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SHARP INTEGRAL INEQUALITIES FOR C-MONOTONE
FUNCTIONS OF SEVERAL VARIABLES

IVAN PERIC, LARS-ERIK PERSSON AND ANNA WEDESTIG

(communicated by C. E. M. Pearce)

Abstract. Some sharp integral inequalities for C-monotone functions of several variables are
proved. All cases of equality are found and some related results are pointed out and discussed.

1. Introduction

Let —oo < a < b < oo and let f be a positive and integrable function on [a, b].
First we recall the inequality
p
q

b
/f‘f a)? dx <PQ%P /fp(x)(x—a)p_ldx, 0<p<g<oo, (1.1)

which holds for every decreasing function f . Here and in the sequel decreasing means
non-increasing and increasing means non-decreasing.

The inequality (1.1) is sharp and equality occurs for every function of the type
f (%) = AXjaq(x),a <t < b (x denotes the characteristic function and A any positive
constant) and (1.1) holds in the reversed direction if f is increasing. The inequality
( 1.1) was probably first discovered by Lorentz [9, p.39] c.f. also [7, p.100]. Various
proofs and extensions can be found in [2], [3], [4], [9], [11], [13], [14], [15], and [17].
Moreover, also the analogous inequality

b
/fq(x)(b—x)qfldx <pg7 /f” x)Pldx,0 < p < g < 00,b < 00,

(1.2)
holds for every increasing function f. Also (1.2) is sharp and equality occurs for
f(x) = Cxpp(x),a <t < b, and (1.2) holds in the reversed direction if f is decreasing.
See e.g. [5], [6], [9], [13], [14], [15] and [18] for some different proofs and extensions.
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Of course, (1.1) and/or (1.2) can not hold in general (because they are a type of
reversed Holder inequalities). However, some variants of (1.1) and (1.2) do hold for
more general functions. In particular, some generalizations of this type were derived
in [15] for C-monotone functions and the sharpness of these inequalities were proved
and analyzed in [16].

We recall from [16] that a function f is said to be C-decreasing [C-increasing],
C>0,if f(r) < Cf(s) [f(s) < Cf(t)] whenever s <t, s,t € (a,b). Moreover, f is
said to be C-decreasing in mean relatively to g, where g is increasing, g(a) =0 [g is
decreasing and g(b) = 0] if, forall x € (a,b),

F¥gx) < C / F(0ds(t) |G ()g(x) > / F(0d [~g(0)]

f is C-increasing in mean relatively to g, where g is increasing and g(a) =0 [g is
decreasing and g(b) = 0] if, for all x € (a,b),

Cf ()g(x) > / F0ds(n) |f @) < / F(0d [~g(0)]

Some examples and illustrations concerning these classes of functions were pre-
sented in [15]-[16]. In particular, we note that if f is C-increasing [C-decreasing], then
f is C-increasing [C-decreasing] in mean with respect to any g of the type considered.

Moreover, in 1], and [14] some multidimensional versions of (1.1) and (1.2) have
recently been proved and applied. In this paper we generalize and unify some of the
results from [14]-[16] by proving some sharp multidimensional integral inequalities of
the type (1.1)-(1.2) and the cases of equality are pointed out. The main results in this
paper are stated and proved in Section 2. Some complementary results, examples and
concluding remarks can be found in Section 3. In order not to disturb our discussions
later on we finish this Section by stating some necessary notations and conventions:

Letm € Ny a= (a1,az,...,am), b= (b1,ba,...,by) and x = (x1,x2,...,%n) €
R™. We assume that —oco < a < b < co. The notation a < b, (a < b) means that
ai < by, (a; < b;) for i = 1,2,...,m. We also use the (simplex) notation: if

a=(a,a...,an),then a; = (aj,...,ai—1,0i41,-..,an), i=1,2,...,m—1 and
a, = (a1,a2,...,ay—1). Moreover (a,b) = {x:a; <x; <b;, i=1,2,...,m} and
dx =dxidx....... dx,,.

The functions f considered in this paper are assumed to be measurable and
nonnegative. We also consider g = (g1, g2, - - - , &m), Where g; = g;(x;) are nonnegative

and differentiable for i = 1,2,...,m. Also put dg(x) = dgi(x1)...dgm(x,) and
d[g’(x)] = d[g](x1)]...d [gh(xm)], p > 0. Moreover, we say that g is increasing
[decreasing | if g;,i = 1,2,...,m, are increasing [decreasing].

DEFINITION 1.1. Let C = (Cy,C,...,Cy),C; > 0,i =1,2,...,m. We say that
f(x) is C— decreasing in mean [ C - increasing in mean| relatively to g = (g1, 82, - - -, &m)
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where g(a) = 0 and g is increasing, if, forall x € (a,b) and i = 1,2,...,m,

g () f(x) <G /f(xl, e Xim s G X, X )dgi (1)

ai

Cigi (xi) f(x) > /f (X1 ey Xim 1y i X1, X )dgi (1)

ai

DEFINITION 1.2. Let C = (C1,Ca,...,Cy),Ci > 0,i = 1,2,...,m. We say
that f(x) is C—decreasing in mean [C— increasing in mean| relatively to g =
(g1,82,---,8m), where g(b) = 0 and g; is decreasing if, for all x € (a,b) and
i=1,2,...,m,

bj
g (W) f (%) < G / F O Xty fixiss,. on)d [—gi(6)]

Xi

2. The main results

We first generalize (1.1) in the following way:

THEOREM 2.1. Let m € N and C = (C1,C,,...,Cy) € RY.
(a) Supposethat f is C-decreasing in mean relatively to g, where g is increasing
and g(a) = 0. Then, for any p € (0,1],

1
b b P

/f(x)dg(x) < (H Cfl_m/”) /fp(x)d gx)] | - (2.1)

a - a

(b) The inequality (2.1) is sharp and it reduces to an equality for every function
of the type

FOnx, o xm) = K [ (i) (2.2)
i=1
where K > 0. If, in addition, f{ > 0, and g is strictly increasing, then equality holds

in (2.1) ifand only if f is of the type (2.2).

REMARK 2.1. Our proof of Theorem 2.1 shows that if p > 1, then (2.1) holds in
the reversed direction.

Proof. (2.1) is trivial for p = 1 so we assume that p € (0, 1).
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(a) We prove (2.1) by using induction in the dimension m. Let m = 1, x € (a, b)

and consider »
[rwas | i [

Then
p—1

W =pf e @ | | [rinde@] -l wee)

Moreover, since f is C;— decreasing in mean relatively to g and p € (0, 1) we have

p—1

/ f(t)dg(t) <O (F (g

Thus /' (x) < 0, i.e., h(x) is decreasing so that h(b) < h(a) = 0, which means that
the inequality (2.1) is true for m = 1. We now assume that (2.1) is true for n = m — 1
and prove that holds for n = m. Consider the function

X P X

Fix) = | [ t0de(0 —(chﬁ [rwalga
a i= a
We will prove that : 6F <0 fori=1,2,...,m. Inview of symmetry we see that it is

t {)F dF(X;nXm <0

sufficient to prove tha < 0 for any i and we choose to prove that
when a,, < x,,, < byy,. Slnce f is C,, -decreasing in mean relatively to g,, and p € (0, 1)
we have

p—1 p—1

ﬁwm> <—wm/ﬂwﬂww L 3)

m
anm

By differentiating with respect to x,, we find that

OF ( xm,xm b /
o = /f dg ) /f (tm>xm)dgm(tm)gm(xm)

am

(H Cl_p) /fp tmvxm)d[gm( m)] (gm(xm))p_lg:n(xm)'

am

Therefore, according to (2.3) and the induction assumption,

Xm p

<pCm g:n(xm)(gm(xm))p71 /f (tm7xm)dgm(tm)

m

aF (Xm s Xm )
Oxp,



SOME SHARP INTEGRAL INEQUALITIES 55

m—1 Xm
(HC”>/VMMMMWM <O0.

We conclude that F(b) < F(a) = 0, which means that (2.1) holds for n = m and,
thus, in view of the induction axiom , that (2.1 ) holds for all m € N.
(b) First we note that by inserting

)Cz*l . )Cmfl

X1,X2, -y Xm) = Kg1(x1)™' g2(x2 - 8m\Xm
it ) = Kgi(x1)" g (

into (2.1) an elementary calculation shows that (2.1) reduces to an equality (i.e. F(x) =
0).We will now prove that this is the only possibility to have equality in (2.1). We

consider the function F(x) defined in (a¢). In (a) we proved that g—g 0 for
i=1,2,...,m, and we can have equality if and only if : aF =0fori=12,.

tBF

Now we note that 7= = 0 if and only if

(H CI—P> /fp (x1,t1)dgl (t) /f )dg(t) /f(xl’tl)dgl(tl)‘

(2.4)
Moreover, since f is C|— decreasing in mean relatively to g;(x;) we have
X] X
ail) [ Fentids) < ¢ [ £ (0dgo) 25)
a

and a m — 1— dimensional version of (2.1) reads

m

/f(xl,tl)dgl(tl) (H Cl_p) /fp x1,t)dg) (t). (2.6)

By comparing (2.4)-(2.6) we see that (2.4) can hold if and only if we have equality
in both (2.5) and (2.6).Therefore we now assume that we have equality in (2.6) and
differentiate (2.6 ) with respect to x;, i.e.,

m X3 Xm
-1 (HC}”) /-~-/f”(x1,x2,t3,...,t,,,)dgg’(m)...dg{’n(t,,,)
i=2 o

as

=] /f ()Cl’tl)dgl (tl) / .. /f ()Cl,)C2, 13,... 7tm)dg3(t3) e dgm(lm). (27)

Furthermore, since f is C,— decreasing in mean relatively g»(x,),

X3 Xm 1
gz(xz)/..../f(xl,xz,t3,...,tm)dg3(t3)...dgm(tm) < C2 /f(xl,tl)dgl(tl)
az am a1

(2.8)
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and the following (m — 2)— dimensional equality version of (2.1) holds:

X3 Xm p
/ e /f (xl,X2, 13,... 7l‘m)dg3(t3) e dgm(tm)
a3 am
m X3 Xm
g(H c}P) / . ./f”(xl,xz,t3, e tn)dgR(53) . dgh (1) (2.9)
i=3 @ am

We proceed in the same way and by induction we finally find that
P

Xm
= C}L—P /fp(x17x2> s Xm—1, tm)dgﬁ1(tn1)~

am

/f (xl>x27 sy Xm—1, tm)dgm(tm)

(2.10)
By differentiating (2.10) with respect to x,, we obtain that

p—1

Xm
/f(xl>x27 sy Xm—1, tm)dgm(tm) f(x17x2> DR 7xm—17-xm)
m

= cilﬂ_p p(xl>x27 o 7-xm—l>xm)gm(xm)p_l
so that
Xm
1
/f(-xl7x2> sy Xm—1, tm)dgm(tm) = C_f(xl>x27 e 7xm—17-xm)gm(xm)-
m
am

By differentiating again with respect to x,, we end up with the following differential
equation:

(Cm - 1)f(xlax27 e axmfhxm)gm(xm) :fm(xtha e 7xmflaxm)gm(xm)- (211)
The solution of (2.11) is f(x1,%2, ..., Xm_1,Xm) = Kogm(xm) !, where K, may
depend on x1,x2,...,Xy_1, ie., K, is of the type K, = hy_1(x1,x2,. .. »Xm—1). By
plugging this extremal function into the equality version of (2.1) we find that

m—1 Xm C
— 8m (X )P
(H Cll p> /h£1—1(t1> .. 7tm—l)dg£1(tm)7(cp)
i1 m

anm

Xm p

m\Xm pCm
= /hm—l(tl>~-~7tm—l)dgm(tm) g(Cip)

m

By now repeating our procedure we successively obtain that

hmfl(xh cee 7xmfl) = hmfZ(xla cee 7x17172)gm71(xmfl)cmilila

hl(xl) = Kgl(xl)cl_l.
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We conclude that

f(xh .. 7-xm) = hm—l(-xh .. 7xm—l)gm(xm)cm71
= hm—2(-xl7 ce 7xm—2)gm—l(-xm—l)
=Kg1(x)" gt ()

Cn_1—1 Cm—1

8gm(Xm)

g () 1

The proof is complete. 0
We also state the corresponding generalization of (1.2):

THEOREM 2.2. Let m € N and C = (Cy,Cs,...,Cy) € R
(a) Assumethat f is C— increasing in mean relatively to g where g is decreasing

and g(b) = 0. Then, for any p € (0,1],

1
m P

b b
/f(X)d[g(X)K<HC§1”>/”> [rwatew) - e

(b) The inequality (2.12) is sharp and it reduces to an equality for every function
f of the type

f(x17x2a cee 7xm) = KH(gi(xi))Ci71~
i=1
where K > 0. If, in addition, f > 0 and g is strictly decreasing, then equality holds
in (2.12) if and only if f is of this type.

Proof. The proof of Theorem 2.2 is similar to that of Theorem 2.1 so we leave out
the details. Moreover, we note that for the case when all b; < co Theorems 2.1 and 2.2
can obviously be directly deduced from each other by making an obvious transformation
(i —ai+b—x;, i=1,2,....m). O

REMARK 2.2. If p > 1, then (2.12) holds in the reversed direction.

3. Further results and remarks

The concept of C - monotone in mean can be generalized to the multidimensional
case in various ways. Instead of making the (local”) version we have done in Definition
1.1 the following (“global”) one can be a reasonable alternative:

DEFINITION 3.1. Let C > 0. We say that f(x) is C-decreasing in mean [C-
increasing in mean| relatively to g, where g(a) = 0 and g is differentiable and
increasing, if, for all x € (a,b),

(Hg,-<xi>>f<x> <c [rwaw |c (Hg,-<xi>>f<x> > [ riag
i=1 a i=1 a
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REMARK 3.1. We note that f (x) is C-decreasing or (C,C, ... ,C)-decreasing in
mean [C-increasing or (C,C, ... ,C)-increasing in mean]| relatively to any g e.g. if f (x)
is C-decreasing [C-increasing] in the usual sense, i.e. , if

fx) <Y [F(Y < f(x)]

for all t < x. (Of course 1-decreasing or 1 -decreasing [l-increasing or 1-increasing|
means decreasing [increasing] in the usual sense.)

REMARK 3.2. We see that if f is C-decreasing in mean relatively to g (C =

(C1,Cy,...,Cp) ), then f is C-decreasing in mean relatively to g, where C=[] C;.
i=1
We also complement Remarks 3.1 and 3.2 with the following examples:

EXAMPLE 3.1. Let fi(x1,x) = lelc_l + szzc_l,gl(xl) = x; and g(x) =
x2,0 < x1,x2 < 1 and C > 1. An elementary calculation shows that f(x;,xz) is
C-decreasing (even C-constant) with respect to (g1, g2). Moreover f;(x1,xz) is also
(C, C) -decreasing with respect to (g1, g2) -

EXAMPLE 3.2. Let f>(x1,x) = xlclflxzcrl,gl(xl) = x; and g2(x2) = x2,0 <

x1,% < 1 and Cy, C, > 1. Then obviously f>(x1,x) is both C;C,— decreasing (even
C,C,— constant) and (Cy, Cy)-decreasing (even (Cy, C,)-constant) with respect to

(g1,82)-

It seems not to be easy to prove an inequality similar to that in Theorem 2.1 for
C-decreasing functions. However, if we add the condition that f is increasing this
result follows even from our Theorem 2.1.

PROPOSITION 3.1. Let m € N, C > 1, and g is differentiable and increasing and
g(a) = 0. If f is increasing and C - decreasing in mean relatively to g, then, for any

JZS (07 1]7
b P b
/ f(x)dg(x) | <y / FP@d [ ). (3.1)

REMARK 3.3. We have assumed that f is both increasing and C-decreasing in
mean. For the one-dimensional case similar classes of functions have previously been
considered in other contexts e.g. by Muckenhoupt ([12], p. 213) and Gehring ([7],
p.266).

Proof. The proposition is a consequence of Theorem 2.1 (a), if we prove that
the function f is C— decreasing in mean in each variable. Because of symmetry it is
enough to prove this for the first variable and we shall give two proofs of this.
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I. By using Definition 3.1, Fubini’s theorem and integration by parts we have

x17-~ s Xm Hgl xl \ /f Iyoo sl dgl(tl) dgm(tm)
_C/ /f t,... 0ty dgm(lm) dgl(tl)-ndgm—l(tm—l)

—C/[f t17-~ tn— 1>xm)gm(-xm)

Xm

—/gm(tm)dmf(tl,...,tm) dgi(t1). . .dgm—1(tm—1)

Aam

< Cgm(xm) /f (t1> ey tm—l>xm)gm(-xm)dgl(tl)~ . ~dgm—l(tm—l)~

Here d,f (1, .., t,;) is the Borel measure generated with the function #,, — f (t1, .., ) -
Proceeding in this way will give us the claim.

II. We have from Definition 3.1 and Fubini’s theorem that

f(xla -~7xm)g1(x1)

X1 Xm

S C/ / / t sk d t dgm(tm) | dgi(t
82 .Xz 7gm-xm f ! 82(2) g( ) gl( 1)

a

X

c / F (11300 5m)dg1 (11)-

aj

N

where the last inequality is a consequence of increasing property of the function f.
O

REMARK 3.4. It is obvious from the second proof that the condition that f is
increasing can be weakened to the following (mean -increasing) condition:

Xi

/f(tla"ti717xi7ti+17"'atm)dgi(ti) \ xla Hg] xj

a; J#i

Finally we’ll discuss Theorem 2.1 (b), just supposing that f > 0. It is easy
to see that functions of the type f(x1,x2,...%n) = f1(x1)...fm(xm) are solutions
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of the equality problem in (2.1), where f;, i = 1,...,m, are the solutions of the
one-dimensional equality problems

Xi

G /fi(fi)dgi(fi) = filx)gi(x;),xi € U; C (ai, b;)

and fi(x;) = 0, x € Uj

(see [18] for details). Note that f is positive on [] U;, and 0 on (H U,-) .
-1 -1
We shall also sketch the proof of the reversed implication. Of course if we have
equality in (2.1), then the function f, has to be locally of the form (2.2). What we
want to prove is that the support of f is of product type. Notice first that now we have
to be more careful in proceeding from equalities as in (2.4) to (2.5) or (2.7) to (2.9 ),

because for example if
X1

/f(xl’tl)dgl(tl) =0

we cannot conclude equality in (2.6). Take (x1,x2,...x,) € IntN (topological
interior) and assume that

Xm

/f (Xm7tm)d8n1(tm) > 0.

am

Then (since f (0, +00) is an open set) it is obvious that all the integrals of the type

/- .. /f(xl,xg, oy X1, Ly e l‘m)dgi(l‘i) .. .dgm(lm)

i am

are strictly positive, so we can proceed from equality in (2.5) to equality in (2.6) etc.,
so with equality in (2.6), (2.10) and lower dimensional analogues we obtain

X

gl(xl) e gm—l(xm—l) /f(xl> o Xm—1, tm)dgm(tm) = Cl ... Cm—l /f(t)dg(t)
am a
By differentiating this equality with respect to the variable x,, (notice that the function on

the left side doesn’t change with small changes in the variable x,, since (xi,...,x,) €
Int ), we obtain

X1 X2 Xm—1
// | ft et X)dgr (1)dga (1) - dgm—1 (tu—1) =0
a az am—1

which obviously gives the product structure of (IntA\)e.
In particular, this investigation shows the following:
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REMARK 3.6. A version of Theorem 2.1 (b) can be formulated also for the case
0, but the formulation of this result will be more complicated and all cases of

equality can still be described.

The same can be done for Theorem 2.2.

Acknowledgement. We thank the referee for some valuable comments and sugges-

tions, which have improved the final version of this paper.
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