLARY. Let all the assumptions of Lemma 3.9 be satisfied. Then
LOO,q;A,B = LOO,q;Oloﬁo (07 l)'
If moreover q = oo, then
(3.9) Loo,co:aB = Loo,cos00,6 (07 1) = Loo,oo;(aoﬁo)w(ﬁoao)'

The following result is a dual version of Lemma 3.9.

3.11. LEMMA. Let 0 < q < oo, and A, B € R?. Assume that foreach i € {0,00}
one of the following conditions holds:

1
o+ — <0;
q

1 1
ai+-=0p+-<0;
q q

q = 00, ai:O7 Bl:O
Then for all f € L1 4ap)

I =70 ()P (0 (1) g1y S '™ 7L ()06 (1) (1) | g 1,00)-

Proof. Using (3.8), we have forall f € L(j g:a )

t

0% (el () (1)l 00) = 1”7 £ (1) 06 (1) / f7 () dsllg. o
0

1 1
< IOy [ £76)ds % OOl 10 [ 176005
0 0

t
<l e (r)eeP= (1) /f*(s)dsllq,(l,oo> = [l g e () elP= (O)f (1)l 1,00 O
0
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3.12. COROLLARY. Let the assumptions of Lemma 3.11 with g = 0o be satisfied.
Then

L1,00:0.8) = L(1,00:(0,000),(0,800)) -

We conclude this section with analogues of Lemmas 3.5, 3.7, and Theorem 3.8 for
the case when (%) < oo. Proofs are analogous to the corresponding ones above and
therefore omitted.

3.13. LEMMA. Let u(#) < oo, 0 < p,q < 00, and o, 3 € R. Let X be one of
the spaces Ly, 408, L(pgap) - Then X is not trivial if and only if one of the following
conditions holds:

p < o0;

p:oo,a+$<0;
p:oo,a+$:0,ﬁ+$<0;
p=00,g=o00, =0, =0.

(3.10)

3.14. LEMMA. Let R = u(%#) < 00, 0 < p,q < 00, and o, € R. Assume that
one of the conditions in (3.10) is satisfied.
(i) Let X = L, 4.0.p- Then, forall t € (0,R],
17.0%(1) 00 1) if 0<p<oo;
)~ (FAUP()  if p=oo, atl<o;
o) = Mﬁ*é(;) if p:oo,a+§:0,ﬁ+é<0;
1 if p=oo,g=o00,a=0,=0.
(ii) Let Y = Ly g:0.p)- Then, forall t € (0,R],
AP i 1< p < oo
(TIP@) i p=oo, a+l<o;

710 if p=o0, aty=0,B+;<0;
1 if p=oo,g=00, a=0,p=0;
" WPy i p=1, a+L>0
Qy(t) =
007 (1) if p=1oa+;=0pB+;>0
000 (1) if p=1,a+;=0B+L=0;
! if either 0 <p <1,

or pzl,ot—&—$<07

or p:1,a+$:0,ﬁ+é<0.

If u(Z) < oo, we see from Lemma 3.14 that, in certain cases, Li.g.0.p) has the
fundamental function as L'. The next assertion states that in fact in such cases these
spaces coincide.
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3.15. LEMMA. Let R = u(%) < o0, 0 < g < 00, and a, 3 € R, and let one of
the following conditions be satisfied:

O<p<l;
p=1a+1<0;
p:l,a+$:O,ﬂ+é<O;
p=1l,g=00, =0, =0.

(3.11)

Then
Lipgap) =L
Proof. Let R = u(%) . Our assumptions imply that

1

167" 0% ()00 (1) g0y ~ 1 =~ 17~ 304 ()P (1) | 0.0

Consequently, for all f € .# (%, u),

R
Wl < ([ 576)d5)l 30080
0
R
~ [ ©ds mr ® 1Ol < I e
0

and the result follows. 0O

3.16. THEOREM. Let u(#) < oo, 1 <p< oo, 0<g< oo, and a,f € R.
(i) Let 1 < p < oo and let one of the conditions in (3.10) be satisfied. Then

Lip.g:ap) = Lp.g:ap-

(ii) The space Ly 1.a.p) coincides with the space

L if either o0 + 1 < 0,
or v+1=0,B+1<0;
Lij.o+18 if a+1>0;
Ly 10841 if oa+1=0,B+1>0;
Ly 1:00,1 if o+1=0,B+1=0.

(iil) Let 1 < g < 00. Then

. 1
Ly ga+18 ; Lugap I o+ 5 >0,

and

. 1
Ligypn 2log-gp o B+ ;>0
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(iv) Let 0 < g < 1. Then
. 1
Ll,q:OHé,B C L(l,q;a,ﬁ) if o+ 5 > 0,

and

) 1
Ll,q;O,BJr%, = L(Lq;féﬁ) if B Jra > 0.

4. Embeddings among L, ;. i -spaces

Our objective here is to characterize the embedding

(4.1) Lp, o1LE <= Lp, rsw

with 0 < P;,P,0,R < o0 and L = (A, ), E = (€0,6x), S = (00, 0x0),
W = (wp, 0s) € R?.

First we shall investigate the embedding (4.1) with P; = P, = P. In the
case when U(#) < oo such an embedding is completely characterized in terms of
inequalities involving the first components of vector exponents of logarithmic functions
(cf. [EOPI1)). If u(#) = oo, the second components of these exponents will take place
in the corresponding conditions as well.

For the case of brevity, we present only statements of the main results. If 0 <
Py, P, < 00, these follow from the more general theorems in [St]. If P; = P, = oo,
one can use the recent results of [So, Proposition 2.7] and [CPSS, Section 3] to prove
them under certain additional assumptions on weights involved. Proofs in the remaining
cases are left to the reader. Our original proofs were different and analogous to those of
[EOP1] (cf. also the proofs of the results of Section 5 in the Appendix).

Our first theorem characterizes the embedding Lpg1.r — Lpr.sw provided that
0<QO<KR<0and 0 < P < 0.

4.1. THEOREM. Let 0 < Q < R < 00, 0 < P < o0, u(#) = oo, and
LP,Q;]L,]E 7é {O} Then
LpoLE <= Lprsw

if and only if
L>S

and
if Ai=o0; forsome i€ {0,00}, then & > w;.
Next, we characterize the embedding
(4.2) Lpore — Lprsw.

providedthat 0 < O < R < o0 and P = 0.
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4.2. THEOREM. Let 0 < Q < R< 00, P =00, U(#) = 00, and Lpo. g # {0}.
Then

Lpo1LE — Lprsw

if and only if
1 1
Ao+ = > —;
0+Q 0'0+R
or
1 1 1 1
O0=A+ == - &+ —==>w+ =;
0+Q O'oJrR, 0+Q 0+R
or
0>)t+1—0'+1 g = W
0 Q—o R’ 0 = o

and simultaneously one of the following conditions is satisfied:

1 1
Aoo A 07 [ee] Y 0;
+Q< O +R<
A +l<0 o +l—0 ) +l<0'
(o) Q ) o R_7 o0 R s
1
hoo 5 <0, R=00, 0w=0, @wn=0;
1 1 1
0 <Aoo + —, Ao + = > Os + =
0 0 R
0 <Aso +1 o +1 Eo = W0
Q_ o0 R7 oo = o
1 1 1 1
07}& O-OO+_a 800+_>03 goo+_>woo+_7
Q R 0 0 R
0 =2 +1 o +l € +i<0 ) +l<0
Q_ o0 R7 o0 Q bl o0 R M

Now, we shall characterize the embedding (4.2) provided that 0 < R < Q < oo
and 0 < P < oo. We shall start with the case 0 < P < 00.

4.3. THEOREM. Let 0 < R < 0 < o0, 0 < P < o0, u(#) = oo, and
LpoLr # {0}. Then
Lpo1LE — Lprsw

if and only if
1

L+—=>S+—
+ + =

Q=

and

1 1 1 1
if kiJré:O'iJrEforsomeiE{O,oo}, then8i+§>wi+§.
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In the next theorem we consider the embedding (4.2) inthe case 0 < R < Q < 00
and P = c0.

4.4. THEOREM. Let 0 <R < Q < 00, P = 00, U(#) = oo, and Lpgyg # {0}.
Then
Lpo1LE — Lprsw

if and only if either
1
Ao+ = > -3
0+Q 0'0+R
or
)L+1—0'+1 s+l>w+l
0 Q—o R’ 0 0 o+ 5

and simultaneously one of the following conditions is satisfied:

1 1
Afoo _ O> oe] e 0;
+Q< (o] +R<
)L+1<0 6+1*0 co+1<0'
(o] Q b) o0 R_’ o0 R ’
0<A —|—l )L +1>(5 —|—1
/oo Q’ Q oo Rs
1 1 1 1
0 <Aso + = = O + —, Do + —
< +Q +R Q> R
1 1 1 1
0=Acw + = = 0o + =, Eo + = > W + 3
o R Q 0 R
0=A -|-1—(5 +1 £+1<0 w+1<0
— o0 Q_ oo R7 o0 Q ) o0 R N

In all the preceding theorems we have assumed that u(%) = co. When u(%) <
00, then the results remain valid if we omit all the assumptions on the second components
of vectors L, E; S, and W (cf. [EOP1, Theorem 6.3] and remarks on GLZ-spaces with
U(Z) < oo in Section 3). We thus have the following result.

4.5. THEOREM. Assume that u(#) < oo and Lpg1.r # {0}. Then
Lpg1LE — Lprsw

if and only if one of the following conditions is satisfied:

(i) 0<Q<R<Ko0, 0<P<o0, Ay>o00;

i) 0<Q<R<o0, 0<P<oo, Ag=0p, & =>wp;
0<Q<R<o0, P=o00, Ao+5>00+g;
0<Q<R<o0, P=00, tgp=0+5=0 &+ wo+R,

(vi) 0<R<Q<o0, 0<P<oo, Aot+g>00+ s
(vii) 0<R<Q<o0, 0<P<oo, A+5=0+g &+g5>ot+g.
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So far we have investigated embeddings among L, ;.4 5 spaces provided that the
first index p was fixed. Embeddings with p varying are similar to those for Lebesgue
spaces L7 .

4.6. THEOREM. Let 0 < Py,P3,Q,R < 00, Py # Py, and Lp, g..x # {0}. Then

Lp o1 — Lp, rsw

if and only if W(#Z) < oo and P; > P;.

5. Embeddings among L, ., ) -Spaces

The aim of this section is to characterize the embedding

(5.1) Lpiorm) = Liporsw)
with 0 < P1,P2,0,R < oo, and L = (Ay,Ax), E = (&,€x), S = (00, 0x0),
W = (wp, 0s) € R?.

To this end one can use the approach of [GHS, Theorem 5.2] where embeddings
among Lorentz spaces I”(v) are characterized. However, the characterization is de-
scribed in terms of discretizing sequences and thus it is not explicit. We shall point out
a simple characterization of (5.1). As in the Section 4, we present only the statements
of results. Detailed proofs can be found in the Appendix.

First, we consider the embedding (5.1) with Py = P, = P, thatis

(5:2) LiporE) = Liprsw)-
We already know (see Section 4) necessary and sufficient conditions for the embedding
Lpo1r — Lprsw-
Because (cf. Section 3), for 0 < g < oo and A, B € R2,
Lpg:aB) = LpgaB if 1<p<oo,
(5.3) Lipqgam = {0} if 0<p<landu(Z)= oo,

1

Lipgan =L if 0<p<landu(Z) < oo,

it remains to characterize the embedding (5.2) for P = 1. Such a characterization is
given in Theorems 5.1-5.4 while Theorem 5.5 characterizes the embedding (5.1) for
Py #P;.

First, we consider the case when 0 < O < R < 0.

5.1. THEOREM. Let 0 < Q < R < 00, W(Z#) =00, and Ly g1k # {0}. Then
LioLE) — Larsw)
if and only if either
1 1
Aoo + = o+ =
+ 0 > O + R

or
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1 1
0>Aoo — = O = €0 2 oo}
t5=0xty
or
1 1 1 1
OZA'OO - — O 5 o) _2 0o B
Fo=Ont R Eet52Octy

and simultaneously one of the following conditions is satisfied:

1 1
A — 0 - 0;
0+Q< s 60+R<
)L+1<0 6+1*0 co+1<0'
0 Q ) 0 R_7 0 R 5
1
A0+§<0, R = o0, oy = wy = 0;
0 <ho+ = hot = > 0p+ =
/M0 A 0 - 0 >
o 0 R
1 1
0<A0+§=0'0+E> & = Wo;
1 1 1 1 1
0=Ao+5 =00+, &+ 20, &+ == w+ ;
0 R ) 0 R
0—)L+l—0'+l s+l<0 w+l<0
=0 Q_ 0 R> 0 Q 3 0 R .

The following theorem characterizes the embedding

LaonE) = Liirsw)
in the case when 0 < R < O < o0.

5.2. THEOREM. Let 0 < R < Q < 00, U(#) = o0, and L1 g1.x) # {0}. Then

LaoLr) = Larsw)

if and only if either
1 1
Aoo A o] )
+Q>O' +R
or
)L+1—6+1 £+1>w +1

and simultaneously one of the following conditions is satisfied:
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1
Ao+ = <0,
‘"o
A+l<0
0 Q )

0 <o +
x/\0 Q7
0 <A +l—c +l
0 Q_ 0 R>
1 1
OZA — = —
()JrQ O'()JrR7
1 1
0=Ao+— =0y + —
0+Q O-O+R>

1
0-0+E<0’

Go-l-l:O, wo+l<0;

R R
)Lo+é>oo+%;
80+l>(00+l;

0 R
80+120 80+l>(1)0+1'

o~ 0 R’
so+l<0, wo+l<0.

0 R
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In Theorems 5.1 and 5.2 we have assumed that u(#) = oco. Now, we shall
characterize the embedding (5.2) provided that P = 1 and u(#) < oo. In this
case Theorems 5.1 and 5.2 remain true if we omit all the assumptions on the second
components of vectors L, E,S and W (cf. [EOPI1, Theorem 6.3] and remarks on the
GLZ spaces with u(#) < oo in Section 3). Since the condition pu(#) < oo implies
that the spaces L(j gam) (With 0 < g <00, A = (0, 0), B = (Bo, Bc) € R?) and
L1,g:00,) coincide, we can consider, instead of (5.2), the embedding

L1,0.6) = L(1rio0)5

where 0 < Q,R < oo and A,€,0,0 € R. Using the same method as in the case
P =1 and u(#) = oo, one can prove the following two theorems.

5.3. THEOREM. Let 0 < u(#) < o0, 0 < Q < R < o0, and A, e, 0,0 € R.

Then

Lagae) — L row)
if and only if one of the following conditions is satisfied:

1

A+ =<0,
0

A+i<0
Q b
1

A+ =<0,
0

1
O<A+_>

1
- <0;
G+R
6+1—0 w+1<0'
R R =
R = o0, oc=w=0;
)H—1>0'+'
0 R’
£ 2> Ww;
s+1 0 5+1>w+1'
Q/7 Q/ R?
s+1<0 w+1<0
o ' R ’
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5.4. THEOREM. Let 0 < U(#) < 00, 0 < R < Q < o0, and A,e,0,0 € R.
Then
L(1,0:.6) = L1,R:0.0)
if and only if one of the following conditions is satisfied.:

1 1
A+—=<0 — <0
+Q<, G+R<
/l+i<0 6—5—1—0 w+l<0'
Q ) R_> R £
1 1 1
0<A + —, A+ —=>0+=;
o 0 R
1 1 1 1
0<A+ == — — —;
< +Q +R’ £+Q>w+R
0/1+1*+1 £+1>0 £+1>w+
o R’ o~ 0 R
O—/l—kl—c—kl £+i<0 w+l<0
0 R o R~

The next theorem describes embedding among L, 4.4 ) -spaces with p varying.

5.5. THEOREM. Let 0 < P|,P>,Q,R< 00, Py # P, L,E,S,W € R? and

(5.4) Lip, o1LE) # {0}
Then
(5.5) LipoLE) = LpyrSW)

if and only if (%) < oo and one of the following conditions is satisfied:

(5.6) 1< Py <P <oo;
(5.7) 0<Py<1<P <o
( ) 0<P1,P2<1;
1
(5 ) O0< P <1, P, =1, 60+]_3<0;
(5.10)

1 1
O0< P <1, P, =1, oo+ = =0, wy+ = <0;
(5.11)

O0< P <1, P, =1, R = o0, oy = wy = 0.
6. Associate spaces of GLZ spaces

In this section we give a complete description of the associate space of a non-trivial
GLZ space. To begin, we single out the GLZ spaces whose associate space is trivial.
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6.1. THEOREM. Let 0 < p,q < o0 and A = (0, Os), B = (Bo, Boo) € R%. Put
X=LysaB.
(i) Assume that one of the following conditions holds:

O<p<l1;
p=1 0<g<l1l, op<O0;
p=1 0<g<l, =0 Pp<O0
Then
X' = {0}.

(ii) Assume that one of the following conditions holds:

1
1
p=1 1<g< o, ao:;, Bo <

1 .
Es
Then
X ={0}.
Proof. (i) By [BS, Chapter 2, Corollary 7.8], for every ¢ € (0,1) there exists a
function g; € .# (%, u) such that g/ = x(o, . By Lemma 3.7 (i),

lgillx ~ 70 (ee (), 0<i< 1.

Assume that f € #(2%,u) and f % 0. Then there exist two positive constants, €, 8,
such that f*(s) > 8 for s € (0,€). We claim that f ¢ X', thatis, ||f|x = oo.
Indeed,

Il = sup /f*<s>g*<s>ds> sup /f

llgllx<1 0 0<t<e ||gtHx

>8 sup 1~ Pem (1) 0ePo(r) / ds = oo
o<r<e 4

(ii) The function h(t) = =01 (1)00=1 (1) 0, (2) is, for some & small enough,
non-increasing on (0, co) . Moreover,

6.1) 1677 6% (1) 6% (1)(1) | 0,00y < 00,
but
S
(6.2) / h(f)dt = oo forevery & >0.
0

By [BS, Chapter 2, Corollary 7.8], thereis a g € .# (%, 1) such that g* = h, and, by
(6.1), g € X. Now, let f € X'. Then [;°f*(f)g"()dt < co. However, by (6.2), that
is possible only if f = 0. The proof is complete. [

In the next theorem we describe associated spaces of X = L, ;A provided that
1 <p<ooand 1l < g < oo. Inaccordance with our definition of the associate space
(cf Sectlon 2 above), we restrict ourselves to the cases when X # {0} .
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6.2. THEOREM. Let 1 <p< oo,  <g< oo, A= (a,0s), B=(Po,Po) €
R?, and assume that the space Ly, 4.a 5 isnottrivial (cf. (3.2)). Then (Lygap) = -2,
the space described below:

(i) Let 1 <p<oo, | <q<o0. Then
(63) g == L(p’,q/;fA,fB) == LP’J]’;*Aqu'
(ii) Let p = o0, 1 < g < o0, O(oJré < 0, and either 0o + 1 > 0 or

q
=0, Boo—i—é}O. Then
Liyg/;—n—1,-B) if oo+ >0:
. 1 _ 1 .
2 =4 Logica -2 popoo-t) T Got 5 =0, Pt >0
. 1 _ 1 _
Lagica-1-2-p= 01y F Goo 5 =0, Poc+5=0.
(iii) Let p = 00, 1 < g < o0, Oto+% =0, B()*Fé < 0, and either aoo+é>0
or Oos + § =0, oo+ > 0. Then
. 1 .
L= b oo 1).(~ o= 1,~Bo0) if Ot g >0
L = L(l,q’;(*%ﬁq#)ﬁmg*l) if O+ % =0, Boo + % > 0;

<

. 1 _ 1 _
Ligi- gm0ty Got =0, foot 3 =0.
(iv) Let p = 00, g = 00, and either O > 0 0r Qoo =0, Poo = 0. Then
£ =Li1.—a—B-
(v) Let p = 00, 1 < g < 00, and either OcooJré <0 or 06004*% =0 and
B + é < 0. Then

L ={f € M(%,n);

W&;ﬂwmm+/}wwu<m}
0

where
L(l’ql;_ao_l’_ﬁw(o, 1) if 1<g<oo, o+ é <0
X(0,1) =19 Lygimz_p-1(0:1) i 1<g<oo, a+ ;=0 Po+;<0;
y q/:
Lit—ap, (0, 1) if q=oc.
6.3. REMARK. Since L(i .5,0)(0, 1) < L'(0, 1) forevery 1 <r < o0, 0,0 € R,

and Ly 1.—¢y —p,(0,1) — L'(0,1) if either ap < 0, or ot = 0 and By < 0, we can
write in Theorem 6.2 (v),

L ={f € M@ e = o+ [£°0) dr < oc}.
1
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Proof of Theorem 6.2. We first prove the assertion in the cases (i)—(iii) for 1 <
q < o0, since the technique of the proof is common. We shall start with proving the
inclusion

(6.4) (Lpgap) — 2.
For this purpose it is enough to verify the inequality
(65) Il SIF Nty my

for all step functions f . For convenience, let us denote by b(#) the function defined by

1 _ L
7 7

(6.6) Il = ller" o b(0)f ** (@)l -
We further put

(67) o) = (£ @)" o7 e (o),
and

(6.8) o) = / %S) ds.

Then g* = g and there exists § € .# (%, 1) suchthat g* = g. By the Fubini theorem
and Holder’s inequality,

1% = [ etwr ™) dr= [ 0" (1) 41 < [@llns I iy
0 0

Now, in order to obtain (6.5), it is enough to show that

(6.9) 18118 S IFII%

Rewriting (6.9) with the help of Definition 3.1 and (6.6) we get, using also (6.8) and
(6.7),

d=1_1 /
Sl () ],
q

150 08 (1) 0B (1) / (f**(s))‘f'*lsﬁ‘; b7 (s5) ds

Using an appropriate substitution, this amounts to the Hardy inequality

oo

OVl / h(s) ds

t

—1

(6.10) 7 (b(r))

()| -

<
q q

A sufficient condition for (6.10) is given by (cf. [OK])

_ L
7

1_1 -1
(6.11) sup ([t a0 () (1) || g0, 117 7 B0 ||y (r.00) < 0

0<x<oco
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Now it is a matter of a tedious but elementary calculation to verify (6.11) for appropriate
b(t), given by (6.6), in all the cases of .Z . This yields the inclusion (6.4) for the cases
()—(iii) restricted to 1 < g < 00.

Now let us prove the converse inclusion £ — L, . A,B/ , that is,

(612) Hf H(Lp‘q;A.]By 5 Hf”f for all f e

in the cases (i)—(iii) with 1 < ¢ < co. Since forevery f € .# (%, 1),

(6.13) llyer = sup [ £(00e(2) du
Hng,q:A,]Bgl%

and (cf. [BS, Chapter 2, Theorem 2.2])

(6.14) [rwse aus 100 ar
% 0

we see that in order to prove (6.12) it is enough to show that

(6.15) JERCICET T P
0

forall f € £ and g € L, ;.a . We use (6.6) and rewrite (6.15) as

1L
7

(6.16) /f*(t)g*(t) de < (17T b()f (1) 178000 (1)g" (1)
0

To get (6.16) we shall use the result of Sawyer ([Sa, (1.7)]):
(6.17) 708" (1) a1 < gl (Il + e [ £70) 1)
. X q(v) q' (%) v(0,00)1/4 ’
0 0

where 1 < ¢ < oo, v is a positive weight, v(a,b) = [*v(r)dt if 0 < a < b < oo,
v is given by

(6.18) (1) = 1) t € (0,00),

and ||hll,) = ( Jy hv) /4 The suitable choice of v in our situation reads as

(6.19) w(r) = 15~ 089 (1) 0B (1), 1 € (0, 00).

Now, in the cases (i)—(iii) with 1 < ¢ < oo, we have v(0,00) = oco. Together with
the convention oo/oo = 0 (used also in [Sa]) this implies that the second summand at
the right hand side of (6.17) disappears, and (6.15) will follows once we show that

/
T 1.

(6.20) " b (1) =9(2),
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where b is the function from (6.6) that corresponds to the space £ from (i)—(iii), and
v, ¥ are from (6.19), (6.18). Since (6.20) follows by a calculation, we have proved
(i)-(ii) for 1 < ¢ < 0.

Our next step will be to prove (v) for 1 < ¢ < co. Assume that o + % < 0.

(The proof in the case o + é =0 and S+ é < 0 is entirely analogous and therefore
omitted.) By our definition of .%Z,

IFlle = I e o + [£70) .
0

Exactly in the same way as above we can show that

lra == @)= @F (1)l 01) S I kg )

Further, by the Holder inequality,

JERCET T I s
0

and, since 1 € Lo g4 B, this yields (Lo ga8) — 2.

To prove the converse embedding, we shall use the Sawyer’s inequality (6.17)
again, but this time the last summand does not disappear, as v(0, 00) < oo, where v is
from (6.19), that is (recall p = 00,

v(t) = M) edBa (), 1€ (0,00).

We get
v(0,1) & LT () 00P9 (1) 0.1 () + X(1,00) (1),
and, by (6.18),

B(1) a1 =100 (1007 (1) x4 (1) + 1 708 (1) 005 (1) 1 o (0)-
Therefore, by (6.17),

[r@g @ ar<lellans(( [ @) 50 dt)l/ql+/f*(t) ar).
0 0 0
Moreover,

’

( / (@) 50 i) = 1A PO Ol o)
0

+Htal€aoo<qil>(I)KEBOO(q71>(t)f**(t)||q/7(l,00) =1 +D,
say. It is clear that
I = |If *{lx.1)-
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To estimate I, we insert for f** and obtain thereby
1

I~ /f*(t)dt 17 092D (1) 0P ()| 1

0

" Hfq%gaoo(qfl)(t)ggﬁoo(qfl)(t)

=13+ 14,
1,00)

say. Observe that

L
17 0%l a=D (1) £0P= =D (1) | s 1 o) < 00,

1
Ls [ f7(1)de
/

Further, by the Bradley condition for the Hardy inequality (cf. [OK]),

LS [ f5(r)de
/

and this yields

Consequently,

/f “0) 412 gl senn (IF o + /f ) dr).

Together with (6.13) and (6.14) this yields the embedding £ — (Looq48)", Which
completes the proof of (v) for 1 < g < co.
Finally, let ¢ = co. Then we have

l *
If Ipocia = sup 12 €%(0)eC*(0)f * (1)
0<1<oco
Assume that 1 < p < co. Then, by Theorem 3.8 (i), also
l *k
I llpooian = sup 17 6%(0)00% (0)f **(1).
0<t<oco

Moreover, our assumptions on p, A, B imply

[ llpociam = sup @()f ™ (1),

0<t<oo
where
17 02 (1) 0B (1), if 1<p< oo,
or p = 00, O > 0,
o(1) ~ orp = 00, Oog = 0, oo > 0;

1% (1) 00 (1) (0,11 (1) + X(1,00) (1) i p = 00, Ol < O,
orp = 00, Os =0, By < 0.



ON GENERALIZED LORENTZ-ZYGMUND SPACES 421

By (3.2), ¢ € F in all cases. Hence (cf. (2.4)), L, oc:a8 = M, . Applying (2.6),
calculating % , where @(1) = ﬁ , and using (2.3), we get (i) for ¢ = co and p > 1,
(iv), and (v) for g = co.
To finish the proof, we have only to verify (i) for p = 1 and ¢ = co. The
inequality
[ 7708 @) ar < el s I e

0

yields Loo1.—a,—B = (L(1,00:4.8))" - For the converse, set
o(t) =72 (0)ee =B (1).

Then ||¢||1.00:48 = 1, Whence, by the Holder inequality,

oo

Hf”oml;fA,fIB = /Q(t)f*(t) dr < HQ”LOO;A,IB Hf“(Ll.oo:AJBz)"

0

The proof is complete. (Note that the second equality in (6.3) follows from
Theorem 3.8 (i).) O

It remains to describe associate spaces of X = L, a5 provided that X # {0},
0<g<1andeither ] <p<oo,orp=1,00>0,orp=1,0=0,and B > 0.
We shall use the following lemma, of independent interest.

6.4. LEMMA. Let X be a rearrangement-invariant quasi-Banach space. Let
ox € F. Assume that X — Ay, . Then X' = M, where ox(t) =t/ x(1).

Proof. The inclusion M — X' is evident (cf. (2.6)). For the converse, by (2.4)
and (2.1),

~—

@( t
Wl = sup 2
ox  o<t<u() 1

[roass s PO =yl ©

To check the condition @y € F of Lemma 6.4, the next lemma will be useful.

6.5. LEMMA. Let 0 < p < o0 and L = (Mg, Aso), E = (€0, €x0) € R?. Then
the function @, given by @(0) = 0 and @(t) = t'/P0%()¢lE(t) for t € (0,00), is
equivalent on (0,00) to a non-decreasing concave function if and only if one of the
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following conditions holds:

1 <p<oo;

p=1 4>0, A, <O0;

p=1, >0, Ao =0, € <0;
p=1,A=0,&2=20 A, <O0;

(6.21) p=1,24=0,¢8 20, Ao =0, &5 <0;
p =00, A <0, Ay > 0;

p=00, <0, Ao =0, €5 > 0;
p=o00,A=0,&<0, A, > 0;

0, Ao =0, &5 = 0.

>
=

<
p=00, =0, g <

Proof follows by a simple calculation. [

6.6. THEOREM. Let 0 < g < 1, A = (9, 00), B = (Bo,Bo) € R?, and
assume that the space X = L, ;.5 1 is not trivial (cf. (3.2)). Let one of the following
conditions hold:

1 <p< oo
(6.22) p=1 a >0;
(6.23) p=1, =0, >0
(6.24) p=1 g=1, a=0 p=0.

Then X' = &, a space described below:
(i) Let 1 < p < o0. Then

L = L(p’,oo;fA,le) = Lp’,oo;fA,le'
(ii) Let p = oo, OtoJré < 0, and either Ocoo+$ > 0 or aoo“i’é =0,
Boc + 3 = 0. Then
L(LOO;*Afé,fIB) if O + é > 0;
i 1 1 .
Z =1 Liooi-a- 10 (~fopoo—t)) I Ot 5 =0 Poot >0
; L _ 1 _
L(l,oo;(fao—Cl,,o),(fﬁo,()),(o,fé)) i O+ i 0, oo + i 0.
iii) Let p = oo, op+L =0, Bo+L <0, andeither coo+L >0 0r as+1 =0,
q q q q
Boo + £ > 0. Then
. 1 .
L(l,oo;(o,—aoo_é),(_go_é,_goo» if O+ i 0;
Z = Lcoi00),-8-) if Ot § =0, B+ 1 >0

L(l,oo;(o,o),(—ﬁo—é,o),(o,—l)) l‘.f Uoo + % = 07 ﬁ(X) + % =0.
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(iv) Let p = oo, and either aoo—l—é <0 or OCoo‘*‘é =0 and BOO—&—é < 0. Then

L ={f € M (% ) |fllz = Ifllvo +/f*(t) dr < oo},
0

where
Y(O 1) B L(l,oo;faofé,fﬁo)(07 1) lf oo + é <0
’ L(lm;o’_ﬁo_é)(o, 1) if ow+;=0,Po+;<0.

Proof. 1. Assume first that 1 < p < co. By Lemma 3.7 (i),

(6.25) ox(t) ~ 17 LA (0B (H), 1€ (0,00).

Together with Lemma 6.5 this implies that @y € F. Moreover, by (6.25), Ay, =
Lp,l;A,IB% s and

ox(1) = tPL’E‘A(t)M‘B(t), t € (0,00).
Consequently,

Max = Ly ooi—n.~B) = L/ oci- .~ B-
Thus, by Lemma 6.4,

!
X = Max = Lp’,oo;fA,f]E%

provided that
X = Lp,q;A,B — Lp,l;A,B = A(PX'
This however follows from Theorem 4.1.
II. In the case when p = oo the proof is quite analogous to the one above (instead
of Theorem 4.1 we use Theorem 4.2]).
III. Assume that either (6.22) or (6.23) or (6.24) holds. Then (cf. (6.21)), ¢x € F
if and only if

(6.26) either oo <0 or 0O =0 and P <O.

In each of these cases we can again apply the argument from part I to get the result.
Assume now that (6.26) is not satisfied, that is, either ao > 0 or 0 = 0 and
Boo > 0. We put Z = Li 4(0,0),(0.0) - Then clearly X — Z, whence

(6.27) zZ < X'

Now the parameters of the space Z’ fit in the situation described by (6.26), and we thus
obtain Z' = Log oc:(—c.0),(—py0) - Moreover, by Corollary 3.10, Z' = Log oo;—A,—B -

Consequently, Z' = £ . Together with (6.27), this yields .£ — X'.
Using (2.1) and Lemma 3.7 (i), we get

If 2 = lle=*(r)ee="(r)e™! /f*(s)dslloo,m,oo)
0

<l lle 202 () @x (1)l oc,0.00) = I Il
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which proves the converse embedding X’ — £ . The proof is complete. [

Next, we are going to describe associated spaces of L, g4 p) With 0 < p,q < o0
and A, B € R%. However, according to (5.3) and our previous results on associated
spaces to L, 4.4, it is enough to consider the case when 0 < p < 1, 0 < g < o©
and A, B € R?. If p=1,1<g< o and A)B € R?, the desired description of
(L(p,g:a,m))" is given in the following theorem.

6.7. THEOREM. Let 1 < q¢ < 00, A = (0, 0x), B = (Bo,Bo) € R?, and
assume that the space X = L(j gam) is not trivial (cf. (3.3)). Then X' = £, a space
described below:

(i) Let 1 <q<oo,leteitherozo+é>00roto+é:0andﬂo+é>0,and
let either O + é <0 or O + % =0 and B + % < 0. Then Z reads as

1 1
Loog:—p—1-B if ap+—>0, 0+ —<0;
q q
L 'fao+1>0a +1 0, B +1<0
00,q" 3 (—ap—1,— L) ,(—Bo,—Boo — l - , Qoo — =Y, Po - 5
(=01~ J7).(~ o, ~ oo 1) p p p
L 'foco+1 0B+1>Oa +1<0
N N N L - =0 - y Oloo + — ;
00,q"3( ks Ooo—1),(=Po—1,—Boo) q 0 q q
1 1
Loy p—1 _1y_p_ i +-=0, fo+->0,
00.q"5( ql/ [{1/>~,Bl f % q ﬁO q

1 1
Oso +— =0, Bo + - <0;
q q

, 1 1 1
Locitit=%—ase—1) (- —poc)(-10) ¥ G0+ i 0, Bo+ pie 0, Ooo + 7" 0;

. 1 1
Loogi= 2=t~ d=poo-ti-10) F G0t 2 =0 Bo+ =0,

1 1
Oso +— =0, Boo + — <0O.
q q

(ii)Let1<q<oo,leteitherao+é<00ro¢0+é:0andﬁo+é<0,and
leteitheraoo—&—é<Ooraoo—|—$:OandBoo+%<0. Then

(6.28) L={f el Z,n); Iflle=Iflloc +N({f) < oo},
where
677 == (B (0F (1) | 7100 f O + & < 0
|67 €V ()0 (OF (1)l (100 i oot 1=0, Bt <0
(iii) Let g = 00, Ooo =0, and Poc = 0. Then
L=A{f € M(%Z,n); |flle <o},

(6.29) N(f)=
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where
Jy e @B @ ar i a0 >0
630)  [fle =4 b OUTET O Wdr i a0 =0, >0
[1f lloo if either oy <0,
or 0p= Oa BO < 0.

6.8. REMARK. We see from (6.30) that the space . of Theorem 6.7 (iii) is given

by
¥ { LOO,l;aU_I,_BU(O, 1) if >0
Loot:-1,-p,-1(0,1) it o=0,p>0.

Proof of Theorem 6.7. (i) By Theorem 3.8 (i), any space in part (i) coincides with
its analogue in the norm of which f* is replaced by f**. Thus, by Remark 3.6, any
such space is a BFS, i.e., the space . is a BFS. Consequently, . = .¢" . Further,
by Theorem 6.2 (ii), (iii), and (v), and by Theorem 6.6 (ii)—(iv) (supplemented by
their analogues for spaces with three tiers of logarithms), .2’ = L(; ;4 ). Hence,
L =2"=Logap) =X

(ii) In this case we have

_1 _1
17762 ()2l (1) | 3.0y 2 1 2 (|7 7% (1) 062 (1) | 0,1 -

Consequently, we get for every g € X,

1 i , 3
/0 ¢ (i< / g (0 dt = e (P (1), g / ¢ (1) di

t 1
SITH R 0) [ 005l 10 < 17 OO Olyion

1
7

o 1 1
< e e ()P 1) o / g°(s)ds ~ / g (0 dr,
0 0

which implies

1
630 el [ €0+ e 0 0" Ol

Now we shall prove the embedding
(6.32) X — Z.
For this purpose it is enough to verify for all step functions f € .# (%, u) the inequality
(6.33) Il S I Nl

For a step function f € .# (%, 1), we define a function ¢ by

(6.34) o) =[Fr (Y, 0<r<,
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and, for 1 < < oo, by
[ () e Lol =0 (0Pt (1) if 0 + 1 <0
(6.35) o) = ¢ [f*(0)]9 e (1) e —Po=Dd (1) if o+ 1 =0,
B + ; <O0.

Then o is equivalent to a non-increasing function on (0, 00) and, by [BS, Chapter 2,
Corollary 7.8], there is a g € .# (%, 1) such that * = o. Moreover, we have from
(6.28) and (6.29) that

(6.36) 1% ~ IF 1% +/1 o(nf (1) dr.
Our assumptions on A and B and Lemma 3.7 (ii) imply

ox(t) =t  forall re(0,1).
Together with (2.1), this yields

N YA 1
637 Wl = fim ;[0 ds < Ifllo fim Jox() = IF o
t—04 1 0 t—04 1
Moreover, by Holder’s inequality,

(6.38) /loo o(t)f (1) d o < [[al|x[If llx-

If we prove that

(6.39) lellx S IFI%
we would obtain from (6.36), (6.28), (6.38), (6.39), and (6.37) that

/ /1 _ /1
1% S W% 1 lloo + 1allx I llxr S P IS I llxes

and (6.33) would follow.
Since (cf. (6.34))

1
/()Q(S)dsz[f()}‘“1 I < e

and
1

1 /
HFW“OO(t)MB”(t)/O g(s)dqu,(l,oow/o ols)ds < Il

we have from(6.31) that
1 T

(640) g~ [ ols)ds+ 7 = @6 (00 ()] .
0

t
SIFI + \lt_ﬁf““(f)ffﬁ“(t)/l 0(s) dsllg,(1.00)-
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Thus, (6.39) will follow from (6.40) and (6.28) once we show that

t
||f?f€°‘°°(t)£€ﬁ°°(l)/ 0(s) dsllg.0.00) SNGF)T
1

Using (6.29) and (6.35), this inequality can be rewritten as

t 1
(6.41) ||f7’505°°(f)ffﬁoo(t)/l 0(5) dsllg1.00) S (1157 £ (£)265> (1) 0(1) 1, (1,00)

ifaoo+§<o,and

(6.42) Hféf"“”(t)ffﬁm(t)/1 0(8) 5l 1.00) S N7 67 (02051 (1)0(0) 1,00

if o + é =0 and B + é < 0. To verify (6.41) and (6.42) is a standard matter
using the well-known criterion for the Hardy inequality (cf. [OK]). This proves (6.39),
and in turn (6.33).

We shall now prove the converse inclusion to (6.32),i.e. £ < X'. Thus, we need
to verify that

(6.43) Iflx SIflle forall f e Z.
Since for every f € 4 (%, 1),

Il = M)/fwﬂ@d

llgllx<t /2

and (cf. [BS, Chapter 2, Theorem 2.2])

/f@kwdué/mFOBUMt
‘%

we see that in order to prove (6.43) it suffices to show that

(6:44) | ogarsirie ey
forevery f € . and g € X. First, we have (cf. (6.28) and (6.31))
1
[ 50800 <l [ & 0arS e Ll
Therefore, it remains to prove that
(645) | 0garsiie lel

Assume that (6.45) is not satisfied. Then there are two sequences of functions
{fn}, {gn} suchthat ||fy]|lz <1, ||gullx < 1, n €N, and

(6.46) /loofn*(t)gZ(t)dt Lo as s oo,
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Putting
(6.47) hy(x) = min{|g,(x)|,g:(1)} sgng,(x), x€ %, ne€N,
we have |h,| < |g,| and since X is a BFS (cf. Remark 3.6),

[7llx < llgallx <1, neN.

Moreover, by (6.31),

1
(6.48) g::<1></ (di<|lgllx <1, neN.
0

We now claim that {,} is uniformly bounded in the space Y, where
(6.49) Y = L(1,4:(1,000).B)-
To prove (6.49), note that (6.47) implies
hy (s) = min(g, (s), &, (1)], s> 0.
Hence
hi(s)=gn(l), s€(0,1] and Ki(s) =g (s), s € (1,00).
This yields h;*(s) = gk (1) for s € (0,1] and k" < gi*. Thus, using (6.48),
(6:50)  [lAully S '~ 9 ()06 (1) (1) o1y + 1170752 ()06 (1) g3 1.0
Sl @@y 01 + gl 1,

which proves the uniform boundedness of {#,} in Y.
Now, by part (i), we can determine the space Y’, namely

, Loo,q’;(72,7050071),7]1¥ if Oloo + é <0
Y = .
LOO,q’;(*Z,*L),(*ﬁO,*ﬁoo*I) if Oloo + é = 0, ﬁoo + é < 0.

P

Hence, applying (6.28), (6.29), and the estimate
Fi @) <falloo < falle <1, neN,
we obtain
L
(6.51) Wallyr S Ml =20t (1)l 0.y + N ) S IWfallz < 1,
which means that f,, are uniformly bounded in ¥’. Now, (6.50) and (6.51) contradict

6.46) since h*(s) = g*(s) for s € (1,00).
n gn
(iii) In the case when ¢ = 00, Ol =0, and B, = 0, we have forall g € X,

t
M= [ R O Olon = 190600 [ 66 dsllmion,

t [e’e)
Na 2 = | (1) 2P (£)g™* (1) | . 1.00) = | /0 8 (5)ds|lso,(1,00) = /0 g (s)ds,
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and therefore

(652) Il = max{¥s, N}
t o0
:max{||£°‘°(t)€£ﬁ°(t)/ g*(s)ds||oo’(0’1>,/ g*(s)ds}.
0 0

If either og < 0 or oy = 0 and By < 0, then N; ~ fol g*(s)ds. This implies
that X = L' and thus X' = L® = &.

Now let either oy > 0 or cp = 0 and By > 0. We shall first show that (6.33)
holds. Put (cf. (6.34) and (6.35)) for 7 € (0, 00),

0 { =N NP () 00 (1)  ifog >0
1) =
¢ U Do (1) if o =0,By > 0.

The function p is equivalent to a non-increasing function on (0,00) and, by [BS,
Chapter 2, Corollary 7.8], there is a ¢ € .# (%, 1) such that p* ~ p. This and our
assumptionson ¢, A, and B yield ||g||x ~ 1. Moreover, (6.30) and Holder’s inequality
imply that for all step functions f € .Z (%, u),

Il = / o0 (@ de < gl Il

and (6.33) follows.
We have to prove the converse, that is, (6.43). To this end it suffices to verify
(6.44). Since f*(1) < |If |l.# » we have from (6.52) that for all f € £ and g € X,

/ FH0g (0 de < (1 >/1°°g*<r>drs|wf Islx.

Hence, it remains to prove that forall f € % and g € X,

(6.53) / £ 08" (0 dr< [l lgllx.

Assume that (6.53) is not true. Then there are two sequences of functions {f,},
{gn} suchthat ||f,]|# <1, ||gullx <1, n €N, and

1

(6.54) / fr(gi(t)dt — o0 as n— oo.
0

Define the functions &, , n € N, by

ha(x) = [|ga(x)| — gn(1)] " sgnga(x), x€Z,
and the space Y by
Y = L1 00i(ct0,—1),B)-
Then, by part (i),

Looti(~a0-1,-2). if ap>0
(6.35) Y/_{ A (—ap—1,—2),—B . 0
Lo 1:(—1,—2).(—fo—1,—Boo) if €0 =0,y > 0.
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Since A}(s) = [gi(s) — gi(1)]t, s > 0, we have supp A} C [0,1] and Aji(s) =
gx(s) — g:(1) for s € (0,1). Hence,

By (1) = g7 (1) = gn (1), 1 € (0,1), and Ay (1) = 17" [g;" (1) — gx (1], 1 € (1, 00).
This yields
ally S N2 () £6% ()3 (1) | oo 0,0y + 167" (Y267 (1)~ " 37 (1) oo (1,00)

1
Q&M+A£®MW”MM&MM@@

1
~ e+ | &i6)ds
and, on using (6.52) with g, instead of g,

(6.56) 17ally Sllgnllx <1 forall neN.

Defining the functions y,, n € N, by

Va(x) = [[fa)| =" (D] sgnfu(x), x€Z,

we have W (s) = [f,5(s) — f(1)]T, s = 0. Consequently, suppy; C [0,1] and

n n

yr(s) = £ (s) —f,F(1) for s € (0,1). Together with (6.55) and (6.30), this yields
(6.57) lwally < |Ifulle <1 forall neN.
By (6.52),

1
JRCCLES S
which shows that, forall n € N,
(6.58) g(<1  and /Olh;;(s)dsgl.
Since, for every ¢ € (0,1),
1 < min {flf"“*l(t)%*ﬁ“(t), Flf”(t)M*B””(t)},
we have from (6.30) forall n € N,

1
| ri@assinlest,
0

which in turn implies that

1
(6.59) fA(1)<1  and / wi () dr<1.
0
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Finally, (6.56), (6.57), (6.58) and (6.59) contradict (6.54) as

1

1
/ £ (0850 de = / (W (o) + £ (D)) + g3 (1) dr
0

0
1

1 1
:/w,?(t)h*( dr £ /h Y+ (1) + g0 /w:
0 0 0

The proof is complete. [
The following theorem is a complement of Theorem 6.7.

6.9. THEOREM. Let 0 < ¢ < 1, A = (00, 0lo), B = (Bo, Bso) € R?, and assume
that the space L(j gam) is not trivial (cf. (3.3)). Then (L g4am) = f a space
described below:

(i) Let either o + é >0 or op+ é =0 and BO"‘é > 0. Then £ reads as

1 1
Ly ooi—n—1_B if og+->0, ap+—-<0;
,00; L p p
L j +1>0a +170[3 +1<0~
OOVOO;(iaoifl]vO)v(iﬁovfﬁoofé) l‘f‘ (XO q ? (8] q ] (e8] q )
if +1—0B+1>0a +1<0~
00,0030, ~ oo —4).(—ho—4,—Bc) Y K0 g Pt 20 Gt <0
. 1 1
Loo,oo;(o,o),—ma—l if o+-=0,0+->0,
q q
1 1
aoo+_:O>Boo+—<0;
q q
L } +1f06+1f0a +1<0-
00,000t~ 1),(0.~Boc).(—10) Qo ;=0 ot =00t o <0;
. 1 1
Ls6,50:(0.0).(0,~ Boo — 1).(~ 1.0) i o+ =0 Pyt =0,
1 1
aoo+_:O>Boo+_<0
q q
ii) Let either ap+ L1 <0 or ap+ L =0 and o+ L < 0. Then
q q q

. 1 .
— LOOOO(O 0‘00*‘)(0 —Boo) lf aOO+5 <0’
00:(0.0).(0.~ oo~ 4) if Goo+ 5 =0; oo+ 5 <0

Proof. The assertion can be proved analogously to Theorem 6.6. The details are
omitted. [
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6.10. REMARK. If g = 1, then there is a simple proof of Theorem 6.9:

By Theorem 3.8 (i), any space in Theorem 6.9 coincides with its analogue in
the norm of which f* is replaced by f**. Thus, by Remark 3.6, any such space is
a BFS, which implies that the space . is a BFS. Consequently, .¥"” = ¥. By
Theorem 6.2 (iv) (and its analogue for spaces with three tiers of logarithms) and
Theorem 3.8 (ii), £ = L;,1.a,8) . Hence,

L =2"=(Luiap)-

To conclude this section, we list associate spaces of GLZ spaces of functions
defined on a space of finite measure. With no loss of generality, we assume that
w(Z) = 1. We omit the proofs.

6.11. THEOREM. Let u(#) =1. Let 0 < p,q < 00, a,f € R, and assume that
the space Ly g.q.p is not trivial (cf. (3.10)). Then (L, g.0p)" coincides with

{0} if eitherO<p<1
or p=1,0<g<1l, aa<0
or p=1,0<¢g<1,a=0,8<0
1
or p:1,1<q<oo,ot—g<0
1 1
or p=1,1<g<o0,a——=0,0-—<0;
q q
1
Ly ¢/—a,—p) if 1<g<ooandeitherp=1, ot > 7
1 1
or p=1La=—,82>—
q q

or 1 <p<o0;

1
L(l,q’;—a—l,—ﬁ) if p=oo, 1<g<oo, a+ 5 <0

L(lvq’:—j,—B—U if p=oo,1<qg< o0, a+$:0, B+$<O;
Lit,—a-—8 if p=o00, q= 00, and either o0 <0

or a=0,B<0;
Ly so;—a,—B) if 0<g<1, andeither1 <p < oo

or p=1,a>0
or p=1,0=0,8>0;

1
L o 1 if p=o00,0<g<l1, aa+—-<0;
( B) q

1 1
L(l,oo;o,fﬁfé) l‘f p:m,0<q<1,a+5:0,ﬁ+5<0
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Let 0 < p,g < o0, and o, B € R. Since Ly g0p) = Lypgap if 1 <p < o0,
Lipqgap) = L' if 0 < p < 1, and the associated spaces of L, ;s have already been
described in the previous theorem, it remains to characterize the associated spaces of
L(1,4.0,p) - This is done in the following theorem.

6.12. THEOREM. Let u(#) = 1. Let 0 < q < oo, a,f € R, and assume
that the space L, 4,q.p) is not trivial (cf. (3.10)). Then its associate space (L1 g.0.p))’
coincides with

1
Loogi—a—1-8 if l<g<oo, a+—>0;
q
. 1 1
Looq’-,Lfﬁfl lf 1<(1<007a+—:0713+—>0,
A= q q
. 1 1
Loo.q"—i—L—l if I<g<oo,a+-=0,B+-=0;
9 q/: q/s q q
1
L™ if 0 < g < 00, and either ot + — < 0

q

1 1
or a+-=0,4+-<0
q q

or g=o00, aa=0, f=0;

1
Ly o1 if 0<g<l,o+->0;
00— a—g, q
. 1 1
Lo co0—p—1 if 0<g<l,a+-=0,B+->0;
a q q
. 1 1
Lo 0000, L if 0<g<l,a+-=0,p+-=0.
a q q

7. GLZ spaces as Banach function spaces

In thlS SeCtiOn we Characterize GLZ SpaCeS that are BFS VVe begin Wlth the SpaCeS
Lp GAB -
EEEe

7.1. THEOREM. Let 0 < p,q < oo and A, B € R?. Then the space X = L, gaB
is a BFS if and only if one of the following conditions holds:

l<p<oo, 1 <g<oo;

p=1,qg=1, 00>0, a, <O0;
p=1,qg=1,00>0, 0o =0, B <0;
p=1,qg=1,0=0, Bp >0, 0o <O0;

7.1 p=1,49=1 0 =0 >0, 0 =0, B <O;
<00, 0+ § < 0;
<00, 0+ 5 =0, fo+ 5 <0
p=o00,qg=00, ¢g =0, B =0.

p=o00, 1
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7.2. REMARKS. Some particular cases of Theorem 7.1 are worth noticing:
(i) A space Ligam,Where g # 1,1is nota BFS, for any A and B.
(ii) A space X = L; 1.4 is a BFS if and only if @x € F.
(iii) A space Loogap isaBFSif andonly if 1 < ¢ < co and X is not trivial.

Proof of Theorem 7.1. (i) Let 1 < p < oo, 1 < g < oo,and A, B € R?. Then,
by Theorem 3.8 (i), L,4aB = L(pqa8 and by Remark 3.6 and Lemma 3.5 (ii), the
latter space is a BFS if and only if either 1 < p < 0o, or p = 0o and either ao+$ <0,
orocg+$:0,ﬁo+é<00rq:oo, =0, B=0.

(ii)Let p=1and 1 < g < 0.

Assume first that

1 1 1
either ap+ - <1 or o+—-=1 and fy+ - <1.
q q q

Then, by Theorem 4.5 (vi), (vii), Li 445 is not locally embedded into L'. Therefore,
(P7) is not satisfied, and hence Ly 4ap is nota BFS.
Assume now that

1 1 1
(7.2) either oy + — > 1 or adp+-=1 and Po+->1.
q q q

Then, by Theorem 6.2 (i),
(7.3) (Ligas) = Loog:—a-B

and the conditions in (7.2) guarantee that the latter space is not trivial (cf. (3.2)).
Recalling that X = L; .4 5, we get from Lemma 3.7 (i)

Qx(t) =t ()P (1), 1€ (0,1).
By (7.3) and Lemma 3.7 (i), we have for # € (0, 1),
et (ee-Po) i o+ 1>
P (1) { L0=Pot1/d () if og+g=1Bo+g>1

Since ¢ > 1, and thus ¢’ # +00, the relation (2.2) is not satisfied, which implies that
X is not a BFS.
(ili) Let p =1, ¢ = 1 and let one of the conditions in (7.1) hold. We have

I llae = / £ ()05 (1) du.
0

Each of the conditions in (7.1) with p = 1 guarantees that ¢ € F, where

ot) = /EA(S)MB(S) ds, t €1[0,00)
0

(since £2(s)0f®(s), s € (0,00), is equivalent to a non-increasing function on (0, oc) ).
Hence L 1.a8 = Ay and therefore L; 1,4 is a BFS.
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(iv)Let p =1, ¢ = 1, and assume that none of the conditions in (7.1) is satisfied.
Then, by Lemma 6.5, ¢x ¢ F, and consequently X is not a BFS.

(v)Let 0 < p < 1. Then, by Lemma 3.7 (i), the fundamental function of L, ;.4 &
isnotin F. Consequently, L, ;4B is not a BFS.

(vi) Finally, let 1 < p < oo and 0 < g < 1. There are three possibilities: either
X ={0},or X # {0} and ¢x ¢ F,or X # {0} and @x € F. Itis clear (cf. (P1)
and (P6)) that X is not a BFS when X = {0}, and also, as mentioned in Section 2
above, that X is not a BFS when @x ¢ F . Using Lemma 3.7 and embedding results of
Section 4, we obtain that A, is not embedded into X when X # {0} and ¢@x € F.
Thus, again, X is not a BFS.

The proof is complete. [

We now turn our attention to the spaces L, .4 B) -

7.3. THEOREM. Let 0 < p,q < oo and A, B € R?. Then the space X = Ly g:nB)
isaBFSifandonlyif 1 < g < 0o and X # {0}.

Proof. If 1 < g < oo, then, by Remark 3.6, X is a BFS if and only if X # {0}.

Conversely, let either X = {0} or 0 < ¢ < 1. If X = {0}, then it is evident
from (P1) and (P6) that X isnota BFS.If 0 < ¢ < 1, then Ay, is not embedded into
X . To see this, we use Theorem 3.8 (ii) to rewrite Ay, as L1,1;Lg) With appropriate
L, E € R?, and then apply embedding results of Section 5. Thus, X is nota BFS. [

Finally, we present analogues of Theorems 7.1 and 7.3 for the case when u(%) <

7.4. THEOREM. Assume that W(#) < oo. Let 0 < p,q < oo and o, 3 € R>.
Then the space L, 4..p is a BFS if and only if one of the following conditions holds:

Il <p<oo, 1<q<o0;
p=1,4qg=1, a>0;
p=1lg=1a=0, >0
1
p=o00, 1 <g< oo, a+ - <0;
q

1 1
p=00,1<g<o0, a+=-=0,B+-<0;
q q

p=o0,q=00, a=0,p=0.

7.5. THEOREM. Assume that u(#) < oo. Let 0 < p,q < oo and o, 3 € R>.
Then the space L, 4.0.p) is a BES if and only if 1 < q < oo and one of the following
conditions holds:

0<p<oo;
1
p=00, o0+ — <0
q

1 1
p=oo,a+—-=0,B+-<0;
q q

p=oo0,g=00, =0, f=0.
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8. GLZ spaces and Orlicz spaces

In this section we shall give a complete characterization of those GLZ spaces
Ly 4:am and L, 4.4 B) Which coincide with Orlicz spaces. All such spaces are described
by Theorems 8.8 and 8.11 below. To avoid trivial cases, we throughout this section use
the following

CONVENTION. Since Orlicz spaces are BFES, we restrict ourselves to the values of
p,q; A, B that satisfy (7.1) in the case of spaces L, a5, or (3.3) and 1 < ¢ < oo in
the case of spaces L, 4. ) (cf. Theorems 7.1 and 7.3).

Let us first consider the case when p = ¢q. We shall first recall a result which
follows from [EOP1, Lemmas 2.1 and 2.2], concerning spaces of functions defined on
a finite-measure space.

8.1. LEMMA. Let u(#) < oo. Let one of the following conditions hold:

(8.1) 1 <p<oo;
(8.2) p=1, a>0;
(8.3) p=10=0,>0;
(8.4) p=o00, a<0;
(8.5) p=oo, x=0, <O.
Then
Ly pap = Lo,
where the Young function ® satisfies for large t,
0% (1) 00PP (1) if one of (8.1)—(8.3) holds,
(8.6) (1) ~ { exp (V4 ~P/6)) if (8.4) holds,
expexp(r~/P) if (8.5) holds.

8.2. COROLLARY. Let one of the conditions (8.1)—(8.5) hold, and let the Young
Sunction ® be given for large t by (8.6). Let T € (0,00) and f € .# (%, ). Then

T
/ [F* ()% ()P ()P dr < o0
0
if and only if there exists a A > 0 such that
T
/(I)()Lf*(t)) dr < oo.
0

When (%) = oo, the values of ®(z) for ¢ small become important. To handle
them properly, we shall need some auxiliary results. First, we formulate a modified
version of the Young inequality.
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8.3. LEMMA. (i) Let A > 0 and & € R. Then for every a,b > 1,
(8.7) ab < exp (a4 07¢1*(a)) + b * (b)LLE (b).
(ii) Let € > 0. Then for every a,b > 1,
ab < expexp(al/€) + b L65(b).

Proof. This follows from the usual Young inequality by a straightforward calcula-
tion of complementary functions (cf. also the proof of [EOP1, Lemma 2.2 (vi)]). O

8.4. LEMMA. Let u(#) = 0o, 1 < p < oo, and let either A > 0 or A =0 and
€ > 0. Suppose that f € M (R, 1) is such that f*(1) < oo, and put R = u(suppf).
Then

(8.8) / [F* ()P0 (1) 04 (1) d < oo
1
if and only if
(8.9) /y*(t)wl(f*(;))eee(f*(t)) dr < oc.

1

Proof. The assertion is trivial when R < co. Assume that R = co.
First, let us note that both (8.8) and (8.9) imply that

(8.10) f*@®)—0 as t— oo.

For T € [1,00), we denote
= [rortoeod. o= [FOre e o)er: o) d.
T T

We see thatforany T € [1,00), I;(T) < oo ifandonlyif I;(1) < 0o, i = 1,2. Hence,
using also (8.10), we may assume with no loss of generality that f*(z) < 1 for every
te[l,00).

Suppose that (8.9) holds. Then we have
(8.11) Ky = sup /Pf*(1) < oco.

1I<t<oo

Indeed, assuming that

(8.12) t/7f*(t) — 0o forsome 1 — o0,
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and using also the fact that the function ¢ (x)£¢¢(x) is decreasing for x € (0,xp) with
xo small enough, we get

[ wre o / P OPE (7 0) 0 (7 () di

)‘k/2

> 5 eord (0 (%)) ees (£ (%)

forall k > ko, where ko € N is chosen so that f*(,/2) < xo. Combined with (8.12),
this estimate contradicts (8.9), and thus (8.11) holds.

By (8.11), 1 <7 /Ky < 1/f*(¢) if t > max{1,K?}. The function ¢*(x)€¢%(x)
is increasing on (x;,00) for some x; large enough. Thus, taking ¢ > T := max{1, K7,
(x1K1)P}, we get

P RO P /Ky <L (0) 06 (L (1))

This yields immediately

e () SN (0), e (T 00),

and (8.8) follows from (8.9).
Conversely, suppose that (8.8) holds. Let np € NU {0} be such that

e~ 0t/ < 2 (1) L emM/P,
We define
ty = inf{r > 1,£*(t) <e P}, n>no.

Then {#,} is a non-decreasing sequence such that #, — 0o as n — oo. Since f* is
right-continuous (cf. [BS, Chapter 2, Proposition 1.7]), we have

e~ (nt/p <f*(n < e*"/ﬂ 1 E [ty tay1)-

This yields for all 7 € [t,,2,11) ,

(8.13) [P ~e™, (f(0) mn*, E(F*(1) ~logt(n+2),
and hence

Int1

B B0 =3 [ Orér o) o)

n2no I
~ Z e "t (logf(n+2)) (tay1 — 1) = Z e "ayby,
n=ng n=ng

where
an = (”/2))L log(n+2), by= 2 (tat1 — ta).
We shall use (8.7) to estimate the right hand side of (8.14). Since

a,ll/lﬁ_g/l(an) ~n/2
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and
bné)L (bn)ffg(b, ) (thrl )E (tn+1 tn)feg (tn+1 - tn)a
we get from (8.14) and (8.7),

12(1) ~ Z " ”/2 + Z tn+1 tn (ln+1 — ln)éfg(twrl — t,,) =8+ S27

n=ng n=ng

say. Obviously, S} < co. Now, we claim that, for large n, say n > n;, we have

(8'15) (tn+l - ti1)£}L (tﬂ+1 - tn)gﬁ(twrl - tn)
< it O (b )OO (t1) — 1l (8000 (1),

Once this is shown, the assertion will follow easily as, by (8.15),

I’lll

S2 < Z tn+1 )L(thrl - tn)geg(twrl - tn) + S37

n=ng

where
S3 = Z e_n[thdE}L (tﬂ‘FI)EEE(tﬂ‘Fl) - tné)L (tn)égg(tn)y

n>=n;

But, by (8.13) and (8.8),

Ittt
5553 *"/ ()6 (r) dr <Iy(1) < oo.
n>n; In

It remains to prove (8.15). Assume first that 7,1 > 2¢,,i.e., f,11 <
2(ty+1 — ;) . Then

(8.16) tai 1 O (6 )OO (1) < 2(tnst — )0 (11 )00 (s1).

Since the function ¢*(r)¢¢%(z) is increasing near oo, we obtain from (8.16) that, for
large n,

thrIE}L (t’H’l)éEE(t'H’l) < 2[tn+1£)L (thrl)éfg(thrl) - tnﬁL (tn)feg(tn)}v

and (8.15) follows.

Now assume that #,1 < 2f,, i.e., ty4+1 — f, < #,. Since the function F(¢) =
t0*(¢)0¢¢ (1) is convex near oo, it is equivalent to an increasing convex function on
entire [1,00). With no loss of generality, we shall assume that F itself is increasing
and convex on [1,00). Thus, for every n,

(817) F/(til)(til+1 - tn) ,SF(thrl) - F(tn)a
and

(8.18) (1) 005 (1) =~ F' (1)
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Similarly, the function ¢*(¢)¢¢%(¢) is equivalent to an increasing function on [1,00).
Therefore, using also #,11 —#, < #,, (8.18) and (8.17), we obtain for every n,

(thrl - tn)E}L (tn+1 - tn)fgg (tn+1 - tn)
g(ttrkl - tn)g/l (tn)gfg(tn) ~ (tn+1 - tn)F/(tn)
5 thrlf/1 (tﬂ+1 )Mg(trwrl) - tng/1 (tn)wg(tn)
and (8.15) follows. The proof is complete. [J

The following simple lemma is of independent interest as it indicates a relation
between Orlicz spaces and Marcinkiewicz spaces (compare [Lo2, Theorem 2]).

8.5. LEMMA. Let f € #(%,u) andlet ® be a Young function on (0,00) such
that

o0

(8.19) /CID()/(I)_I (%)) dt<oco  forsome vy >0.
0

Then f € Lo if and only if there exists a constant K = K(f ) such that

fr@o

8.6. REMARK. Since (cf. (2.9)) ¢, (t) =
(8.20) can be rewritten as

<I>*+(l/t)’ t € (0,00), the condition

sup £ (1)L, (1) = K < ox.

0<t<oo

Proof of Lemma 8.5. 1f (8.20) holds, then we have for A < yK—!

7@()@0*(;)) dr < 7q>(yq>1(%)) dr < oo,

in other words, f € Lo .
Conversely, assume that f € Lg . Then there is a A9 > 0 such that

oo

(8.21) /CD()LQf*(t)) dr <

0

N —

Let a > 0. Then, by (8.21),
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which is equivalent to
* —1lg—1 1
fHa) <Ag'd (—) a>0,
a

and (8.20) follows with K = A,"'. (Let us note that f € Lq implies (8.20) for any
Young function @, regardless of the validity of (8.19).) O
The following example follows by an easy calculation.

8.7. EXAMPLE. Let @ be a Young function such that, for 0 < 7 < 1, either
@(t)%exp(ftalogﬁ(l/t)), o<0, BeR,
or
®(1) ~ exp(—expt?), B <0,
and, for 1 <t < oo, either
(1) ~ exp(' log’ 1), y >0, 6 €R,
or
(1) ~ expexp?, 0 >0.
Then @ satisfies (8.19).

Now we are in a position to prove the main result of this section.

8.8. THEOREM. Assume that W(#) = oo and A = (0, to), B = (Po, o) €
R2.
(i) Let 1 <p < oo. Then L, pa 8 = Lo, where

(8.22) (1) ~ PP (1), 1€ (0,00)

(recall that A = (0o, o) and B = (Bso, Bo))-
(ii) Let 0o > 0 and either oy < 0 or o9 =0 and Py < 0. Then Lo coaB =
Ly, where

(8.23) (1) v exp (— 17 V0o =Pl (1)) for 1€ (0,1),
and, for t € (1,00),
exp (1~ g—Po/oo(; i <0,
(8.24) O(1) ~ P 1) J e
expexp(r~1/h) if ay=0, P <0.

(iii) Let 000 = 0, Boo > 0, and either o9 < 0 or 09 = 0 and Py < 0. Then
Loo.co:aB = Lo, where

D(r) ~ exp(—exptr /P=)  for 1€ (0,1),

and @ satisfies (8.24) for t € (1,00).
(iv) Let either ag > 0 or o = 0 and Py > 0, and let either 0o < 0 oF Ot =0
and o < 0. Then Ly 1:op = Lo, where

(8.25) D(1) ~ tt™(0)005 (1), t € (0,00).
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Proof. (i) Let @ satisfy (8.22). Then ® € A,. Hence, f € Ly if and only if

oo

(8.26) /(D(f*(t)) dr < co.

0

Put R = u(suppf). Define T = inf{r > 0;f*(+) < 1}. Using the fact that
1 <f*(t) <ooforte (0,T) and f*(r) < 1 for r € [T, 0), and (8.22), we get from
the estimate (8.26),

(8.27) / (F* () €P (£ (1)) PP (£ * (1)) dt
0

+ / (F (1)) £9P (7= (1)) 657 (£ (1)) d1 < oo

By Corollary 8.2 and Lemma 8.4, (8.27) holds if and only if

R

[ ayerwer ar < oo

0

in the case 0o, > 0 or 0o = 0, Boc > 0. This proves (i) in such case. If o, < 0 or
0o =0, B < 0, the assertion follows via duality (Theorem 6.2). In the remaining
case Ol = 0, B = 0, the assertion is obvious.

(ii) Let @ satisfy (8.23) and (8.24).Then, by Example 8.7, ® satisfies (8.19). By
Lemma 8.5, f € Lo if and only if (8.20) holds. However, it is easy to see that (8.20)
with our @ is equivalentto f € Log oo:aB -

(iii) The proof is analogous to that of (ii).

(iv) By Theorem 6.6 (i) we have

(8.28) (LI,I;A,IB)/ = Loo,0o—A,—B-
If oo < 0, then, by (ii) with A, B replaced by —A, —B, we get
(8.29) Loo,oo;—a,—B = Ly,
where
exp ((— t1/%e g=Poc/0oo (1)) t€(0,1),
(1) = < exp (t/e=P/oo(y)), t€(1,00), ap >0,
expexp(r'/P), t€(1,00), oo =0, By > 0.

A direct calculation shows that the complementary function of ¥ is given by (8.25).
Together with (8.28) and (8.29) this yields

/

"
I
Liiag = (LI,I;A,B) = (Loo,oo;fA,f]B) = (L‘I‘) = Lo,
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which is the desired result.
If oo =0 and B < 0, we adopt an analogous argument using (iii) rather than

(i). O
Lemma 8.10 below completes the results of Theorem 8.8. To prove it, we shall
need the following assertion, which follows easily from (2.8) and (2.9).

8.9. LEMMA. Let X be an r.i. space. If its fundamental function @x is equivalent
near 0 or near < eitherto t orto 1, then X is not an Orlicz space.

8.10. LEMMA. Suppose that (%) = .

(i) Let either oy < 0 or op =0 and By < 0, and let either Qs < 0 or 0o =0
and Poc < 0. Then Lo oo:ap is not an Orlicz space.

(ii) Let one of the following conditions be satisfied:

=0, Po=0, 0 <O0;
=0, Po=0, to=0, B <0;
>0, 0Ox=0, Poo=0;
=0, Bo=0, te=0, Bo=0.

Then Ly .o is not an Orlicz space.

Proof. (i)Put X = Lo oo:a B - By Corollary 3.10, X = Lo oc:(0.0),(,0) - Thus, by
Lemma 3.7 (i), @x(¢) ~ 1 forall ¢ € (1,00), and the result follows from Lemma 8.9.
(ii) The proof is analogous. [

Now we turn our attention to spaces L, gam) . In view of Lemma 3.5 (ii),
Theorem 3.8 (i) and Theorem 8.8 (i)—(ii), it suffices to consider the case p = 1.

8.11. THEOREM. Assume that W(#) = oo and A = (0, ), B = (Po, Po) €
R2. Let
either op+1>0 or o+1=0,6+1>0,

and
either O +1<0 or Ooo+1=0, Boc +1<0.

Then L 1:a8) = Lo, where, for t € (0,1),

%ot (1) ¢Poo (1 if O +1<0,
(D(t)%{ (r)eer= (1) if 0o +

100+ (1) if Os+1=0, B +1<0,

and, for t € [1,00),

10 (2) 0P (1) if oo+1>0,
D(1) ~ 1P () if a+1=0,By+1>0,
HeL(r) if a+1=0,Po+1=0.

Proof. For example, assume that either g + 1 > 0 and oo + 1 < 0. Then,
by Theorem 3.8 (ii) and Theorem 8.8 (iv), L;1:a8 = Li1;a+18 = Lo, where
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®(1) ~ tA1(1)e0B(1), 1 € (0,00), and the result follows. The proof in other cases is
similar. [

To complete our analysis, we shall show that if p # ¢, then neither the space
Ly 4:ap nor the space L, .45 coincides with an Orlicz space. (Consequently, Theo-
rems 8.8, and 8.11 cover all possible cases when a GLZ space is an Orlicz space.) It is
thus enough to consider those spaces which are BFS. Further reduction is enabled by
Lemma 8.9.

Let us first deal with the spaces L, 4.4 p . It follows from Theorem 7.1, Lemma 8.9
and Lemma 3.7 (i) that we have only to consider one of the cases

l<p<oo,1<g<o0, p#g;
p=00, 1 <q<00, o+ ;5 <0, 0o+ 5 >0

/

p=o00, 1<qg<oo, p+1<0 ae+1=0 B+Li>0;
(8.30) q q q
' p=00, 1<q<o00, g+ =0,Po+; <0, Coo + ;> 0;
p=00, 1<qg<o0, ag+;=0 o+ <0,

Ooo + 7 =0, Boc + § 0.
We shall use the following auxiliary result.

8.12. LEMMA. Let X and Y be two r.i. spaces such that X # Y and @x = @y.
Suppose that there is a Young function ® such that Y = Lg. Then X # Ly for any
Young function Y.

Proof. Assume the contrary, that is, X = Ly for some Young function ¥'. Then,

by (2.9), 1 1
ETEYn) ~ Qx(1) ~ @y(t) ~ =Tk 1 € (0,00).

Thus ® ~ ¥ on (0, 00), and therefore X = Ly = Ly = Y, a contradiction. [
8.13. COROLLARY. Let 0 < p < 00, 0 < g < 00, p# q, and A = (0, 0lso),

B = (Bo, Boo) € R?. Put X = Ly, pap and Y = Ly, ;s 5. Suppose that there is a Young
Sfunction @ such that X = Le. Then Y is not an Orlicz space.

Proof. Embedding results of Section 4 show that X # Y. Moreover, by Lemma
3.7 (i), @x ~ @y on (0,00). The result now follows from Lemma 8.12. [

Now we are in a position to finish the analysis concerning the spaces L, .4 5. The
following theorem completes the picture.

8.14. THEOREM. Let 0 < p,q < 0o and A = (0, tloo), B = (Bo, Boo) € R2.
Put X = Ly 4am. Let one of the conditions in (8.30) be satisfied. Then X is not an
Orlicz space.

Proof. If the first condition in (8.30) holds, then the result follows immediately
from Corollary 8.13. In all other cases we use a method which will be illustrated on the
case

1 1
(8.31) p=o00, 1<qg<oo, O(0+5<0, aw+5>0_
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Other cases are left to the reader.

Assume (8.31). Then, by Lemma 3.7 (i), @x(r) =~ ¢*F1/4(£)¢¢% (1) for 1 € (0, 00).
Consequently, @y ison (0, 00) equivalent to an increasing concave function ¢ such that
¢(0,) = 0 and @(co_) = co. Therefore, putting ®(1) = 1/~ '(1/t), t € (0,00),
we obtain (cf. (2.9)) that ® is equivalent on (0, c0) to a Young function. Observe that

exp ((— 17 /(0o t1/@) g=Poo/ (@ +1/4) (1)) if te€(0,1)
o) ~ exp (t—l/(%+1/f1)£—50/(050+1/f1)(t)) if 1€[l,00).
By Example 8.7, @ satisfies (8.19). Hence, f € Lg if and only if (8.20) holds.

We have to show that X # Lg (then the result will follow from Lemma 8.12).
Note that the function f (1) = 1/¢(t) = ®~!(1/1), t € (0, 0), satisfies (8.20), but

1

Il > [ et =ce.

0

The proof (in the case (8.31)) is thus complete. [

Now let us deal with the spaces L, 4.4 5. Since L, 445 = {0} for 0 <p <1,
and L, 4aB) = Lpgap When 1 < p < oo, it is enough to consider the case p = 1.
Moreover, using Theorem 7.3, Lemma 8.9 and Lemma 3.7 (ii), we see that we may
restrict ourselves to the situation when 1 < g < oo and one of the following conditions
is satisfied:

o+ 1 >0, 0 + L <0;

A+ 5 >0, 0o + 5 =0, o + 7 <0;

Q-+ 3 =0, B+ >0, oot 7 <O,

A+ :=0,f+1>0 ot i=0 Bocti<0
1<q<oo,0£o—&-$:07 [30—5—5:0, OCOO+%<0;

l<g<oo, p+:=0 Pfo+1=0 a+i=0 B+1<0

(8.32)

8.15. THEOREM. Let 1 < g < 00 and A = (0, 0oo), B = (Bo, Bso) € R%. Put
X = L1 4ap) - Let one of the conditions in (8.32) be satisfied. Then X is not an Orlicz
space.

Proof. Tt follows from Theorem 6.7 (i), complemented with its analogue involving
three tiers of logarithms, and Theorem 8.14, that X’ is not an Orlicz space. Therefore,
neitheris X. O

9. Absolute continuity of the norm

The aim of this section is to characterize those GLZ spaces L, ;a5 and L, 4. B)
that have absolutely continuous (quasi-)norm.
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If u(#) < oo, then it is easy to see that the space L, ap (or L, g5 ) With
0 < g < oo has absolutely continuous (quasi-)norm. Indeed, taking f € X = L, ;o B
and {E,}°, C Z satisfying E, \, 0 p-ae., we have u(E,) < u(#) < oo for all
n € N, which implies

lim p(E,) = u( ﬁ E) =u() =0.
n=1

Thus, as n — oo,
(Fxe)" <" XouE) — 0,

and, by Lebesgue’s Dominated Convergence Theorem,

oo

1_1 % q 1/q
el < ([ 400 0 Oonen o] ar) " 0. 0o
0

and the result follows.

However, when u(#) = oo, it may happen that E, \, ) as n — oo but
U(E,) = oo for every n € N. Then x(uE,)) = X0.00). and we do not obtain
f*XouE,)) — O from the trivial estimate (f xg,)* <f*Xou(£,)) as above.

In the case of infinite measure a deeper analysis is needed and we find the following
lemmas useful in this.

9.1.LEMMA. Let f,f € M (Z,u), n € N, be suchthat limsupf, <f U-a.e.

n—oo

Assume that there are g € M (%, ) and ny € N satisfying

(9.1) g=fn M-ae. forall n > ng;

(9.2) Ug(A) < 00 forall A €[0,00).
Then for all A € [0,00),

(9.3) limsup iy, (A) < iy (A).

Proof. For A € [0,00) and F € .# (%, 1) put
E\(F) = {x € Z%;|F(x)| > A}.

Since (u-a.e.)
£ > limsupfulx) = lim (o),

n—oo

where h,(x) = supf,(x), the function h(x) := lim h,(x) satisfies h, \, & and

—
m=n n— o0

h < f . Consequently,
(9.4) m(A) < (R). A e0,00).

Moreover, forall 4 € [0,00),

oo

(9.5) Ey(h) = () Ex(ha) = () | Ea(fm)-

n=1 n=1lm>=n
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The assumptions (9.1) and (9.2) imply

u((U Erlr) < m(En(9) = me(2) < oo.

m=ng

Together with (9.5), this yields

ta(A) =nlin;ou( U Ez(fm))-

Further, observe that

Ey(fu)) > E = A).
u(L}J 2 (f )) i§5“< a(fk)) Sup L (4)
Thus,

Hy(A) = lim sup g, (A) = limsup iy, (1),

=0 k>n n—o00

which, together with (9.4), implies (9.3). O

Combining Lemma 9.1 with a symmetric assertion, cf. [BS, Chapter 2, (1.5)], one
can prove the following result.

9.2. LEMMA. Let f,,.f € M (#,u), n € N, be such that lim f, =f u-a.e.

Assume that there are g € M (%, u) and ny € N such that (9.1) and (9.2) hold.
Then for all A € [0,00),

e (A) = lim py, (7).

n—oo

9.3.LEMMA. Let f,f € M (%, 1), n €N, be such that limsupf, <f U-a.e.

n—oo

Assume that there are g € M (%, ) and ny € N satisfying

(9.6) g=fn M-ae. forall n > ng;
(9.7) g (t) <oo forall te (0,00);
(9.8) tlim g (1) =0.

Then

(9.9) limsupf,” <f*.

Proof. Assuming that (i,(49) = oo for some Ay € [0, 00), we get for any # > 0,
& (0) = inf{As 1y (2) < 1} > o,

which contradicts (9.8). Consequently, u,(A) < oo forall A € [0,00). Thus, by
Lemma 9.1,

lim sup py, < Uy.

n—o0
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Let m denote the Lebesgue measure on (0, 00) . Applying Lemma 9.1 again, this
time to {us, }, Ug, Uy, and m instead of {f,}, g, f,and u, we get

limsupmy, < my,,
which is (9.9), since for any h € .#(%,u) we have my, = h* (cf. [BS, Chap-
ter 2, (1.10)]). O

Combining Lemma 9.3 with a symmetric assertion (cf. [BS, Chapter 2, (1.17)]),
one can prove the following result.

9.4. LEMMA. Let f,,.f € M4 (#,u), n € N, be such that lim f, =f p-a.e.

Assume that there are g € M+ (%, ) and ny € N such that (9.6)—(9.8) hold. Then
lim fF =f*.

n—oo

Now we are in a position to prove the main result of this section.

9.5. THEOREM. Let 0 < p,q < oo, A,B € R? and let X be one of the spaces
Lygap or Lpgamy. Assume that X # {0}. Then X has absolutely continuous
(quasi-)norm if and only if 0 < q < 0.

Proof. (i) Assume firstthat X = L, ;4 5. Let 0 < g < oo. Itis a consequence of
(P3) (cf. Section 2) that X has absolutely continuous (quasi-)norm if (ACN) holds for
every f € XN .41 (#,u). Forsuch f we clearly have f*(r) < oo, t € (0,00), and
tgrglof*(t) =0. Let {E,} C Z satisty E, \, 0 w-a.e. Putting f, = f xg, , we have

0<fu<f,neN,and by Lemma94, f*(r) — 0 as n — oo forall ¢ € (0,00).
Since f,; <f*, n € N, the Lebesgue Dominated Convergence Theorem shows that

oo

1 1 1/
If xEnllpgaB = (/[;ﬁ*agf*(t)wﬂi(t)f;(t)]qdt) a — 0.

0

Hence X has absolutely continuous (quasi-)norm.

Let ¢ = oco. Since X # {0}, either p < oo, or p = 00, o < 0, or p =
00, ap = 0, Py < 0. Thus, there exists ny € N such that the function h(r) =
Fl/”é’o‘“(t)éffﬁ“(t)x(oﬁl/n[))(t), t € (0,00), is non-increasing on (0,00). By [BS,
Chapter 2, Corollary 7.8, there is a g € .# (%, u) satisfying g* = h. Furthermore,
by [BS, Chapter 2, Corollary 7.6, there is a measure-preserving transformation o from
the set G = suppg onto [0,1/ng] = supph such that g = ho o p-a.e.on G. Put
hy, = hx©,/m and g, = hyo o for n € N, n > ng. Then (cf. [BS, Chapter 2,
Proposition 7.2]) g& = h,. It is clear from the definition of g, that the sequence
{E,} of p-measurable subsets of # given by E, := suppg,, n > ng, satisfies
E.s1 CE, C G and g, = gxg, p-ae.on G. Since u(E,) = |(0,1/n)] = 1/n
(where |E| denotes the usual Lebesgue measure of a set E ), we see that E, \, 0 as
n — oo. Moreover,

lgxe,llx = lIgnllp.ociaz = sup /7E40)eE ()h() = sup 1=1

0<t<1/n 0<t<1/n
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for every n > ng. Since g € X, the space X does not have absolutely continuous
(quasi-)norm.

(i) Now let X = Ly, 4ap)- Since X # {0}, one of the conditions in (3.3) is
satisfied. In particular, 1 < p < co. By Theorem 3.8 (i), X =L, ;a5 if 1 <p < 00.
This case is covered by part (i). It remains to consider the case when p = 1.

Let 0 < g <ooand f € X =Lygam N A (#,u). Forsuch f we clearly
have f**() < 00, t € (0,00), and tlir{l)lof**(t) = 0, which in turn implies f*(r) < oo
for t € (0,00), and rgrélof*(t) =0. Let {E,} C Z satisfy E, \, @ u-a.e. Define f,
as in part (i). Since f," < f*, n € N, and f7(r) — 0 as n — oo forall ¢ € (0,00),
the Lebesgue Dominated Convergence Theorem implies that for every s € (0, 00),

£y =57 [ £y dr—0.
/

Since moreover f,* < f**, n € N, one more application of the Lebesgue Dominated
Convergence Theorem shows that

o0

_1 - 1/q
|V%En||(1,q:A,IB) = (/[sl qEA(s)fﬂB(s)fn (s)]‘i ds) —0 as n — oo.
0

Finally, let p = 1 and g = co. Assume first that

(9.10) either o >0
(9.11) or =0 and fy>0.

If (9.10) holds, then there is a ny € N such that the function
(912) h(t) = t_lg_ao_l(t)gg_ﬁo(t))c(o,l/no)(t% re (O> 00)7

is non-increasing on (0,00). The same argument as the one used in part (i) above
implies that there is a g € .#(%,u) and a sequence {E,} C % with E, \, () as
n — oo such that the functions g, := gy, satisfy g& = h, := h%(O,l/n)v n=ng.
Hence, for all n > ny and every ¢ € (0,1/n),

t

& () = 2 / h(s)ds ~ %E‘a"(t)ff_ﬁ“(t).

t
0

Consequently,

lsxe,|lx = llgall oo > sup 1t (1)el® (1)gy* (1) ~ 1
0<t<1/n
for every n > ng. Since g € X, the space X does not have absolutely continuous
(quasi-)norm.
When (9.11) is satisfied, we use the same argument as above with (9.12) replaced
by
h(t) = =0 O P D00 m) (1), 1€ (0,00),



450 B. OPIC AND L. PICK

and the result follows again.

Assume now that either o < 0 or oy = 0 and fy < 0. Then, by Corollary 3.12,
X = L(1,00:4,B) = L(1,00:(0,000),(0,800 )) - The same argument as above with (9.12) replaced
by & = 0,1y shows that L1 o:(0,000).(0,800)) (= X) does not have absolutely continuous
(quasi-)norm. O

10. Appendix

In this section we prove Theorems 5.1, 5.2 and 5.5. To derive conditions for the
embedding

(10.1) Lpyo1m) = Ly risw).
we need the following lemma.

10.1. LEMMA. Let 0 < g < 00, U(#) = 00, A = (0, ), B = (B, Po) €
R?, and L gam) # {0}. Then, for any o € (0,00), there exists a function g, €
M (R, 1) (independent of q, A, and B ) such that for all ¢ € (0,1),

g(aﬁé(g)ﬁfﬁo(g) if o+ é >0
ott™*4 (o) if oo+ =0 fo+1>0
Igell1aam) & 007 (o) ffoo+ =0 po+l=
0 if +1=0,By+5<0
or o+ % <0

and for all ¢ € (1,00),

ol*>" 1 (0)lP>(0) if ot + 1 <0
lgollngam ~ § oteP<*i (o) if o+ 1 =0, B+ 1 <0
o if =0, U = Poo = 0.
Proof. Put Y = L(; g4 ). Since the underlying measure space (#, i) is non-
atomic, for any ¢ € (0,u(%)) there exists a function g, € #(%,u) such that

g, = X(0,0)» and hence [|g,|ly = @r(0), where ¢, stands for the fundamental function
of Y. Thus, Lemma 10.1 is a consequence of Theorem 3.7 (ii). O

The next assertion provides us with conditions on the second components of vector
exponents of logarithmic functions which are necessary for the embedding (10.1).

10.2. LEMMA. Let 0 < Q,R < 00, u(%) = oo, Ly gLk # {0}, and

(10.2) LioLE) — Larsw)-
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Then one of the following conditions is satisfied.:

A +1>6 +1'
o0 Q o0 R’

1 1
A'oo+é:Goo+E<07 Exo 2 Woo;
1 1 1 1
Afoo = — O _:07 0o — 2 0 -
+Q (o +R € +Q Q) +R

Proof. By our assumption L g..k) # {0}, and hence by (10.2), L gsw) 7
{0}. Thus, Lemma 3.5 (ii) implies that one of the following conditions is satisfied:

Aoo + é < 0;
1 _ 1 .
(10.3) /100—5—5—0, Eoo+§<0,
0=00, Ax=0, €, =0
and also that one of the following conditions is satisfied:
1 )
O + R < Os
(10.4) O+ =0, O+ <0;
R=00, 0, =0, Wy =0.
By Lemma 10.1, there is a function g, € .# (%, u) such that for all g € (1, c0),
o'V C ()0 (g) if Ao + 5 <0
(10.5)  llgollrorm = perf="3 () if Ao+ 5 =0, £+ 5 <0
0 if 0 =00, Aoo = € =0,
and similarly,
007 R ()00 (9) if G + & <0
(10.6)  lgoll(1.rsw) = Qéﬁ“’oﬁé(g) if 0 + ,1—3 =0, W + ,1—3 <0
0 if R=00, 0o = Wso = 0.

Assume that

1 1
10.7 Aoo + = - + =.
(10.7) +Q<G +z
Then
1
10.8 Ao + =<0
(10.8) 0

and we get from (10.2), (10.5), and (10.6) that for all ¢ € (1, 00),
Lok ()0 (0) if Ons + L < 0
Ao+ o N )
ol™"2 ()0 (0) 2 { ott®="# (o) if O + % =0, 0o+ <0
0 if R=00, O = W =0,
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which contradicts (10.7) and (10.8). Consequently A + > 00+ 3.
Let Aoo + 5 = Ooo + < 0. Then (10.2), (10.5), and (10.6) imply that for all
0 € (1,00),
A’OO [ee) o0 l o0
ol 2 ()05 (g) 2 ol F (0)00” (o),
which yields £, > 0 .
Finally, let Ao + é = Oy + 11_? = 0. Assume that

1 1
10.9 o + = o + =
(10.9) Eso + 0 < Woo + R
Then
1
10.10 o+ =<0
(10.10) 0

and we get from (10.2), (10.5), and (10.6) that for all ¢ € (1, 00),

ollO=VE () if Wao + <0
0 if R=00, W =0,

ol 5 () 2 {
which contradicts (10.9) and (10.10). Consequently, €., + & 5 2 Wso + % , and the proof
is complete. [

Now, we are going to derive conditions on the first components of vector exponents
of logarithmic functions which are necessary for the embedding (10.2).

10.3. LEMMA. Let 0 < Q,R < 00, U(Z#) = 00, L oLE) # {0}, and
(10.11) Laork) = Larsw):-

Then the following implications hold:

1 1 1 1
(10.12) O<max{/lo+é, O-O+E} — )L0+§ +E’
1 1 1
10.13 0= — Ao+ — .
( ) Ao+ 0 - 0+ Q ()JrR
1 1
(1014) O<Ao+é :('5()—‘v‘1—e — & = Wo;

1 1
O=A+==00+ =

1 1
(10.15) ? 1R = ftg>mt g
0 <max{&+ =, wo+ —
{ o Q}

Proof. Let g, € # (%, u) be the function from Lemma 10.1.
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a)Let 0 < Ag+ é . Suppose that

1 1
(1016) AO""@ < GO""E.

Then for all ¢ € (0,1),

1
(10.17) Igell0ne) & 02 (0)00* (o),
(10.18) Igoll(1rs) ~ 0L E ()04 (o),

and thus the embedding (10.11) shows that the inequality (10.16) cannot hold.
b) Let 0y + % > 0. Suppose that

1
10.19 -~ <o.
( ) M+Q<

Then for all p € (0,1),

ol e(g) if Ao+ 5 =08 +5>0
1
0l00T (p if +1=0 6+1=0
(10'20) ‘gy (LQLE) = () °ro ero
0 if A+5=0,e+5<0
or)Lo+é<0
and

Igellrsm) ~ oL™ H (2)e0™ (o).

These two estimates and the embedding (10.11) show that (10.19) cannot hold. Thus
)L()Jré > 0 and, by part a), /10+é >0y + %.

Now, (10.12) follows from a) and b).

c)Let 0 =24p+ é . Assume that (10.16) holds. Then oy + % > 0, and hence the
estimates (10.18), (10.20), and the embedding (10.11) show that (10.16) cannot hold.
This proves (10.13).

d) Let 0 < Ag + é = 09 + . Then the estimates (10.17), (10.18) and the
embedding (10.11) imply that & > @y . Consequently, the implication (10.14) holds.

e) Let O:)LO—Fé = 0'0—&-,% and so+é > 0. Assume that

1 1
10.21 — —.
( ) 80+Q<wo+R

Then @y + % > 0. We have forall p € (0,1),

o2 (0) if &+ 5 >0
”gQH(l,Q;]LJE) ~ 1 . 1
QEEEQ(Q) if & + 0= 0

and 1
(LrS,w) = oL R (p).

8o
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The last two estimates and the embedding (10.11) show that (10.21) cannot hold.
f)LetOzM+ézO‘o+% and a)oJr% > 0. Assume that

1
(10.22) f+5<0.

Then, forall ¢ € (0,1),

\
lgoll(1r5w) ~ {

8oll(1,0.LE) = 0,
o™k (0) if wy+ & >0
olllk (o) if wy+ L+ =0
and the embedding (10.11) shows that (10.22) cannot hold. Thus & + é > 0 and, by
parte), so+é > wo+%-
We have from e) and f) that the implication (10.15) is satisfied. O
In the next lemma we consider the case when 0 < R < Q < .

10.4.LEMMA. Let 0 < R < Q < 00, U(#) = 0,

(10.23) LaovLk) # 10},
and
(10.24) LioLE) — Larsw)-
Then either
(10.25) Moo + 1 > 00 + 1
or
(10.26) A +l—c +l and € +l>w +l
Moreover, the following conditions hold:
(10.27) O<max{/lo+16+l} = )t+l>0' +l'
. Q, 0 R 0 Q = 00 Rs
1 1 1
10.28 0= — == +—=2>= =3
( ) Ao + 0 0+ 0 0o + R
1 1 1
10.29 0 — = — = o
( ) <M+Q 60+R - 80+Q>UJ0+R

1 1
0:M+§=GQ+E
(10.30)

1 1
0 < max{& + —, wo + —
{ o @ Q}
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Proof. The implications (10.27) and (10.28) follow from Lemma 10.3.
For 9 € (0,1) and v,0,n € R put

(10.31) folt) = t710¥(0)0L% ()L™ (1) 10,00 (1), € (0, 00).

Then f, is equivalent to a non-increasing function on (0, co) and, as the measure space
(%, u) is non-atomic, there is a function g, € .# (%, u) such that g} ~ f, (cf. [BS,
Chapter 2, Corollary 7.8]). Consequently,

1 t
(10.32) g, () ~ " / fols)ds, t€(0,00).
0
If v+ 1 <0 and p € (0,1) are fixed, then

[ OO0, 1€ (0, 0)
800~ { T ()% (0)0el"(0), 1 € (0,00).

This implies that for all z € (0, c0),
(10.33) & (1) m T ()0 (1)L () 10,6 (1) + 1" X000 (1)
a)Let 0 < Ag+ é = 0+ % . Suppose that

1 1
10.34 1< .
( ) & 0 wo + R

Taking

si1=~(ior) =~(eve) o[-l f) (o g)) =355
),

we have v+ 1 < 0 and, on using (10.33), we get

oll.onm) SN1(0) + Na(o),

where
Ni(e) = ™ 21 (0ot (1) 00 (1) | 0, 0.0)
Na(e) = ™ 2 (000 (1)l poc) -

Since

1 1 1 1.1 1
Ao+ — 1=0 ~+60<0, —=-(=-=) <o,
ot gt Lt N+ 5 2(Q R)<

we have N;(p) < co. Moreover, the assumption (10.23) implies that one of conditions
(10.3) is satisfied, which in turn yields that N,(9) < oo. Consequently,

(10.35)
On the other hand, we have from (10.33) that

ell(r,oLE) < 00.

(10.36) ollrsin 2 1 REOTE ()00 (1)0007 (1) | g (0,) = 00
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since

1 1 1 1,1 1
LS S SSPRE FHLOE T LR B}
Gyt ptvtl=0 @+ +020, n+o=-(5 G >0

The estimates (10.35) and (10.36) contradict (10.24). Thus, (10.34) cannot hold and
the implication (10.29) is verified.

b)Let 0 = Ao+ 5 = 0y +  and & + 5 > 0. Suppose that (10.34) holds. In
(10.31) we take

v+1=0, 0+1¢ [— (w0+1%),—<so+é)},

~HL+4)  ife+1<0
’r) =
~H(5+) -1 ife+1=0,
Then 6+ 1 < 0 and it may be 6 + 1 =0 only if & + é = 0. Using (10.32), we get
& (1) m LT ()00 () 300, (2) + 7L (0)LL0(0) X(p00) (1) O + 1 <O,
GEH () m LT (1) (0, (1) + 17 LT (0) K(p00) (1) if O+ 1 =0.

One can prove analogously as in part a) that

(10.37) ollonm) < oo and g/l rsw) = 00
since 7Lo+é:0, 0'0+%:0,and
1 L_1(1_1
€0+§+9+1<0, TI+§ 7(@ E)<0’
0+1<0=
W+ E+0+120, N+4i= %(%—é) >0,
1 L_1(1_1
80+§:0, 7’)+1+§:§(§—E)<0,
0+1=0=
o+ 320, n+l+i=4(k-4)>0.
However, (10.37) contradicts (10.24). Thus (10.34) cannot hold and consequently
g+5 >0+ g
c)Let 0 =A4¢ + l = 09+ % and @y + £ > 0. Then we have from (10.15) of
Lemma 10.3 that &, + 5 > 0. Consequently, by partb), & + é > o + %

We have from b) and c) that the implication (10.30) is satisfied.
It remains to prove that either (10.25) or (10.26) holds. However, it follows from
Lemma 10.2 that we only need to show

1 1 1 1
For vy, Vo, 6y, 00, M € R put
Lo (0)66% (1), t€(0,1
(10.39) f(0) = { . “ 9() (©.1]
1710V (£) 009 (1)000N (1), t € (1,00).
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Then there exists g € .# (%, u) such that g* ~ f . Consequently,

(10.40) g7 (1) ~ % /Otf (s)ds.

Taking vy < min{—1,—1—A¢ — é},we have

(10.41) g () =t (e (r), e (0,1],

and hence

(10.42) Il om0 = I8 L7 (1) e O (1) g,y < oo

The assumption (10.23) implies that one of conditions in (10.3) holds. Moreover,
assume that the premise in (10.38) is satisfied. We shall distinguish two cases:
1) Let Ao + é = 0 + % < 0. Suppose that

1 1
10.43 o+ = < W + —.
( ) €00 + 0 Woo + R

Take 1+ Voo = —(Aoo + ) = —(Ooo + ) Then 1 + v > 0 and (10.39)-(10.41)
yield

1 t
(10.44) OETE [ / £(s)ds + / f(s)ds}
0 1
~ ! [1 + e"oo“(r)wf’ooeee"(t)}
~ et (1) 000 (1) 000" (1), t€ (1,00).
Furthermore, let
1 1 1/1 1
O € | = (0nt ) —(ext5)] and n=—3(5+7)
We have from (10.44) that
L
(1045) gl nonE)00) & [l 2LF T (1) 0070 00 (1) 0007 (1) 0. (1,00) = 1
since
1 1 1 1/1 1
— = — < = (=—-= .
?LOO+Q+VOO+1 0, eoo+Q+6m\0, n+ ( )<0
We see from (10.42) and (10.45) that

(10.46) llgll1.0m) < 0.
On the other hand, we have from (10.44) that

(10.47) lgll (1 rsmy = (| RO+t (1) ggo+Oo0 (1) 0007 (1)

[R(1,00) = 00
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since
1 1 1 1/1 1
— frng — > - = — = = —
Out g H Ve 120, 0t 4020, Mt p=5(3—5)>0
However, (10.46) and (10.47) contradict (10.24). Thus (10.43) cannot hold. Conse-
quently, &, + é > oo + % .
2) Let Ao + é = 0 + % = 0. Suppose that (10.43) holds. Take

1 1
VOO:_1> i'e'7 1+Voo:_<koo+é):_(aoo+ﬁ)>

1 1 1,1 1
1+900€[_(w00+ﬁ)7_(500+§)}7 n:_§(§+§)'
Our assumptions (10.23) and (10.24) imply that one of conditions in (10.4) holds.

Together with the facts that 0, + ,1—? =0 and R < oo this yields wo + % < 0, which
in turn shows that 1+ 6, > 0. Consequently, we have from (10.39)—(10.41) that

1 t
g0~ / F(s)ds + / £ (s)ds] 11+ 06 oyeeeno)]
0 1
~ 00T (e (r), 1 e (1,00).
Similar argument to that of part 1) shows that (10.43) cannot hold. Thus
Eoo + 5 > Woo + &
It follows from 1) and 2) that the implication (10.38) is true. The proof is

complete. [

Now we shall look for sufficient conditions for the embedding (10.1). We need
the following lemma.

10.5. LEMMA. Assume that 0 < Q < R < 00, u(#) = oo and L = (A, Axs),
E = (&,€%), S= (00,0x), W= (), ) € R%.
Put
_ OoR — A0 R — &0
=——— and Po=————.

R—0 R=0
Then forall f € L1 o.LE),

Q2 -2
Hf”(l,R;oo,wo)(O,l) < Hf”(Rl’Q;AO’gO)(O’l) |lf‘|(1,£;%30)(071)~

Put R— 2 R
Lo TR A0 g = PR O
R-Q R-0
Then forall f € L1 g.LE),
% Q
(10.48) Hf” 1,R: 000,000 ) (1,00) Hf“ (1,0:A00 00 ) (1,00) Hf” loootoo 1Boo)(1,00)°
In particular, if we define A = (qp, 0t) and B = (fy, Poo) by
SR - LQ WR - EQ

and B =

(10.49) A= R0 =~ "R_0
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thenforall f € L1 oLE),

2 -9
(10.50) I Nz < I g W 15R -

roof. Put Iy = and [ = 0) . € LoLE) and 1 € o0, then
Proof. Put I (0,1) and I, (1,00). If f € L gy and i € {0,00}, th

IF I8 Reop o 1 = Il RS ()€ (0)f * ()|
R-0d¢

— [ [ 0] [eemes o o]

t
Ii
< e () eePi(e)f = (e )HR‘Q I =2 4 ey ees (o) (¢ NS
Hf” (1,0:,&) Ii Hf“ IOOOCI;Bt it O

10.6. LEMMA. Let 0 < Q < R < 00, u(#) = o0, Ly gLk # {0}, and

1 1
( ) + 0 >0t 5
or
(10.52) 0>A4 +1 o +1 d Eo = O
. 00 = — O > an oo =z Woo,
0 R
or
(10.53) 0/l+1 G+1 d e+1>w +1
. = Moo = — O 5 an, 00 = = Woo 5"
o R 0 R
Moreover, let one of the following conditions hold:
(10.54) 0< o+~ and o+~ >0+
. x M0 Q Q 0 R7
1 1
(10.55) 0<7Lo+§: OJFE nd €& > o,
(10.56) 0= Ao+~ = Got s 0+~ >0, 80+~ > a0+ =
. OQ_OR’OQ/’EOQ/OR
Then
(10.57) Laorm) = Lirsw):-

Proof. (i) If 0 < O = R < 00, then it is clear from (10.51)—(10.53) and (10.54)—
(10.56) that (10.57) holds for all f € L g.L) -
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(ii) Let 0 < 0 < R=00. We have forall + € (0,1),

O (1) if Ao+ L >0

a0 if Ao+5=0,8+5>0

(10.58) [[s~20% ()06 ()] 0.1 0003 (1) if o+5=0e+5=0
1 if A+5<0

or /10+é:0, €o+é<0~

If Ao+ é > 0, then (10.54), (10.55), and (10.58) yield for all ¢ € (0,1),

(10.59) ()L™ (1) S OB ()0 (1) & s~ 2L ()060(5) | -

If Ao+ é =0, then (10.54), (10.56), and (10.58) yield for all z € (0, 1),
(10.60) 00 ()00 (1) S VT ()00 T (1) S |5~ D0 ()06%(5) | gy 1)
Using (10.59) and (10.60), we get

(10.61) sup 1= R0 ()00 (Nf (1) = sup £%0(1)00™ (1 / £

0<r<1 0<r<1

< swp s B0 g [ 1@ dT
0

0<r<1

—L k%
< sup [ls' 2R ()0e () (o) = If I, om0

0<r<1

Since L(jprr) # {0} and Q < oo = R, either A + é <0 or As + é = 0 and
€0 + 35 < 0 (cf. (10.3)). We have for all 7 € [1,00),

OV C ()0 (1) if Ao + & < 0

(10.62)  ls~ 202 ()06 ()l o0y £5=TT (1) if oo + 5 =

eoo+é<0.

If Ao + é < 0, then (10.51), (10.52), and (10.62) imply for all ¢ € [1, c0),
(10.63) €7 (1)00” (1) S LV ()00 (1) = ||s~ C0> ()06 (5) | 0,100

If A+ é =0 and e + é < 0, then (10.51), (10.53), and (10.62) yield for all
€ [1,00),

(10.64) €% ()0 (1) S €78 (1)L 8 (1) 2 [|s~ Q0% (500 (1) 100
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Using (10.63) and (10.64), we obtain

(10.65) sup 1RO ()00 (£)f **(t) = sup £°%° (£)£L¥> (t)/otf* (1)dt

1<1<0 1<1<0

1 t
S osup ||S_W)L°°(SW€°°(S)||Q.,<z,oo>/f*(f)df
0

1<1<o0

-5 *k
< [ls' "2l ()0t (5)f ** (5)ll.100) = IF 11,01 8)(1,00)-
Moreover, by (10.61) and (10.65),

I lroosim = sup 1€(0)e€™ (n)f (1)

0<t<oo
= max{ sup ()0l ()f **(¢), sup 07 (£)€6P> (6)f **(r)}
0<t<1 1<t<00
< llogre

and (10.57) follows.
(iii) Let 0 < Q < R < co. Then, by Lemma 10.5,

0 _0
I ks < IR g I 1Ry

where A and B are given by (10.49). Thus, (10.57) will be proved if we show that for
all f S L(LQ;LE) y

(10.66) 1 l.ooa) S IF l0.0m)-

However, (10.66) will follow on using part (ii) above with S, W replaced by A, B,
respectively, once we show that each of conditions (10.51)—(10.56) implies the same
one with R, 0;, w; replaced by oo, oy, B; (i = 0,00), respectively. We are going to
verify it in the case when one of the conditions (10.51)—(10.53) holds; the proof is
similar when one of the conditions (10.54)—(10.56) is satisfied.

Suppose that (10.51) holds. Then, by (10.49),

(10.67) %ﬁ%:Gmﬁ:ngng(Am*é*(%*%))

> Ooo = Olpoo + —,
00

which, together with (10.51), gives Ay, + é > O + %
If Ao + é = 0w + %, then the first equality in (10.67) implies that A, + é =
O + =
If (10.52) is satisfied, then, using (10.49), we have
ExoR — €550 S WoR — €550

e~="R-g ° k-0 P~
Finally, assume that (10.53) holds. Then, by (10.49),
1 0oR- 00 O 1 1 1
oo e 0 - - (o) - 2 oo — Poo -
W R R—0 +R—Q(8 *to (“’ +R)) Boo = Boo +
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Together with (10.53), this gives &4, + é 2P +=. O

Using the method of the proof of Lemma 10.6 and employing estimate (10.48)
instead of (10.50), one can prove the following result.

10.7. LEMMA. Let 0 < Q < R < 00, U(#) = o0, Ly g1 ) # {0}, and let one
of conditions (10.51)—(10.53) hold. Then for all f € L(; o).

(10.68) I s wy,00) S I Nl (10 E) (1,00) -

The next lemma provides the “complementary inequality” to (10.68) in the case
when the assumptions of Lemma 10.6 on Ag, &, 0y, and @y may not be satisfied.

10.8. LEMMA. Let 0 < Q,R < 00, U(#) = o0, L1 o1E) # {0}, and let one of
the following conditions be satisfied:

1
(10.69) o+ 2 <0;

1 1
(1071) R=o0, 0p=0, w=0.

Then forall f € L oLE),

I llars o S I Il owe) 1,00
Proof. Let f € L(; o1k - Then, using (10.69)—(10.71) and (10.3), we obtain
Il re o) = [l ®e (106> (1) /Otf*(f)dfllmo,l)
< [l RE ()20 (1) | o1y /Olf*(T)dT ~ /Olf*(T)dT
< IO = g0 [ 1
< |l 0k ()= (1) /Otf*(f)dTHQ,(l,oo) = [[f ll(1,0L.E)(1.00)- a

10.9. REMARK. Suppose that all the assumptions of Lemma 10.8 are satisfied.
Then for all f € L(19.LE)>

I Nl rswyo.0) S W l.oLEyo.1)-
Indeed, if f € L(1,0.Lr) » then

1 1
If [l rsswy0.1) S /O fryde =7 (1) & (i 0 (e (1) g o ™ (1)

_L *k
< |l e o (ryeen (n)f Ol = Ifll1.oLE)©01)-

Now, we turn our attention to the case when 0 < R < Q < 00.
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10.10. LEMMA. Suppose that 0 < R < Q < 0o, u(#) = oo, and L o1 k) #
{0}.

(i) Let either

(10.72) Moo + é > O + %

or

(10.73) /1oo+i:croo+l and £w+i>wm+l.
Q R Q R

Then forall f € L pLE),

If H(LR:S,WMI.,OO) SIf H(I,Q;]L,]E)(l,oo)-

(ii) Let either

(10.74) 7Lo+é >60+%

or

(10.75) /lo—s—l:cfo—s—l and so+l>w0+l.
0 R 0 R

Then forall f € L1 g.LE),
If [l (1rswy0.1) S lLoLE)0.1)-

Proof. Put Iy = (0,1) and I, = (1,00). If f € L1 op), i € {0,00}, and let
one of conditions (10.72), (10.73), or (10.74), (10.75), respectively, hold, if i = co or

i =0. Since R < oo, we get by the Holder inequality with respect to the measure %

and with exponents Q/R and Q/(Q — R) if Q < oo and immediately if Q = oo that

Hf”fl,R;cri,w,-)Ii :/|:t£li(t)gfgi(l‘)f**(t)go'i*li(t)ggwi*ﬁ(t)}Rg

Ii
<Glf Hfl,Q:M’Ei)Ii’

V=5)dr\'™
C = ( / e e (] T %)

I

where

Ql=

Since our assumptions imply that C; < oo, the result follows. [
Now, we are able to prove Theorems 5.1 and 5.2.

Proof of Theorem 5.1. Necessity follows from Lemmas 10.2 and 10.3. Sufficiency
is a consequence of Lemmas 10.6-10.8. [J

Proof of Theorem 5.2. Necessity follows from Lemma 10.4. Sufficiency is a
consequence of Lemmas 10.8 and 10.10. O
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We conclude this section with the proof of Theorem 5.5.

Proof of Theorem 5.5. We shall use the following notation:

S {(P],Pz,]LESW) 0 < Py, Py < 00, P17£P2’ L7]E7S’W€R2}7
A ={(P1,P>,L,E,S,W) € #*; 1 <P, < P; < o0},
1 = {(P1,P,,L,E,S,W) € .9 1 < P, < P» < o0},
S ={(P1,P2,L,E,S,W) € /", 0 < P, < 1},
S5 ={(P1,P2,L,E,S,W) € #*; 0< P < 1, P, = 1},
1
S0 = {(P1,P,L,E,S,W) € .7 0'0+§<0}7
1 1
%,2:{(P17P2,L,E’S7W)615ﬂ3*; 0-0+§:07 (1)0+§<0}7

S5 ={(P1,P2,L,E,S,W) € 75; R =00, 6p =0, oy =0},
S =S U S U S, Sr=IN\ S,

Ty = {(P1, Py LES,W) € . 0< Py < 1, 1 < P, < 00},
S =AUANUSA, = US U,

Obviously, .7* = . U.%.

Necessity. We have to prove that (5.5) does not hold if either u(#) = oo or
W(Z) < 0o and (Py,Ps,L,E,S, W) €.7.

Assume first that u(#) = co. Then (5.4), (5.5), and Lemma 3.5 (ii) implies that
1 < Py, Py < oco. Putting

X =Lporr and Y =Lp,rsw),

we obtain from (5.5) that

(10.76) oy < ¢x,

where @y and ¢y are the fundamental functions of X and Y, respectively. Moreover,
one can see from (10.76) and Lemma 3.7 (ii) that (5.5) cannot hold.

Assume now that u(#) < oco. Then (10.76) and Lemma 3.7 (ii) implies, again,
that (5.5) cannot hold if (Py, P, L, E,S, W) €.7.

Sufficiency. let M := u(#) < oo. We have to prove that (5.5) holds provided
that (Py,P;,L,E,S,W) € ¥ = A USAHUSA.

Assume that (Py, P, L,E,S,W) € % (i.e. (5.6) holds). We shall distinguish
two cases:
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a)Let 0 < R< Q< oo. Thenforall f € #(Z%,u),

M

(1077) Wil = ( / [tf’l_zfg(t)ﬁfw(t)f**(t)r?_)ﬁ

M
B 1/(l_L)dt L_ L
Hf” (P1,Q.L.E) / th PIES L )Eew ]E(t):| R 0 T)R 9
0

S llpuonk)

and (5.5) follows.
b)Let 0 < Q < R< oo. Put

(10.78) oc=0p, W=y, A=A, E€=¢&.

If 1,€ € R, we have forall f € .#(%, ) that

(10.79)  If lltpsrician) = 17T € ()5 (0)f ™ (1) 2~ PR 7 (1) 06 (1) | 0.0
<l p, oy

where C = Hth 7 RE"’I(t)M“”g(t)HRv(ovM) < oo since P; > P,. Consequently,
for any /1,8 eR,

(10.80) L(Phoo;;’;) — L(p,Ri0,0)-

Since Py > P, > 1,

(10.81) Lo ois = Loooqs @4 Lpone =Lpone

Taking A< A , we obtain from Theorem 4.5 that
Lrigne =Ly 5%
and hence, on using (10.81),
Lip, 05.6) — L(Pl,oo;f,?)'
Together with (10.80) this yields
(10.82) Lp,.0.e) = L(p,.r:o.0)

and (5.5) follows.
Assume that (Py, P>, L, E,S, W) € .. Putting

f%’o = {(Pl,PQ,L,E,S7W) c yg; 0< P1 < 1},
‘%71 = {(PI’PZa]LaIEaS7W) € 56; 1 SPI g OO},

we have % = L%’o U ng .
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Let (P, P2, L,E,S,W) € %5 (i.e. (5.7) holds). If 0 < R < Q < o0, we obtain
(cf. (10.77)) that (5.5) is satisfied. If 0 < Q < R < oo, we have (cf. (10.79)) that
(10.80) holds. Moreover, if P; > 1, we have (10.81), and (5.5) follows using the same

argument as that of part b) above. If P; = 1, we choose A < 0 and € € R. Then, by
Theorem 5.3,

L1,0:.6) = L(l,oo;}:.;)

with A and € from (10.78). Together with (10.80) this yields (10.82) and (5.5) follows.
Let (P, Py, L,E,S,W) € % (i.e. (5.8) holds). Then (5.5) is satisfied since,
by Lemma 3.15,

(10.83) Lipore) = L', Lip,rsw) = L.

Finally, let (Py,P,,L,E,S, W) € .. Then, Lemma 3.15 again implies (10.83)
and (5.5) follows. O
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