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AN EXTENSION OF SPECHT’S THEOREM
VIA KANTOROVICH INEQUALITY
AND RELATED RESULTS

TAKEAKI YAMAZAKI

(communicated by T. Furuta)

Abstract. In this paper, we shall show the following result.
“UIMI=>A>ml >0 with M >m >0, then

L 1
Ky (m" M7, )P (ATx,2)7 > (APx,x)P
for p >r >0, where

(p—1P~! (MP —mP\P »

Ky (m,M.p) = "5 (M—m)(mMP —MuPyp—1

This result is an extension of Specht’s theorem [6] as a converse of the arithmetic-geometric
mean inequality.
“If x1,%2, -+ ,xn € [m,M] with M >m > 0, then

X1 +Xp+- -4
My, Yxixy - xp > R e

1
where h = % > 1 and My, = Lﬁll.”
eloghh—1
Secondly, we shall show an application for operator inequalities, that is, “if A > B >0
satisfying MI > B > ml > 0 with M > m > 0, then

1
AP — BP > W {K+(m7M7p)P*I _ 1}

for p>1.

1. Introduction

We shall consider bounded linear operators on a complex Hilbert space H. An
operator T is said to be positive (denotedby T > 0)if (Tx,x) > 0 forall x € H. Also,
an operator 7 is strictly positive (denoted by T > 0) if T is positive and invertible.

Very recently, J. 1. Fujii and Y. Seo [3] defined determinant for positive invertible
operators as follows:
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DEFINITION 1. (Determinant for positive operators [3]) Let A be a positive invertible
operator. Then the determinant A (A) for A ataunitvector x € H isdefined as follows:

A(A) & exp( (logA)x, x) .

On the determinant A,(A), the following theorem was shown in [1].
THEOREM A. ([1]) Let A be a positive invertible operator. Then for every unit vector
x€H, f(p) = (Apx,x)ll’ is an increasing function for p > 0, and lin(l)(Apx, x)% =
p*}
A (A). Especially (Ax,x) = A(A) holds for every unit vector x € H.
As a converse of (Ax,x) > A.(A) in Theorem A, J. I. Fujii, S. Izumino and Y. Seo
[2] showed the following theorem.

THEOREM B. ([2]) Let A be a positive invertible operator satisfying MI > A >
ml >0 with M > m > 0. Then

My(p)A:(AP) > (APx, x) (1.1)

holds for p > 0 and every unit vector x € H, where h = % > 1 and

th’LI
My(p) = ———F—5—~ (1.2)
elog (hhpfl)

REMARK 1. By putting p =1,

xx 0 -~ 0 1

0 Xy - 0 1
A=| . . . and x= —=

R NE
0 0 - x 1

PR—

in Theorem B, then we have the following Specht’s theorem [6] between arithmetic
mean and geometric mean as follows:

Let x1,x2,++ , X, € [m,M] with M > m > 0. Then
Xi+X+ X

My x1xz - - xp 2
n

holds, where h =" > 1, My, = M;(1) and My(p) is defined in (1.2).

It is well known that

Xi+X+ X
n

> Yxixy - X, (L.4)

holds for positive numbers x;,x,--- ,x,. (1.3) means a converse of arithmetic-
geometric mean inequality (1.4). We remark that M is called Specht’s ratio and
it is shown in [2] and [6] that M;(p) and M), are optimal in Theorem B and (1.3),
respectively.
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Related to Theorem A, the following Holder-McCarthy inequality is well-known
result: Let A be a positive operator, then (APx,x) > (Ax,x)P holds for p > 1 and
every unit vector x € H. As a converse of Holder-McCarthy inequality, the following
Theorem C is slight modification of [5, Corollary 15]

THEOREM C. ([5, Corollary 15]) Let A be a positive invertible operator satisfying
MI>A>ml>0 with M >m>O0. Then

MP — MmP 1
’”Mi’” {K+(m,M,p)pin - 1} > (APx,x) — (Ax,x)? (1.5)
-m

holds for p > 1 and every unit vector x € H, where

oot —wy
PP (M — m)(mMP — Mmp)p—1"

K. (m,M,p) = (1.6)

We remark that (A”x,x) — (Ax,x)? > 0 holds for p > 1 by Holder-McCarthy
inequality. Related to Theorem C, T. Furuta [4] showed the following Theorem D as an
extension of Kantorovich inequality: Let A be a positive invertible operator satisfying

MI>A>ml>0. Then ("}‘;AA//I)Z (Ax,x)? > (A2x,x) holds for every unit vector x € H .

THEOREM D. ([4]) Let A be a positive invertible operator satisfying MI > A >
ml >0 with M >m > 0. Then

K. (m, M, ) (Ax,x) > (APx,3) > (Ax, x) (17)
hold for all p > 1 and every unit vector x € H, where K. (m,M, p) is defined in (1.6).

The last inequality of (1.7) also holds by Holder-McCarthy inequality. We put
p = 2 in Theorem D, then we have Kantorovich inequality.

For positive operators A and B, A > B > 0 ensures A” > B for any p € [0, 1]
by well-known Lowner-Heinz theorem. However, it is also well knownthat A > B > 0
does not always ensure A? > B” for any p > 1. Related to this result, the following
result was shown in [4] as an application of Theorem D.

THEOREME. ([4]) Let A > B > 0 satisfying MI > B > mI > 0 with M > m > 0.
Then K (m,M,p)AP > B’ holds forall p > 1, where K (m,M,p) is defined in (1.6).

Related to Theorem E, we showed a parallel result to Theorem E as follows:

THEOREM F. ([7]) Let A and B be positive and invertible operators on a Hilbert
space H satisfying MI > B > ml > 0 with M > m > 0. Then the following
assertions are mutually equivalent:

(i) logA > logB.

(i) Mu(p)A? = B holds forall p > 0, where h =2 > 1 and My (p) is defined
in (1.2).

We remark that a simplified proof of Theorem F was shown in [1].
In this paper, firstly we shall show an extension of Theorem B. Secondly, we shall
show an application of Theorem C as a parallel result to Theorem E.
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2. An extension of Theorem B

THEOREM 1. Let A be a positive invertible operator satisfying MI > A > ml > 0
with M > m > 0. Then

1
K, (m’,M’7 B)P (Ax,x)T > (Apx,x)ll’ (2.1)
r

holds for p > r > 0 and every unit vector x € H, where K, (m,M,p) is defined in
(L.6).
Very recently, we showed the properties of K. (m, M, p) in [7] as follows:
THEOREM G. ([7]) Let K (m,M,p) be defined in (1.6). Then

F(p,r,m,M) = K, (mM P r)

r

is an incerasing function of p, r and M, and also a decreasing function of m for
p>0,r>0and M >m > 0. And the following inequality holds:

M p
(—) > K, (W,Mff’jr) >1 (2.2)

m
forany p >0, r>0and M >m > 0.

THEOREM H. ([7]) Let K (m,M,p) be defined in (1.6). Then for p > 0 and
M>m>0,

: p
lim K ( M —) — My(p),
ril}rlo =\ r h(p)

> 1, and My, (p) is defined in (1.2).

where h =

Let p =1 and r — +0 in Theorem 1, then we have the following Theorem B’
by using Theorem A and Theorem H. And the following Theorem B’ is equivalent to
Theorem B.

THEOREM B’. Let A be a positive invertible operator satisfying MI > A > ml > 0
with M > m > 0. Then

M;(1)Ac(A) > (Ax, x) (2.3)
holds for every unit vector x € H, where h = % > 1 and My (p) is definedin (1.2).

Proof of the equivalence relation between Theorem B and Theorem B’. Put p = 1
n (1.1), then we have Theorem B’.
Conversely, for each p > 0, MI > A > ml > 0 is equivalent to MPI > AP >
mPI > 0. Then we have
M (1)A(AP) = (APx,x)
holds for every unit vector x € H by Theorem B’. Hence we obtain Theorem B since
My (1) = My(p) . 0
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Briefly speaking, let f (p) be defined as f (p) = (Apx,x)% for unit vector x € H,
then Theorem B’ asserts limO {Kki (m",M", 1)} £(0) > f(1), and also Theorem 1
r—+

asserts K, (m'",M", ’%)ll’f (r) = f(p) for p > r > 0. Hence Theorem 1 is an extension
of Theorem B’ which is equivalent to Theorem B.

REMARK 2. For positive numbers xj,x, -« , X, ,
1 1
<XJI)+)¢IZ’+~“+X£)”><x{+x§+~-~+x,§>’ (2.4)
n - n ’

Al 4 L

holds for p > r > 0, thatis, g(p) = ( 2)7 is an increasing function for

p > 0. By putting

n

xx 0 -~ 0 1

0 x --- 0 1 1

0 0 - x 1

in Theorem 1, then we have a converse inequality of (2.4) as follows:
Let x1,X2, - , X, € [m,M] with M > m > 0. Then
1 1 1
1 . i x4 BN\
K. (w7, 2)’ (u) > (u) (2.5)
r n n

holds for p > r > 0, wehre K, (m,M,p) is defined in (1.6).

Briefly speaking, for positive numbers xj,xz, - - ,x, € [m,M] with M >m > 0,
let g(p) be defined as g(p):(w)ll’ ,then (1.3) asserts limO{K+ (m",M",1)}5(0)
> g(1) by using Theorem H and considering g(p) — {V)ﬁ as p — +0, and

also (2.5) asserts K+(m’,M’,§)IL’g(r) > g(p) for p > r > 0. Hence (2.5) is an
extension of (1.3).

Proof of Theorem 1. MI > A > ml > 0 is equivalentto M'l > A" > m'l > 0
for r > 0. By using Theorem D to M"I > A" > m'l > 0, we have

K, (m" M " ,p1)(A"x,x)"" > (A™'x,x) (2.6)

holds for p; > 1 and every unit vector x € H. Put p; = £ > 1 in (2.6), then we have

K. (mM ’1) (A%, x)F > (A% x, ). (2.7)
r
(2.7) is equivalent to
r r P IL’ r 1 1
K (w0 BY () > (arx.)p 1)
r

for p > r > 0 and every unit vector x € H.
Hence the proof of Theorem 1 is complete. g
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3. An application of Theorem C to operator inequality

THEOREM 2. Let A and B be positive invertible operators satisfying A > B > 0
and MI > B > ml > 0 with M > m > 0. Then

_ P _ P
W {K+(m,M,p)P+l - 1} (3.1)
holds for p > 1, where K, (m,M,p) is defined in (1.6).

We remark that
—(mMP — MmP)

M—m
holds for p > 1 and M > m > 0 by using (2.2) in Theorem G. Let p — 1 in (3.1),
thenwe have A— B > 0.

Proof of Theorem 2. By using Theorem C to MI > B > ml > 0, then we have for
p > 1 and every unit vector x € H,

mMP — MmP

M —m

AP — B >

0> {Ko(m,M,p)7T — 1} > —m(MP~" — w1

{Kilm M p)7T =1} > (Bx,x) = (Bx, 2y
(BPx,x) — (Ax,x)’ by A>B>0
(BPx,x) — (APx,x)

and the last inequality holds by Holder-McCarthy inequality since p > 1. Then we
have

2
2

—(mMP — Mm?P) 1
AP—BP>—{K M, )71—1} 3.1
T LK (o, M) (3.1)
holds for p > 1 and every unit vector x € H. 0

4. Simplified proofs of Theorem C and Theorem D

Theorem C and Theorem D were shown by using elaborate differential calculus
separately. In this section, we give short proofs of Theorem C and Theorem D by
only using the following relation between generalized arithmetic mean and generalized
geometric mean.

THEOREM 1. Let a and b be positive numbers, then
Aa+ (1 —=A)b>d b
holds for any A € [0,1].
We cite the following lemma to give proofs of Theorem C and Theorem D.

LEMMA 3. Let A be a positive invertible operator satisfying MI > A > ml > 0
with M > m > 0. Then

[ a—a J - P
u(Am) > (Apx7x)+M
M—m M—m

holds for p > 1 and every unit vector x € H.

(4.1)
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Proof. For p > 1, f(t) = # is a real valued continuous convex function on
[m, M], so that we have

MP — mP

T(r —m)+m’ = forany ¢ € [m, M]. (4.2)
—m

By applying the standard operational calculus of positive operator A to (4.2) since
MI > A > ml >0, we have

(A=) > AT (4.3)

By (4.3), the following (4.4) holds for every unit vector x € H:

MP — mP
ﬂ—ﬂﬂmw—m+w>mm@. (4.4)
—m
(4.4) coincide with (4.1), i.e.,
MP — mP MP — MmP
ﬁ(Ax,x) > (Apx,x) + % (41)
g

Short proof of Theorem C. By using Lemma 3, we have
mMP — MmP MP — mP

P <
(APx, x) + Yy < Mim(Ax,x)
MP —mP [1\7P
e (Y
—m \p

N
<
K
—
—
7\
| =
N——
==
3
[
3 i
—_——
_|_
|
)
=
=
Na
hS]
—

P p M—m
P
— 1/ MP —mP\ T
_ D - ( m ) + (Ax,x),
prT M —m

and the last inequality holds by using Theorem I since p > 1. Then we obtain

P

—1 /[ MP —mP\ P11 MP — MmP
pp<——1) S T S APk x) — (Axx). (4.5)
p,,Tl M—m M—m
(4.5) is equivalent to
MP — Mm? L
e {Kem Mp)TT — 1} > (Wx,x) — (Axx) (15)
—m



96 TAKEAKI YAMAZAKI

for p > 1 and every unit vector x € H.

Short proof of Theorem D. By using Lemma 3, we have

MP — mP MP — MnP
T A5 > (A0x) + T

*1 Px, x p—1
= Lplarna) + {

p mMP — MmP
p—1 M-—m

p—1

p mMP —MmP) P
p—1 M-—m

WV

(p(&x, %)} {

"
MP — MmP\ 7
L (M) T et
-7 "

and the last inequality holds by using Theorem I since p > 1. Then we obtain

(pl)pTl( M—m )TM”m”

(Ax,x) = (APx,x)7.
p mMP — MmP m

==

(4.6) is equivalent to
K. (m, M, p)(Ax, 2 > (A%, %)

for p > 1 and every unit vector x.

(1.7)
Il
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