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ON AN OSTROWSKI TYPE INEQUALITY FOR A RANDOM VARIABLE

I. BRNETIC AND J. PECARIC

(communicated by B. Mond)

Abstract. An Ostrowski’s type inequality for a random variable is improved and one application
is given.

The following theorem was proved by S. S. Dragomir, N. S. Barnett and S. Wang
([1):

THEOREM A. Let X be a random variable with the probability density function
f :]a,b) € R — R+ and with cumulative distributive function F(x) = Pr(X < x). If
f € Lyla,b], p > 1, then we have the inequality:

bb_f(aX)| q+1|{f\|p( ﬁ((;yc_;l)%q—F(Z_z)HTq)
<Ll - .

forall x € [a,b], where [%Jr % =1.

|Pr(X < x) —

Here we shall show that the following stronger result can be obtained from the
Fink’s generalization of Ostrowski’s inequality ([2]):

Theorem 1. Let the assumptions of Theorem A be fulfilled. Then,

_ xfanrl —x q+1
Prix <) - BN ¢ (B B2 ) el

)
Sforall x € [a,b].

Proof. The following result is a special case of a more general result obtained
by A. M. Fink (see also [3], p.471). Let g be absolutely continuous on [a,b] with
g € Ly[a,b]. Then, for 1 < p < o0, Il,+ é =1,

-5 [ s« (S
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The inequality (3) is the best possible in the strong sense that for any x € |a,b]
there is a function g for which equality holds. If we put ¢ = F in (3), by using
EX)=0b- fab F(t)dt , we obtain the desired inequality (2).

Let’s show that (2) is the stronger inequality than the first inequality in (1). Firstly,

by the well known inequality for power sum we obtain
1+

(=)™ + (-0 < (x—a) T +(b—x)7 )

On the other hand, by the weighted arithmetic-geometric mean inequality we have

1 1
< (1—>(q+1)+——q,
q q

ESIC

(q+ 177 =(g+1)"7-1

i.e., we have

1
< (5)
(q+1s atl
From (4) and (5) we have

() gl o-s?)

i.e.

(el e it (322) T (222)7)

which shows the improvement of the result of Theorem A.

The improvement of other results in [1] can be done by using Theorem 1. Here, we
shall establish only one more result. First, let’s remind that the Beta random variable
with parameters (s,7) € Q = {(s,7) : s,# > 0} has the probability density function
xs—l(l _ x)t—l

1) =

f(-x7s> ) B(S, t) 9

where B(s, 1) is Beta function. Also, as it is noted in [1], for p > 1
1 1
w8 )|lp = —=I(B -1)+1,p(t—-1)+1))?

Hf(,& )HP B(S,l)( ([J(S )+ 7[7( )+ ))

provided s > 1 — S and 1> 1— .
So, by using Theorem 1 we can obtain the following result

0<x<l1,

Corollary 1. Let p > 1 and X be a Beta random variable with parameters (s, 1),

s>1— 117’ t>1-— %. Then we have the inequality

P (x1+4+ (1 —x)1+ff>6 (B(p(s— 1)+ 1,p(t— 1)+ 1))?

Pr(X <x)—
[Pr %) s+t l+g¢ B(s,1)

Sorall x € [0,1].
Particulary, we have
1 B —1)+1 —1)+1
|PrX < =) — ! | < (Bp(s —1) + 7117(t )+ 1))
27 s+t 2(1+ q)7B(s, 1)

Sl
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