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AN EXTENSION OF HLAWKA’S INEQUALITY

SIN-EI TAKAHASI, YASUJI TAKAHASHI AND SHUHEI WADA

(communicated by S. Saitoh)

Abstract. We consider an extension of Hlawka’s inequality on a Hilbert space in an integral form
and give an extension of Djokovic’s inequality as an application of our extension.

1. Introduction and results

Let H be a Hilbert space. The following inequality is well-known as Hlawka’s
inequality (cf. [3]): for all x, y, z ∈ H,

‖x‖ + ‖y‖ + ‖z‖ + ‖x + y + z‖ � ‖x + y‖ + ‖y + z‖ + ‖z + x‖.
Hlawka’s inequality has various extensions (cf. [1], [2] and [4]). Here we consider

the following formal extension:

(GH) (μ(Ω) − 2)
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥+ ∫
Ω
‖f (ω)‖dμ �

∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ,

where (Ω,μ) is a finite measure space and f is a Bochner integrable Hilbert space-
valued function on (Ω,μ) .

Of course if Ω consists of the three points and μ is the counting measure on Ω ,
then (GH) reduces to the original Hlawka inequality. Also if Ω consists of the n-points
and μ is the counting measure on Ω , then (GH) reduces to Djokovic’s inequality:

n∑
i=1

‖xi‖ + (n − 2)
∥∥∥∥ n∑

i=1

xi

∥∥∥∥� n∑
i=1

‖x1 + · · · + x̂i + · · · + xn‖,

where x1, · · · , xn are in a Hilbert space and the sign ̂ placed over a vector indicates
that this vector is to be deleted from the sum.

Nevertheless, (GH) is not necessarily true. In fact, if μ is a probability measure,
H is the complex numbers and f is a non-constant, non-negative function, then (GH)
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does not hold. Hence it naturally raises the question under what condition (GH) holds.
Here we give a partial solution to this problem. For this, we prepare the following
notation :

Ωf = {ω ∈ Ω : −f (ω) and
∫
Ω

f (t)dμ(t) are not codirectional }.

Here that the vectors x and y(�= 0) are codirectional means that ∃α � 0 : x = αy .
However note that (GH) always holds under the condition

∫
Ω f (t)dμ(t) = 0 . So, we

can without loss of generality assume that
∫
Ω f (t)dμ(t) �= 0 and hence the definition

of Ωf is well-defined.
Now our main result is following

THEOREM 1. Let H be a Hilbert space, (Ω,μ) a finite measure space and f a
Bochner integrable H -valued function on (Ω,μ) . Suppose that

(H)
∫
Ω
‖f (t)‖dμ(t) � ‖f (ω)‖ +

∥∥∥∥f (ω) −
∫
Ω

f (t)dμ(t)
∥∥∥∥ (a.e. ω ∈ Ωf ).

Then

(μ(Ω) − 2)
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥+ ∫
Ω
‖f (ω)‖dμ �

∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ.

The following result is a weighted extension of Djokovic’s inequality. In Theorem,
if Ω is a finite set and all values of μ are greater than one, then the hypothesis (H) is
always true and so the following corollary immediately follows from Theorem 1.

COROLLARY 2. Let x1, · · · xn ∈ H(n � 3) and μ1 � 1, · · · ,μn � 1 . Then( n∑
i=1

μi − 2
)∥∥∥∥ n∑

i=1

μixi

∥∥∥∥+
n∑

i=1

μi‖xi‖ �
n∑

i=1

μi

∥∥∥∥xi −
n∑

j=1

μjxj

∥∥∥∥.

2. Proof of Theorem 1

By a simple consideration, we have the following

(∗ ) (μ(Ω) − 2)
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥2

+
∫
Ω
‖f (ω)‖2dμ =

∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥2

dμ.

Set

A = (μ(Ω) − 2)
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥+ ∫
Ω
‖f (ω)‖dμ −

∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ,

B =
∫
Ω
‖f (ω)‖dμ +

∥∥∥∥∫
Ω

f (ω)dμ
∥∥∥∥,
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C(ω) =
∫
Ω
‖f (ω)‖dμ − ‖f (ω)‖ −

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥,

and

D(ω) = ‖f (ω)‖ −
∥∥∥∥f (ω) −

∫
Ω

f dμ
∥∥∥∥+

∥∥∥∥∫
Ω

f (ω)dμ
∥∥∥∥.

Note that D(ω) � 0 (∀ω ∈ Ω) and Ωf = Ω\{ω ∈ Ω : D(ω) = 0} . Then we have

AB = (μ(Ω) − 2)
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥2

+
(∫

Ω
‖f (ω)‖dμ

)2

+ (μ(Ω) − 2)
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥∫
Ω
‖f (ω)‖dμ +

∫
Ω
‖f (ω)‖dμ

∥∥∥∥∫
Ω

f (ω)dμ
∥∥∥∥

−
∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ(∫

Ω
‖f (ω)‖dμ +

∥∥∥∥∫
Ω

f (ω)dμ
∥∥∥∥dμ)

=
∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥2

dμ +
(∫

Ω
‖f (ω)‖dμ

)2

−
∫
Ω
‖f (ω)‖2dμ + (μ(Ω) − 1)

∥∥∥∥∫
Ω

f (ω)dμ
∥∥∥∥∫

Ω
‖f (ω)‖dμ

−
∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ(∫

Ω
‖f (ω)‖dμ +

∥∥∥∥∫
Ω

f (ω)dμ
∥∥∥∥dμ) by (∗)

=
∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥2

dμ +
(∫

Ω
‖f (ω)‖dμ

)2

−
∫
Ω
‖f (ω)‖2dμ

+
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥((μ(Ω) − 1)
∫
Ω
‖f (ω)‖dμ −

∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ)

−
∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ ∫

Ω
‖f (ω)‖dμ

=
∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥2

dμ +
(∫

Ω
‖f (ω)‖dμ

)2

−
∫
Ω
‖f (ω)‖2dμ

+
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥ ∫
Ω

(∫
Ω
‖f (ω)‖dμ − ‖f (ω)‖ −

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥)dμ

−
∫
Ω

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥dμ ∫

Ω
‖f (ω)‖dμ
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=
∫
Ω

(∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥2

+
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥(∫
Ω
‖f (ω)‖dμ − ‖f (ω)‖ −

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥)
)

dμ

+
∫
Ω
‖f (ω)‖dμ

∫
Ω

(
‖f (ω)‖ −

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥)dμ −

∫
Ω
‖f (ω)‖2dμ

=
∫
Ω

(∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥2

+
∥∥∥∥∫

Ω
f (ω)dμ

∥∥∥∥(∫
Ω
‖f (ω)‖dμ − ‖f (ω)‖ −

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥)
)

dμ

+
∫
Ω

(∫
Ω
‖f (ω)‖dμ − ‖f (ω)‖ −

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥)‖f (ω)‖dμ

−
∫
Ω

(∫
Ω
‖f (ω)‖dμ

∥∥∥∥f (ω) −
∫
Ω

f dμ
∥∥∥∥− ∥∥∥∥f (ω) −

∫
Ω

f dμ
∥∥∥∥‖f (ω)‖

)
dμ

=
∫
Ω

C(ω)D(ω)dμ =
∫
Ωf

C(ω)D(ω)dμ

� 0 (by hypothesis H) .

Since B � 0 , it follows that A � 0 and hence (GH) holds. �
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