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COEFFICIENT INEQUALITIES FOR CERTAIN UNIVALENT FUNCTIONS

TADAYUKI SEKINE AND SHIGEYOSHI OWA

(communicated by H. M. Srivastava)

Abstract. We introduce certain subclasses of univalent functions that are starlike of order o and
convex of order . We obtain coefficient inequalities for the functions belong to the subclasses.
Using the coefficient inequalities we give some example s of such univalent functions. Also
distortion inequalities and convolution properties are determined for the subclasses.

1. Introduction

Let A be the class of functions f(z) of the form:

fl@=z+ Zanz”,

n=2

that are analytic in the open unitdisk U = {z:z € Cand || < 1}.
Let A(n) denote the subclass of A consisting of all functions of the form:

f@)=z— Z adr (=0, neN=1{1,2,3,---}).
k=n+1

A(n) is said to be the subclass of analytic functions with negative coefficients. Let 7'(n)
be the subclass of A(n) of univalent functionsin U . Further, T (n) and Cy(n) denote
the subclasses of T'(n) consisting of functions which are starlike of order (0 < o < 1)
and convex of order a(0 < o < 1), respectively. These subclasses T(n), Ty (n) and
Cy(n) were introduced by Chatterjea[l]. For n = 1, these notations are usually used
as T(1) = T, Ty(1) = T*(ax) and Cu(1) = C(ax), which were introduced earlier
by Silverman(3]. Silverman[3] determined coefficient inequalities, distortion and cov-
ering theorems for univalent functions belong to the subclasses T*(a) and C(a).
Chatterjea[l] determined the coefficient inequalities for functions in the subclasses
Ty(n) and Cy(n). Srivastava, Owa and Chatterjea[6] subsequently investigated distor-
tion theorems and convolution properties for the subclasses T (n) and Cg(n). For the
definitions of these subclasses, coefficient and distortion inequalities, and convolutions,
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one may refer to Srivastava and Owal5]

We introduce a subclass A(n, 0) of A in the following manner.
Let A(n, 0) denote the subclass of A consisting of all functions of the form:

fle)=z— Z 0%, (4= 0;neN).
k=n+1

We note that when 6 = 0,A(n,0) = A(n). Further, we define the subclasses T'(n, 0),
T} (n,0) and Cy(n, 0) of A(n, 0) inthe same way as T(n), Ty (n) and Cy(n). Thereby,
when 0 =0, T(n,0) = T(n), T, (n,0) = Ty(n) and Cy(n,0) = Cy(n). We obtain
the coefficient inequalities for the functions belong to the subclasses T;(n, 6) and
Cq(n, 0). We note that the coefficient inequalities above do not contain 6 and coin-
cide with the coefficient inequalities for T, (n) and Cy(n) of Chatterjea[l], and also
for T*(ax) and C(at) of Silverman[3]. By using the coefficient inequalities we show
some examples of the functions belong to T;i(n, 68) and Cy(n, 6). Further, we deter-

mine distortion ineqalities and convolution properties for the subclasses T;,(n, 6) and
Cu(n,0).

2. Coefficients inequalities

THEOREM 2.1. A function f (z) in A(n, 0) isin Ti(n,0) if and only if

Y k—a)a<1-a (2.1)

k=n+1

Proof. If f(z) isin A(n, 0) and coefficient inequality > °  (k—o)ax < 1— o
hold true,

then
(k* 1)6i<k71>0(1kzk71 Z (k* 1)(1](‘Z|k71
7f'(z) _ 1‘ _ |t < kentl
f(@) — i(k—1)0 , _k—1 B = k—1
1-— Ze az 1-— Zak\z|
k=n+1 k=n+1
> (k= Da
§ k=n+1 - § 1—a.
Y a
k=n+1
') o o
Thereby the values for Q) lie in a circle centered at w = 1 whose radiusis 1 — o.
Z

Hence we have

Re{zﬁg) } > a.
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The sufficiency of the condition is proved.
We shall prove the necessity of the condition.
If f(z) isin T}(n, ), then we have

oo

Z— Z e"(kfl)ekakzk
/
Re { 7' (2) } —Re k=n+1 -«

oo

. Z k=10,

k=n+1

for all z € U. Choose the values of z on half line z=re~ (0= r < 1), then

oo oo
z— E K10k g 7 1— E kagr*=!
k=n+1 o k=n+1

Re = = = > .
7— Z el(k—l)eakzk 1— Z (lklj(_l
k=n+1 k=n+1

Since 1 — Y2 . kaxr*=' > 0, we have by the inequality (2.2) that

1-— i ka* ™' > a (1 — i akrk1> .

k=n+1 k=n+1

By letting r — 1 through half line z = re=%(0 < r < 1) in (2.3), we have

1 - ikakga<1 iak>.

k=n+1 k=n+1
That is,
o0
Y lk-aa<l-a
k=n+1

and the proof of the theorem is completed.

THEOREM 2.2. A function f (z) in A(n, 0) isin Cy(n, 0) if and only if

Z kk—a)at £1— .
k=n+1

Proof. 1t is clear that
f(2) € Cy(n,0)if and only if zf'(z) € T (n, 0)

for0OS a < 1.

Since
oo

Zf/(Z) —z7— Z ei<k71>0k(1kzk,

k=n+1

537

(2.3)

(2.4)
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if we put ka; instead of a; in Theorem 2.1, we obtain Theorem 2.2. O

We again note that the coefficient inequalities (2.1) and (2.4) do not contain 6 and
these coefficient inequalities coincide with those of Chatterjea[1] and Silverman([3].

Now, we shall give some examples of functions f(z) in T5(2,60) and Cy(2,6).
We refer to Sekine and Yamanaka [4] for the proof of the following theorem.

THEOREM 2.3. The function

1 . 3 3 i0
f(Z) e 19(176 Z) log(lfelQZ)‘i’zZ* : Z2
belongsto T;(2,0).
Proof. We note that
. , _ _ q
14 €92+ (¢92)? 4 (€%2)® + (e92)* +--- = = (lo < 1). (2.5)

Let integrate both sides of the equation (2.5) from 0 to z three times. Then we get

Z3 616Z4 ezZOZS

1 ; 1 3
_ = .=— 1— log(1—e™® 2.6
53733.473.4.5 2% Somg (1=¢72)" log(1—¢"%2) — 5020° T 150 52 (2:0)

By multiplying ¢ to both sides of (2.6), we have

ei29 3 i30 4 i40 5 1 361'6 5

Z e "z e 7z i0 1
R 1— log(1 — _
23 2347345 g (1 =€) log(1 = %) = 5o+ Tz

We therefore define a function f (z) as follows.

1 . : 3 3e'f

_ i6_\2 i0 2
flz) = 2eie(lfe 7)”log(l —e Z)+§Z* 1 C
- ei26 ; ei30 A ei40
T Y123 T 23.4° 3.4.5°
That is,
=z-» Vg (Jz<1) (2.7)
k=3
Where ay = ;
T k—2)k— Dk
In this case, we have
> kay = SER, S B S S -
KT 1237234 "3.4-5 1.2 2.3 3.4
1 1 1 1 1
= 1== - = _ _ e =1
7 T373t37 3"
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Hence we have that f (z) belongs to 7;5(2,0) by Theorem 2.1. O

By virtue of (2.7) of Theorem 2.3, and Theorem 2.2, we have the following
corollary.

COROLLARY 2.1. The function

1 k
k—2)(k— Di2°

belongsto Cy(2,0).
If 6 =0 or 6 = 7 in the theorem 2.3, we have the following examples.

EXAMPLE 2.1. (T. Sekine and T. Yamanaka [4]) The function

1 , 3003,
flz) = 2(1 z) log(l —z) + 227 4%
z &

ZS
2.3 2.3.4 3.4.5

= Z—

belongs to T;(2,0).
EXAMPLE 2.2. The function

flz) = 2(1+z) log(1+z)+2z+4z

z Z

ZS
2317234 3.4:5

= z7— + ...
belongs to T§(2,m).

We note that the function above is a starlike function with not all negative coeffi-
cients of order o .

3. Distortion inequalities for T7;(n, 0) and C(n, 0)

THEOREM 3.1. If f (z) isin Ty(n, 0), then

-« 1 —a
I S P 1 < < e 1 5 |
kd n+1_Jd :V&N:M+n+1_aw
e (n+ 1)1 - ) (n+ 1)1 - )
n-—+ - n-—+ -
l—— 2 S ()| £ 1 4+ —— "
n+l—-a "= @l =1+ n+l—-a 1

The right-hand equality holds for the function

; 1—«a . z
f(Z):Z_ezn6n+liaZn+l (Z:re—z(9+g))

and the left-hand equality holds for the function

Zn+1 (Z — re—i@ )
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Proof. By virtue of Theorem 2.1, note that

(n+1-0o) i a < i(k—a)ak§lfa.

k=n+1 k=n+1
Hence we have
> -«
<_- 7 . 3.1
Z = n+1—a«a (3.1)
k=n+1

By using the coefficient inequality (3.1), we have

oo oo
F@IS I+ Y al < [d+ 12" ) a
k=n+1 k=n+1
11—«
< Jel+ el
n+l—a
Similarly, we have
11—«
> e e e |
@I 2 Je = =",

By means of (3.1), we have

oo oo 1_
S kufa Y at+(l-0) £ o —— 4+ (1-a)

k=n+1 k=n+1 ntl-a
o (n+ (I -a)
n+1—o«o

Hence

F@IST+ Y kale ™" < 142" Y ka

k=n+1 k=n+1
< 1+ (n+1)(17a)|z‘n
= n+1—ao '
Similarly, we have
+1)(1-o)
! 2 1 _ (n ﬂ'
@121 - =

By using the coefficient inequality (2.4) in Theorem 2.2, we can similarly prove
the following theorem.

THEOREM 3.2. If f (z) isin Cq(n,0), then
-«
n+1n+1-a)

11—«
m+1Dn+1-a)

2" S I (2)] = fel + J2|"*!

|z] —

and
1—«o l1—«o

T L @IS ——F g,
nr il @IS+ el
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The right-hand equality holds for the function

. 1 — . T
— , _ ,ind n+1 _ 71(6+ﬁ))
H& = e N - (e=re

and the left-hand equality holds for the function

11—«

RV A S

f@)=z—e"

Remark3.1. When 0 = 0, Theorem 3.1 and Theorem 3.2 coincide with Theorem
1 and Theorem 2 of Srivastava, Owa and Chatterjea[6], respectively. Further, when
n =1 and 6 = 0, Theorem 3.1 coincides with the connection of Theorem 4 and
Theorem 6 of Silverman[3], and also Theorem 3.2 coincides with the connection of two
Corollarys of Silverman|[3].

4. Convolutions of functions from subclasses of A(n, 0)

Let f (z) and g(z) bein A(n, 6;) and A(n, 6>), respectively. That is,

fR=z- Y & gtandg(z) =z Y V0t
k=n+1 k=n+1

Then we define by (f * g)(z) the convolution of f (z) and g(z), that is,

o0

(f xg)(z) =z — Z ei<k71>(61+02>(1kbkzk.
k=n+1

We shall prove the following theorem employing the technique used earlier by
Schild and Silverman|[2].

THEOREM 4.1. If f(2) isin Tg(n, 61) and g(z) isin Tj(n,6,), then (f * g)(z)
1—

is an element of T; (n, 01 + 02), where y = %.

The result is sharp for the functions

11—«

n+1 *
T, 0
nJrlfOCZ (E oc(n7 1))

f(Z) =z einel

and

. 1-p
. ,inG n+1 *
glz)=z—e R BZ (€ Tj(n, 62)).

Proof. By virtue of Theorem 2.1, we need to find the largest y = y(ct, B) such
that

oo

> (k—y)abe <1-7.

k=n+1



542 TADAYUKI SEKINE AND SHIGEYOSHI OWA

Hence it is equivalent to show that

Y lk-aa<l-a
k=n+1
and -
S (k=B <1-PB
k=n+1
imply that
Z (k—v)aby <1—v
k=n+1
for all | 5
n+1l—-a
= (04 g —_—.
Yy =7v(aB) PR p—
By using Cauchy-Schwarz inequality, we have the following inequality.
Vk— ok
Z \/akbk <1 (4.1)
k=n+1 "V 1—ayl1

Therefore it suffices to show that

m<5’:z><ﬁ:ﬁ><i-¥>

v« (Y22) (VD)

for each k by (4.1), it will suffice to show that
<\/1—a> V1-B <<\/k—oc> V1-8 (1—}/) (42)
Vk—a)\Vk-B) \Vk—a) \JT1=B) \k—7 .
forall k.
Inequality (4.2) is equivalent to
1—o 1-p
1—k —
v <v(of) = (1"_‘;‘> (lk_‘f>. 43)
- (ka) (ka)

Because the right hand side of (4.3) is an increasing function of k(k = n+1, n+2, ---),

we have
1—o 1-8
<1_(n+1)<n+la) <n+1[3> n+1—of
rs 1_( - )( 1-B ) T n+2—a-p
n+1l—a n+1-p0

Since we have
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O

Remark 4.1. When oo = 3 and 6, = 6, = 0, Theorem 4.1 coincides with
Throrem 3 of Srivastava, Owa and Chatterjea[6]. By supposing further n = 1, Theorem
4.1 coincides with the theorem 1 of Schild and Silverman [2].

THEOREM 4.2. If f (z) and g(z) are in Cy(n, 6,) and Cg(n, 6,), respectively.
Then (f * g)(z) is an element of Cy(n, 6, + 6,), where
(n+1)(n+2—-a—-B)
n?+3n+3—(n+2)oa—(n+3)p+ af’

’}/:

The result is sharp for the functions

PO =2 e g (€ Catn0)
and
g(x) =z— " =P ' (€ Cp(n, 62)).

(n+1)(n+1-p)
The proof is similar to that of Theorem 4.1, and we omit the proof.

Remark 42. When oo = 3 and 6, = 6, = 0, Theorem 4.2 coincides with
Throrem 4 of Srivastava, Owa and Chatterjea[6]. When 6, = 6, = 0 and n = 1,
Theorem 4.2 coincides with the theorem 3 of Schild and Silverman [2].

THEOREM 4.3. If f(z) and g(z) arein Tj;(n,01) and Tj(n, 6,), respectively.
Then (f * g)(z) is an element of Cy(n, 6; + 6,), where

B (n+1)a+(n+1)ﬁf(n+2)aﬁ.

(n+1)—oaf
The result is sharp for the functions
; -«
— o, _ ,int n+1 T* 0
fl@)=z—e¢ i gt (ETan o)

and

in liﬁ n *
gz =z—e 027n+1_ﬁz (e T;(n, 6)).

Also we omit the proof.

Remark 4.3. When n = 1 and 6; = 6, = 0, Theorem 4.3 coincides with the
theorem 5 of Schild and Silverman [2].
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