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ON THE EQUIVALENCE OF CLASSES OF FOURIER COEFFICIENTS

LASzLO LEINDLER

(communicated by J. Pecaric)

Abstract. It is shown that the classes of Fourier coefficients defined by Fomin, furthermore by
C. V. Stanojevi¢ and V. B. Stanojevi¢ are identical.

1. Introduction

Several authors have studied the question of L'-convergence of the following
cosine series

%—&—Zlancosnx. (L.1)

Before recalling sample results we define some known classes of Fourier coeffi-
cients.

1. A sequence a := {a,} belongsto S if there exists a monotonically decreasing
sequence {A,} suchthat > ° A, < co and |Aa,| <A, forall n.

2. Let BV denote the class of all null-sequences a of bounded variation.

3. A null-sequence a belongs to the class C if for every € > 0 there exists a

0 > 0 such that 5 s
/ ‘Z(Aak)Dk(x)’dx <e,
0 k=n

for all n, where Dy (x) is the Dirichlet kernel.
4. A null-sequence a belongs to the class F), if for some p > 1

Zn*/f’(z |Aak|”) < . (1.2)
n=1 k=n

Itis easy to see that the class F), is wider when p is closer to 1.
The definition 1 is due to Telyakovskii [5], the definitions 3 and 4 were given by
Garrett-Stanojevi¢ [2] and Fomin [1], respectively.
Telyakovskii proved that if a € § then (1.1) is a Fourier series of some f €
L'(0,7) and that
Hsn _f” :0(1)7 n — oo, (1.3)
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if and only if
aylogn=o0(1), n— oo, (1.4)

where s, are the partial sums of (1.1) and || - || is the L' (0, 7) -norm.

Garrett and Stanojevic verified that if a € CN BV then (1.1) is a Fourier series of
some f € L'(0,7) and (1.3) < (1.4).

Fomin proved thatif 1 < p <2 and a € F,, then (1.1) is also a Foiurier series of
some f € L'(0,7) and (1.3) < (1.4).

It is easy to see that the following embedding relations

SCF,CBV (1.5)

uphold. Hence it follows that Fomin’s result is stronger than that of Telyakovskii.
Stanojevic [3] verified that if 1 < p < 2 then

F, C CNBY, (1.6)

consequently the result by Garrett and Stanojevic is sharper than that of Fomin.
5. Asequence a belongs to the class S, if a, — 0 and there exists amonotoncially
decreasing sequence {A,} such that

iAn < oo and Z ‘AakV’ = o(1). (1.7)
n=1

The relation
scs,
clearly holds.
Very recently Tomovski [6] also proved thatif 1 < p < 2 then

s, C CNBV. (1.8)

Reading the proof of (1.8) we noticed that the assumption

2m+l

Zz =y \Aanw}l/” < o0, (1.9)

m=1 n=2"+1

which claims less or at least not more than the two conditions in (1.7) jointly, is also a
sufficient condition to the embedding statement (1.8).
This note gave the thought to consider a further class F; .
6. A sequence a belongs to the class F) if a, — 0 and for some p > 1 the
inequality (1.9) holds.
We have also shown that
F,CS, CFy. (1.10)
Having (1.10) it was a natural to set the following question: Does the embedding
relation
F, CCNBV (L.11)

maintainif 1 <p <27?
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We succeeded to confirm (1.11), too.
Unfortunately, only from this time on, we observed that

F: CF, (1.12)

can also be verified. Thus however, by (1.10) and (1.12), it follows that the classes F},,
Sp and F,; are identical.

Consequently the statements (1.11) and also (1.8) are already proved by Stano-
jevi¢’s theorem.

To prove our last assertion we have only to verify the embedding relations (1.10)
and (1.12) for p > 1.

Addendum. We are indebted to the referee of this paper who called our attention to
the following facts: the class S, was defined by C. V. Stanojevic¢ and V. B. Stanojevic [4],
furthermore already G. A. Fomin [1] proved that the classes F, and F ,, are equivalent.

According to the latter information it would be sufficient to verify only the embe-
ding relations (1.10) but since our proof for (1.12) is very short and different from that
of Fomin, we present it, too, in the original form of our manuscript.

2. Result

Our only task is to prove the following declaration.

THEOREM. If p > 1 then
F,CS, CF, CFp
At the end of this note we shall present an example showing that the embedding
SCF,

is a strict embedding relation. Maybe this fact is well known, but our proof is very short
and utilize our new theorem.

ADDITION. There exists a null-sequence a such that a € F, but a ¢ S.

3. Proofs

Proof of Theorem. First we prove the relation F, C S,. If a € F,, then setting

= 1p
R,:=n""" (Z \Aak\”) ,

k=n

by (1.2), we get that
> R, < o0 (3.1)
n=1
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Next we construct a monotone decreasing sequence {A,} such that forany n > 1

R, < Ay, (3.2)
Ap < KAgy, (3.3)

and -
D Ap< o0 (3.4)

k=1

hold. In (3.3) and later in the sequal K denotes a positive constant, not necessarily the
same on any two occurrences.
Let A; :=R; andfor m > 1 let

1
Aom := max(Rym, ZAszl). (3.5)

For 2" < n < 2"+ Jet
An = Azm. (36)

Since the sequence {R,} is monotone decreasing, thus, by (3.5) and (3.6), the sequence
{A,} is also monotone decreasing.

According to the definition of {A,} the inequalities (3.2) are clearly satisfied.

It is also plain that

Azm < maX(4R2m+1 ,Azm) = 4A2m+17

whence, by (3.6), the validity of the inequality (3.3) obviously follows.
To verify (3.4) we define a sequence {v;} of the natural numbers. Let v; denote
those natural numbers when
Apvi = Ryvi. (3.7)
It can be occured that the number of v; satisfying (3.7) is finite. In this case, if iy is
the largest with property (3.7), then we define v; 41 := co. Then

o Vipr—1 Vipr—1
D 2mA =D N 2A =) 2%Am + > > 2"A. (3.8)
m=v; izl m=vj izl izl m=vi+1

In the second sum merely those i appear which satisfy the inequality v;r; > v; + 1.
In this case

Vigr—1 Vipr—Vvi—1 Vip1—Vvi—1

m . . A2Vi
Z 2 Azm = Z 2v'+kA2v,'+k - Zv' Z Zk 4k
m=vi+1 k=1 k=1
< 2Ry Y 27K =2VRyu. (3.9)
k=1

Summing up the assertions (3.1), (3.8) and (3.9) we get that

i 2" Aom < 2 Z ViR <2 iszzm < .

m=v i1 m=1
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Herewith we have proved (3.4), too.

Now we turn back to the proof of F),, C S,. As we have verified, if a € F}, then
there exists a monotone decreasing sequence {A,} with the properties (3.2), (3.3) and
(3.4). Using these inequalities we get that if 2 < n < 2/*! then

z":\AakP :ikR” (k+ DR},
k=1 A k=1 A
i 2m—l
<D D> KRE = (ke DREA
m=0 k=2"

< szRgmA;mH KszAgmAzmp < Kn,
m=0 m=0
and this proves that a € §, holds, thatis, ), C S, .
Next we prove the relation S, C F; . In order to show this embedding we estimate
the following sum assuming that a € S, :

00 2m+1 1/
sz(lf’%){ Z ‘Aan|p} r
m=1 n=2"+1
- (3.10)
= m —m ‘Aan |p l/p
< 22 A2m{2 Z A } < o0
m=1 n=2"+1 n

Here the last sum is finite because the sum in the curly bracketis O(1) by a € S,,,
see (1.7), furthermore > 2"Am < oo since Y A, < 0.

The estimation (3.10) verifies the embedding S, C F,.

Finally we confirm the embedding statement F,; C F),.

In the following calculations we shall use the well-known inequality

(an)a <3 b8, bz0, 0<a<l,

with a = 117 and an Abel-rearrangement.

2m+l

in_l/p(imadp)l/p 22 m/p Z <Z|Aak|p)
n=2 k=n =2M+1 k=n
oo 21+l
SIS haap)”
m=0 " i=m k= 2’+li (311)
=3(3 sar) 3o
i=0 k=2i+1 m=0
21+l

<xy (S jsar)”

k=241
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IfaeF ;‘ then the last sum in (3.11) is finite, thus the first one is also finite, and this
means that a € F),. This shows that F; C F, holds.
The proof of over Theorem is complete.

Proof of Addition. Let us define a sequence a as follows: Let

a ;=1 and a,:=2"" if 2" '<n<2" m>1. (3.12)
Then
0o 2m+l 00
1—1 l/p 1—1
sz( p){ Z |Aak‘p} gzzm( ‘,;)2fm<oo7
m=1 n=2"m+1 m=1

thus, by our Theorem, a belongs to F, .
On the other hand, if a € S, then the suitable sequence {A,} appearing in the
definition of the class S, would have the properties:

An>Anr,  Agy| <A, and Y 2"Ag < oo (3.13)

m=1

But in the case of the sequence a given in (3.12)
|Aa2m ‘ _ 27"1717

therefore, for this sequence a, no sequence {A,} satisfying the three conditions of
(3.13) jointly, can be given.

This proves that there exists such a sequence a which belongs to F,, but does not
to S, thatis, the S C F), is a strict embedding, indeed.
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