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AN INEQUALITY OF OSTROWSKI TYPE AND ITS
APPLICATIONS FOR SIMPSON’S RULE AND SPECIAL MEANS

I. FEDOTOV AND S. S. DRAGOMIR

Abstract. An integral inequality of Ostrowski type and its applications for special means and
error evaluation in Simpson’s quadrature rule are given.

1. Introduction

The following integral inequality which establishes a connection between the
integral of the product and the product of the integrals is well known in literature as
Griiss’ inequality [2, p. 296].

THEOREM 1.1. Let f, g : [a,b] — R be two integrable functions such that
O <fx) <DPand y < g(x) <T forall x € [a,b]; 0, D,y and T are constants.
Then we have the inequality
b
1 / i
— [ §(x)dx

(1.1)

7a/f dx——/f )dx -

1
<3 @—0)(T-7)

and the inequality is sharp in the sense that the constant % can not be replaced by a
smaller one.

In 1938, Ostrowski (cf., for example [3, p. 468]), proved the following inequality

which gives an approximation of the integral ;— f f (t)dr as follows:

THEOREM 1.2. Let f : [a,b] — R be continuous on [a,b] and differentiable
on (a,b) whose derivative ' : (a,b) — R is bounded on (a,b), i.e., |f'|c =
sup |f' (r)dt] < oco. Then:

(x —«42)°

t€(a,b)
1 / 1
- [rwa < +ﬁ] (b~ a) |l

forall x € [a,b]. The constant  is the best.

(12)
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In the recent paper [1], S. S. Dragomir and S. Wang have proved the following
version of Ostrowski’s inequality by using Griiss’ inequality (1.1).

THEOREM 1.3. Let f : I C R — R be a differentiable mapping in the interior of
I andlet a,b € int(I) with a <b. If f' € Ly [a,b] and

y<f'(x)<T  forallxe€ la,b],
then we have the following inequality:

b

a

1
Sz@-a)(~y)
forall x € [a,b].

They also applied this result for special means and in Numerical Integration ob-
taining some quadrature formulae generalizing the mid-point quadrature rule and the
trapezoid rule. Note that the error bounds they obtained are in terms of the first deriv-
ative which are particularly useful in the case when f”' does not exists or is very large
at some points in [a, b].

In this paper, we give a generalization of the above inequality which contains in

a particular case the classical Simpson formula. Application for special means and in
Numerical Integration are also given.

2. An integral inequality of Griiss type

For any real numbers a < b, let us consider the function

t—a—+A, ifa<t<x
p(t)=p:(t) =
t—b+B ifx <t <b.

It is clear that p, has the following properties.
(@) Tt has the jump

[pl,=(B—A)—(b—a) atthepoint?=x

and

dp (1)
i =1+4+[p],8(—x).

(b) Let M, := sup p,(¢) and m, := inf p, (7). Then the difference M, — m,
t€(a,b) 1€(ab)
can be evaluated as follows :

1. For B— A < 0 we have

M, —m,=—[p],.
2. For B — A > 0, the following three cases are possible
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(i) TO<KB—A<i(b—a), then
—x+b for a<x<a+(B—A);
My—m,=< —[p|, for a+(B—A)<x<b—(B—A);
x—a for b—(B—A)<x<b.
(i) If $(b—a) <B—A< (b—a),then

—x+b for a<x<b—(B—A);

M,—m;=< B—A for b— (B—A)<x<a+ (B—-A);

x—a for g+ (B—A)<x<b.
(iii) If B—A > b — a, then
M,—m,=B—A.
The following inequality of Ostrowski type holds.

THEOREM 2.1. Let f : [a,b] — R be continuous on |a,b] and differentiable on
(a, b) whose derivative satisfies the assumption

(2.1) y<f' ()T forallt € (a,b),
where v, are given real numbers. Then we have the inequality:
b

(2.2) (CfA)f(a)+(bfafB+A)f(x)Jr(BfC)f(b)f/f(t)dt

a

<7 T =y) M —mye) (b —a)

N

1

C:C(x)::m

[(x—a)(x—a+2A)— (x—b) (x—b+2B)],

and A,B,M, and m, are as above, x € |a, D).

Proof. Using Griiss’ inequality (1.1) we can state that

b
(23) . / pe(O)F (1) di —

forall x € [a, b].
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Integrating first term, by parts, we obtain:

b

/ pe (07 (1) dt = BF (b) — Af (a) — / £ (1) dr—[pl.f (v).

a
Also, as

b

/M@WZ

a

[(x—a)(x—a+24) — (x—b) (x — b+ 2B)]

M| —

then (2.3) gives the inequality:

ﬁ Bf (b /f dt — ()_C.M

1
< 3 C=7) (M~ m)
which is clearly equivalent with the desired result (2.2). O
Remark 2.1, Setting in (2.2) A = B = 0 and taking into account, by property

(b), that M, — m, = b — a, we obtain the inequality (1.3) by Dragomir and Wang.
The following corollary is interesting:

COROLLARY 2.2. Let A,B real numbers so that 0 < B — A < (b;a> . Iffis as
above, then we have the inequality

e (B2 @+ b-a- @l (50) + B30 /f

2

1
g_
4

Proof. Consider x = # Then

T—=y)(b—a—B+A)(b—a).

b— b—
a b a

AT 2

:ﬁ, xela+ (B—A),b—(B—A).

By property (b) we have
My—my=(b—a)— (B—A).

Applying Theorem 2.1 for x = #, we geteasily (2.4). O
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Remark 2.2.
1. If we choose in the above corollary B — A = %, then we get

ﬂf(a);f( )y g <a+b)](ba)/ubf(t)dt

1
<gC-n@E-a’

which is a combination between mid-point and trapezoid formula.
2. If we choose in (2.4), B = A, then we get the mid-point inequality

2o |e-ar(52) - /f <HC-nb-af

proved by S.S. Dragomir and S. Wang in [1] (Corollary 2.3).
3. If we choose in (2.4), B— A = 252, then we obtain Simpson’s formula

(2.7) b;a{f(a)—&-4f(a;b)+f(b)}—/bf(t)dt

1
<< (C-7)(b-a)

for which we have an estimation in terms of the first derivative not as in the
classical case in which the forth derivative is required, i.e.,

) s o) /bf (1) ds

(2.5)

(2.8) b;“ {f(a)+4f (“

Remark2.3. The method of evaluation of the error for the Simpson rule considered
above can be applied for any quadrature formula of Newron-Cotes type.

For example, to get the similar evaluation of the error for the Newton-Cotes rule
of order 3, it is sufficient to replace the function py (7) in (2.3) by the function:

t—a—A if a<t<a+h
b A+B
pa(t) == t—a+ + + if at+h<t<b-nh
2 2
t—b—B if b—h<t<b

where B — A = 224 = b2,
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3. Application for special means

Let us recall some important means of positive real numbers.
(a) The arithmetic mean :

b
A=Al(a,b) ::“; C ab>0

(b) The geometric mean:

G = G (a,b) := Vab,

a,b > 0;
(¢) The harmonic mean:
2
H=H(a,b) = +—, a,b>0;
ats
(d) The logarithmic mean:
a if a=0>n,
L=L(ab):= b—a ot a,b>0;
—_— a
Inb—1Ina ’
(e) The identric mean :
1 (7
- (—) if ab,
I=1(a,b):=< ¢ \4 a,b>0;
a if a=0>n,
(f) The p-logarithmic mean
bp+1 _ ap+1 P
2% | it a#tb 4 p-0
= {(Pl)(ba)} %5 >
by =Ly (a,b): pER\{~1,0}.
a if a=0n,

In what follows we shall apply the inequality (2.7) written in the following form

b
(3.1) %f <a42rb> *f(a);(b)*bia/f(t)d’

<z (T-7)(b-a.

N =

for the previous means.
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EXAMPLE 3.1. Consider the mapping f (x) =x" (p > 1),x > 0 .Then

f(a;b) = AP (a,b), JM:A@F’H))’

b
1 p—
b_a/f@dﬁdﬁwﬁ% F—y=(a—0)(p- 1L
for a,b € R with 0 < a < b. Consequently, we have the inequality
1

2 1 _
(3.2) ’§A” (a,b) + §A (o, b)) — I} (a,b)‘ < 3 (b—a) (p— I)ng

EXAMPLE 3.2. Consider the mapping f (x) = )1—(,x > 0. Then

; (a+b) _atap), L@ ey,

2 2

b
1
o [F @=L @),

2 2 _
F—}/:b a :2(17 a)A (a,b)
a’b? G* (a,b)

for 0 < a < b. Consequently, we have the inequality:

2 1 1
a7 @) 3 @) L ) <

which is equivalent to

(3.3) : :

EXAMPLE 3.3. Consider the mapping f (x) = Inx,x > 0. Then we have

2 1 1

’—HL+—AL—AH’ <3 b-a)’ =
(x)

f(anrb)_lnA’ JlenQ

2

b
1 b—a
/f(l)dl:hll, F—'}/:7

b—a
for a,b € R with 0 < a < b. Consequently, we have the inequality

<

2 1
‘glnAJrglnGlnI

which is equivalent to

(3.4)
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4. A new estimation of the error bound in Simpson’s rule

The following theorem holds.

THEOREM 4.1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative satisfies the condition (2.1), i.e.,

y<f' ()T  forallte (a,b);

where v, are given real numbers. Then we have

b
(@.1) /f (0)dt = Su (nof ) + Ro (In. )

where
S (In.f) = Zh +4f (i + i) +f ()]

I,, is the partition given by I,, ta =x) < X < oo < X1 < Xy = b, by =
% (xi41 — X)) ,i =0, ...,n—1; and the remainderterm R, (I,,f ) satisfies the estimation:

(4.2) IRy (I,f )| % —rZh2

Proof. Letussetin (2.7) a = x;,b = x;11,2h; = Xiy1 —x;, where i =0, ...,n—1.
Then we have the estimation:

Xi+1
h;

Bl () 4+ 4F (504 )+ F ()] — / £ (1 di| <

2
3 3

(F —-r ) hi27
forall i=0,...n—1.
After summing and using the triangle inequality, we obtain

i=0

SR ()44 () 41 Gl = [ 1 @

l\)

<S(- yZh2

which proves the required estimation (4.2). D

W

COROLLARY 4.2. Under the above assumptions and if we put

I 'lloe :=sup [f" ()] < oo,

t€(a,b)
then we have the following estimation of the remainder term in Simpson’s formula

n—1

(4.3) IRy (1 f ) Ilf Hoozhz
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Remark 4.1. The classical error estimates based on the Taylor expansion for the
Simpson’s rule involve the forth derivative ||f ||~ . In the case when f*) does not
exist, or is very large at some points in [a, b] , the classical estimates can not be applied,
and thus (4.2) and (4.3) provide alternative error estimates for the Simpson’s rule.
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