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ZYGMUND TYPE INEQUALITIES FOR DOUBLE

SINGULAR CAUCHY–STIELTJES INTEGRAL

A. GAZIEV

(communicated by V. Burenkov)

Abstract. For the double singular Cauchy-Stiltjes integral over spanning set of a bicylindric
domain, a Zygmund type inequality connecting partial and mixed moduli of continuity of the
singular integral and its density, is obtained. On this basis, some spaces are constructed, invariant
with respect to the double singular integral.

1. Let γ k be a closed Jordan rectifiable curve (c.j.r.c.) on the complex plane zk

(k = 1, 2) , which divides the complex plane into two parts, the interior D+
k and the

exterior D−
k . The curves γ 1 and γ 2 define four bicylindric domains D± = D±

1 × D±
2

with the boundaries having the common part � = γ 1 ∗ γ 2 known as spanning set. Let

Φψ (z) =
1

(2πi)2

∫
�

f (τ)
2∏

k=1
(τk − zk)

dψ(τ) (1)

be the double Cauchy-Stiltjes type integral, where z = (z1, z2), τ = (τ1, τ2), dψ(τ) =
dψ1(τ)dψ2(τ), f (τ) ∈ C� , where C� is the space of continuous functions on
�,ψk(τ) being functions of bounded variation on γ k(k = 1, 2) . Under the inves-
tigation of limiting values of the function Φψ (z) there appear the following singular
integrals:

g1,2
ψ (t) =

∫
�

Δf (τ; t)
2∏

k=1
(τk − zk)

dψ(τ),

g1,0
ψ (t)) =

∫
γ 1

Δf (τt2 ; t)
τ1 − t1

dψ1(τ1),

g0,2
ψ (t) =

∫
γ 2

Δf (τt1 ; t)
τ2 − t2

dψ(τ2),

(2)
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where

Δf (τ; t) def
= Δf (τ1, τ2; t1, t2) = f (τ1, τ2) − f (t1, τ2) − f (τ1, t2) + f (t1, t2),

Δf (τt2 ; t)
def
= Δf (τ1, t2; t1, t2) = f (τ1, t2) − f (t1, t2),

Δf (τt1 ; t)
def
= Δf (t1, τ2; t1, t2) = f (t1, τ2) − f (t1, t2).

We denote
˜fψ(t) = g1,2

ψ (t) + g1,0
ψ1

(t) + g0,2
ψ2

(t) . (3)

In the case when ψi(t) = t (i = 1, 2) , we write ˜f (t) = g1,2(t) + g1,0(t) + g0,2(t) .
In the case when γ i(i = 1, 2) is the unit circle, the singular integral g1,2(t) is

reduced to

h(x, y) =

π∫
−π

π∫
−π

f (x + t, y + τ)ctg
t
2
ctg

τ
2
dtdτ .

It is known that the space H2(ϕ1,ϕ2) (see [4]) is not invariant for the singular
integral h , see [1]-[3] in the case ϕ1(δ) = ϕ2(δ) = δα , 0 < α < 1) and [4] for the
general case. At the same time in [5] it was proved that the function spaces

Lα,β = {f ∈ C[−π,π]2 : ωf (δ1, δ2) = O(δα1 · δβ2 ), 0 < α, β < 1}
are invariant for the singular integral h .

In [6] for the function h there was obtained an inequality of Zygmund type. Based
on that inequality, in [7] there was constructed the class �∞,∞ invariant with respect to
the singular integral h . In the one-dimensional case this class was introduced in [8]. In
[4] for the function h there was proved some analogue of the Plemeli-Privalov theorem.

In [9] there was proved an analogue of Zygmund inequality for the function ˜f (t) ,
in terms of the characteristic θ(δ) introduced in [10].

In the one-dimensional case in [11] there was obtained some estimate of Zygmund
type for the singular integral ˜fψ in terms of the characteristic θψ (δ) introduced in the
same paper, and an analogue of Plemeli-Privalov and Magnaradze ([8]) theorems were
obtained.

An analogue of Zygmund inequality in terms of the characteristic θ(δ) was
obtained in [12] in the n -dimensional case for the function ˜f .

In this paper we give a Zygmund type inequality connecting partial and mixed
continuity moduli of the functions f and ˜fψ . With the help of these estimates a Banach
space invariant with respect to the singular integral ˜fψ is constructed.

2. As in [11], we denote

θψk
k =

∫

γ k
δ (tk)

|dψk(τk)|, θψk
k (δ) = sup

tk∈γ k
θψk

k (tk, δ),

where γ k
δ (tk) =

{
τ ∈ γ k : |τ − tk| � δ, δ ∈ (0, dk]

}
, dk = sup|τk − tk|, k = 1, 2 .

Functions ϕ1(δ) and ϕ2(δ) non-increasing in the interval [0,
∫
γ
|dψ(τ)|] are said to be
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equal to each other (ϕ1
ess= ϕ2) , if they are equal on some dense set which contains the

point
∫
γ
|dψ(τ)| (see [11]).

The monotonous increasing function θψ(δ) , defined by

θ̆ψ (δ) ess= sup {t : θψ � δ} , δ ∈
(
0,

∫
γ

|dψ(τ)|
)

,

is called the generalized inverse to the function θ(δ) , see [10,14] .
Let Q be a domain in the complex plane C and H(Q) the class of functions

golomorphic in Q and continuous in Q̄ . Let also D be a bounded region in C with
the boundary ∂D = γ which is (c.j.r.c.). For F ∈ H(CD̄) we usually assume that
limz→∞ F(z) = 0 .

In the case when dψ(t) = F(t)dt , where F(t) is limiting value of a function
analytic in D± and continuous up to the boundary, we denote

θψ def
= θF(δ) = sup

t∈γ
θF(t, δ), θF(t, δ) =

∫
γδ (t)

|F(τ)||dτ|, δ ∈ (0, d] ,

so that

θψ def
= θ(δ) = sup

t∈γ

∫
γδ (t)

|dt|

in the case F(t) ≡ 1 .
From the definition it follows that θF(δ) is a non-negative and non-decreasing

function on (0, d] and θF(t, δ) � θF(δ) � Cθ(δ) with the constant C depending on
F .

We denote

�0(γ ) = {f ∈ C(γ ) :
∫ d

0

ωf (ξ)
ξ

dθ(ξ) < ∞} (A)

and

�F
0 (γ ) = {f ∈ C(γ ) :

∫ d

0

ωf (ξ)
ξ

dθF(ξ) < ∞} , (B)

where F ∈ H(D) (or F ∈ H(CD̄) ).
Let F ∈ H(D) (or F ∈ H(CD̄) ). If F(t) �= 0∀t ∈ γ , then θF(δ) ∼ θ(δ)

(here f ∼ g ≡ ∃C1, C2 such that C1f (t) � g(t) � C2f (t)∀t ∈ (0, d] ) and in this
case �0(γ ) = �F

0 (γ ) , that is, (A) ⇔ (B) . In the general case the conditions (A)
and (B) are not equivalent. Since θF(δ) � CFθ(δ) , we have

∫ d
0

ωf (ξ)
ξ dθF(ξ) �

CF
∫ d

0
ωf (ξ)
ξ dθ(ξ) , whence �0(γ ) ⊂ �F

0 (γ ) . To study the properties of the integral
(2), we arrive at the necessity to choose the following basic characteristics of functions
f ∈ C� :

1) mixed modulus of continuity (δ = (δ1, δ2), δ1 > 0, δ2 > 0, ξ = (ξ1, ξ2) ):

1,2
ωf (δ)

def
= δ1 · δ2 sup

ξ1�δ1,ξ2�δ2

1,2
ω (f ; ξ1, ξ2)

ξ1ξ2
= δ sup

ξ�δ

1,2
ω (f , ξ)

ξ
,
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where
1,2
ω (f , δ)

def
= sup

|τ1−t1|�δ1,|τ2−t2|�δ2

|Δf (τ; t)| , and

2) partial continuity moduli

1,0
ωf (δ1) = δ1 sup

ξ1�δ1

1,0
ω (f , ξ1)

ξ1
,

1,0
ω (f , δ1) = sup

t2∈γ 2

sup
|t1−τ1|�δ1

|Δf (τt2 ; t)|

and

0,2
ωf (δ2) = δ2 sup

ξ2�δ2

0,2
ω (f , ξ2)

ξ2
,

0,2
ω (f , δ2) = sup

t1∈γ 1

sup
|τ2−t2|�δ2

|Δf (τt1 ; t)| .

By Φ1
(0,d] we denote the set of those non-negative increasing functions ϕ(δ) on

(0, d] , for which limδ→0 ϕ(δ) = 0 and ϕ(δ)
δ decreases.

Let Φ(0,d1]·(0,d2] = ΦT2 denote the set of functions ω(δ1, δ2) = ω(δ) defined on
T2 = [0, d1] × [0, d2] and belonging to Φ1 in each argument, i.e.

1) ω(δ) ∈ Φ1
0,d2] in δ2 for any fixed δ1 ,

2) ω(δ) ∈ Φ1
0,d1] in δ1 for any fixed δ2 .

In [15] it was shown that the properties 1) and 2) are characteristic for continuity
moduli in the sense that for every ω ∈ ΦT2 there exist such a function f ∈ C� , that

ωf (δ1, δ2) ∼ ω(δ1, δ2),
1,0
ωf (δ1) ∼ ω(δ1, d2),

0,2
ωf (δ2) ∼ ω(d1, δ2),

By Vγ (see [11]) we denote the set of all functions with bounded variation on γ ,

for which the integral

∣∣∣∣∣
∫

γ\γε (t)
dψ(τ)∏2

k=1
(τk−tk)

∣∣∣∣∣ is uniformly bounded.

Let a function ω(δ1, δ2) be defined on T2, non-negative and satisfying the con-
dition ∫ d1

0

∫ d2

0

ω(ξ1, ξ2)
ξ1ξ2

dθψ1

1 (ξ1)dθψ2

2 (ξ2) < ∞ .

We introduce the Zygmund type operator

Z(ω ; δ, θψ , θ̆ψ )
def
= Z(ω ; δ1, δ2, θψ1

1 , θψ2
2 , θ̆ψ1

1 , θ̆ψ2
2 )

=
∫ θψ1

1 (δ1)

0

∫ θψ2
2 (δ2)

0

ω(θ̆ψ1
1 (ξ1), θ̆ψ2

2 (ξ2))
θ̆ψ1

1 (ξ1) · θ̆ψ2

2 (ξ2)
dξ1dξ2

+ δ1

∫ d1

θψ1
1 (δ1)

∫ θψ2
2 (δ2)

0

ω(θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
(θ̆ψ1

1 (ξ1))2 · θ̆ψ2

2 (ξ2)
dξ1dξ2

+ δ2

∫ θψ1
1 (δ1)

0

∫ d2

θψ2
2 (δ2)

ω(θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
θ̆ψ1

1 (ξ1) · (θ̆ψ2

2 (ξ2))2
dξ1dξ2

+ δ1δ2

∫ d1

θψ1
1 (δ1)

∫ d2

θψ1
1 (δ1)

ω(θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
(θ̆ψ1

1 (ξ1))2 · (θ̆ψ2

2 (ξ2))2
dξ1dξ2 .
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It is not hard to show that Z(ω ; δ, θψ , θ̆ψ) ∈ ΦT2 and

Z(ω ; δ, θψ , θ̆ψ) = Z1

(
Z2(ω(ξ1, ·), δ2, θψ2

2 , θ̆ψ2

2 ), δ1, θψ1

1 , θ̆ψ1

1

)

=
∫ θψ1

1 (δ1)

0

Z2(ω(θ̆ξ1
1 , ·), δ2, θψ2

2 , θ̆ψ2
2 )

θ̆ψ1
1 (ξ1)

dξ1 + δ1

∫ d1

θψ1
1 (δ1)

Z2(ω(θ̆ξ1
1 , ·), δ2, θψ2

2 , θ̆ψ2
2 )

(θ̆ψ1
1 (ξ1))2

dξ1

and

Z2(ω(θ̆ψ1
1 (ξ1), ·), δ2, θψ2

2 , θ̆ψ2
2 )

=
∫ θψ2

2 (δ2)

0

ω(θ̆ψ1
1 (ξ1), θ̆ψ2

2 (ξ2))
θ̆ψ2

2 (ξ2)
dξ2 + δ2

∫ d2

θψ2
2 (δ2)

ω(θ̆ψ1
1 (ξ1), θ̆ψ2

2 (ξ2)
(θ̆ψ2

2 (ξ2))2
dξ2.

For further goals we need the following technical lemma (see [11]).

LEMMA 1. Let g(t) be a function non-decreasing on (0, d] and ψ(t) a function
of bounded variation on γ , then ∀ε′, ε′′ ∈ (0, d], ε′ < ε′′

∫
γε′′ (t)\γε′(t)

g(|τ − t|)|dψ(τ)| =

ε′′∫
ε′

g(τ)dθψ (t, τ) .

Let us denote
1,2

gψ ,ε (t) =
∫

�\�ε

Δf (τ; t)
τ − t

dψ(τ),

where ε = (ε1, ε2) , so that �\�ε = γ 1\γ 1
ε1
(t1) × γ 2\γ 2

ε2
(t2).

As usual, we say that the integral
1,2
gψ exists in the principal value sense, if there

exists the finite limit

lim
ε1→0,ε2→0

1·2
gψ ,ε1,ε2 .

THEOREM 1. Let f ∈ C�,ψk ∈ Vγ (k = 1, 2). If

d∫
0

1,2
ωf (η)
η

dθψ(η)
def
=

d1∫
0

d2∫
0

1,2
ωf (η1,η2)

η1η2
dθψ1

1 (η1)dθψ2
2 (η2) < ∞ ,

then the limits lim
ε1→0

1·2
gψ ,ε (t1, t2), lim

ε2→0

1·2
gψ ,ε (t1, t2), lim

ε1→0,ε2→0

1·2
gψ ,ε (t1, t2) with any

fixed ε2 ∈ (0, d2] in the first limit, and any fixed ε1 ∈ (0, d1] in the second one, exist
uniformly in t1, t2 .
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Proof. It can be seen directly that

1,2
gε1,ε2 (t1, t2)− 1,2

gη1,η2 (t1, t2) =
∫

γ 1
η1

(t1)\γ 1
ε1 (t1)

∫
γ 2
η2

(t1)\γε2
2
(t2)

Δf (τ; t)
τ − t

dψ(τ)

+
∫

γ 1\γ 1
η1

(t1)

∫
γ 2
η2

(t1)\γ 2
ε2 (t2)

Δf (τ; t)
τ−t

dψ(τ)+
∫

γη1
1
(t1)\γ 1

ε1 (t1)

∫
γ 2\γ 2

ε2 (t2)

Δf (τ; t)
τ−t

dψ(τ)

def
= �1+�2+�3,

where 0 < ε1 < η1 � d1 and 0 < ε2 < η2 � d2 .
We estimate every term separately. Obviously,

|�1| �
∫

γ 1
η1

(t1)\γ 1
ε1 (t1)

∫
γ 2
η2

(t2)\γ 2
ε2 (t2)

1,2
ωf (|τ1 − t1|; |τ2 − t2|)

|τ1 − t2||τ2 − t2| |dψ1(τ1)||dψ2(t1)| .

The case 1): η1 � ε2 . Applying subsequently Lemma 1 and Theorem from [14],

p. 241, and taking into account that θψk
k (tk, δ) � θψk

k (δ) and
1,2
ωf (δ1,δ2)

δk
↓ (k = 1, 2) ,

we obtain

|�1| �
η1∫

0

η2∫
0

1,2
ωf (ξ1, ξ2)
ξ1 · ξ2

dθψ1
1 (ξ1)dθψ2

2 (ξ2) .

The case 2): ε1 � ε2 � η1 � η2 . In this case we have

|�1| �

⎛
⎜⎜⎝

∫
γ 1
ε1 (t1)\γ 1

ε1 (t1)

+
∫

γ 1
η1

(t1)\γε2
2
(t1)

⎞
⎟⎟⎠
⎛
⎜⎜⎝

∫
γ 2
η1

(t2)\γ 2
ε2 (t2)

+
∫

γ 2
η2

(t2)\γη2
1
(t1)

⎞
⎟⎟⎠

×
1,2
ωf (|ξ1 − t1|, |ξ2 − t2|)
|ξ1 − t1| · |ξ2 − t2| |dψ1(ξ1)||dψ2(ξ2)|

Taking into account the case 1), we obtain

|�1| �

⎛
⎝

ε1∫
0

η1∫
0

+

ε2∫
0

η2∫
0

+

η1∫
0

η1∫
0

+

η1∫
0

η2∫
0

⎞
⎠

1,2
ωf (ξ1), ξ2)

ξ1 · ξ2
dθψ1

1 (ξ1)dθψ2

2 (ξ2) .

The integral �1 in the cases ε1 � ε2 � η2 � η1, ε2 � ε1 � η2 � η1, ε2 � ε1

� η1 � η2 is estimated in a similar way.
Passing to the integral �3 , we have

|�3| �
η1∫

0

d2∫
0

1,2
ωf (ξ1, ξ2)

ξ1ξ2
dθψ1

1 (ξ1)dθψ2

2 (ξ2) ,
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if η1 � η2 , and

|�3| �

⎛
⎝

η2∫
0

d2∫
0

+

η1∫
0

d2∫
0

⎞
⎠

1,2
ωf (ξ1, ξ2)

ξ1ξ2
dθψ1

1 (ξ1)dθψ2

2 (ξ2) .

if ε1 � η2 � η1 . The integral �3 is estimated similarly in the case η2 � ε1 � η1 .
In the symmetrical way the integral �2 is estimated. The above estimates prove the
theorem.

In the following theorem we use the notation

�ψ
0 (�) =

{
f ∈ C� :

d∫
0

1,2
ωf (ξ)
ξ

dθψ (ξ) < ∞,

d1∫
0

1,0
ωf (ξ1)
ξ1

dθψ1

1 (ξ1) < ∞,

d2∫
0

0,2
ωf (ξ2)
ξ2

dθψ2

2 (ξ2) < ∞
}
.

THEOREM 2. Let f ∈ �ψ
0 (�) with ψ = (ψ1,ψ2), ψk ∈ Vk (k = 1, 2) . Then the

following inequalities are valid

1,2
ω ˜f (δ) � CZ(

1,2
ωf ; δ ; θψ , θ̆ψ), 0 < δk � dk, k = 1, 2,

1,0
ω ˜f (δ1) � C

(
Z(

1,2
ωf ; δ1, d2, θψ , θ̆ψ + Z(

1,0
ωf ; δ1, θψ2

1 , θ̆ψ1

1 )
)

, 0 < δ1 � d1,

0,2
ω ˜f (δ2) � C

(
Z(

1,2
ωf ; d1, δ2, θψ , θ̆ψ ) + (Z(

0,2
ωf ; δ2, θψ2

2 , θ̆ψ2
2 )
)

, 0 < δ2 � d2 . (4)

Proof. Let tk, t′k ∈ γ k, |tk − t′k| = εk � dk, k = 1, 2 . For the function ˜fψ (t) we
estimate mixed and partial increments

Δ ˜fψ (t; t′)
def
= ˜fψ (t1, t2) − ˜fψ (t′1, t2) − ˜fψ (t1, t′2) + ˜fψ (t′1, t

′
2)

= Δ
1,2
gψ (t; t′) + Δ

1,0
gψ1 (t; t′) + Δ

0,2
gψ2 (t; t′), (5)

Δ ˜fψ (tt′1 ; t
′)

def
= ˜fψ (t′1, t2)− ˜fψ (t′1, t2) = Δ

1,2
gψ (tt′1 ; t

′)+Δ
0,2
gψ2 (tt′1 ; t

′)+Δ
1,0
gψ1 (tt′1 ; t

′) (6)

and

Δ ˜fψ(tt′2 ; t
′)

def
= ˜fψ (t1, t′2) − ˜fψ(t′1, t

′
2) = Δ

1,2
gψ (tt′2 ; t

′) + +Δ
0,2
gψ2 (tt′2 ; t

′) + Δ
1,0
gψ1 (tt′2 ; t

′) .

(7)

To estimate Δ
1,2
gψ (t; t′) , we observe that

Δ
1,2
gψ (t; t′) =

∫
γ 1

g2(Δf ; τt2 , tt′2)

τ1 − t1
dψ1(τ1) −

∫
γ 1

g2(Δf ; τt2 , t
′)

τ1 − t′1
dψ1(τ1) (8)
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where

g2(�f ; τt2 , tt′2) =
∫
γ 2

�f (τ; t)
τ2 − t2

dψ2(τ2) −
∫
γ 2

�f (τ, tt′2)
τ2 − t′2

dψ2(τ2) (9)

and similarly for g2(Δf ; τt2 , t
′) .

It is easy to see that Δf (τ; t) −�f (τ; tt′k ) = −Δf (τtk ; tt′k), k = 1, 2, so that

g2(Δf ; τt2 , tt′2) =
∫

γ 2
ε2 (t2)

Δf (τ; t)
τ2 − t2

dψ2(τ2) −
∫

γ 2
ε2 (t′2)

Δf (τ, tt′2)
τ2 − t′2

dψ2(τ2)

+(t2 − t′2)
∫

γ 2\γ 2
ε2

Δf (τ; t)
(τ2 − t2)(τ2 − t′2)

dψ2(τ2) −
∫

γ 2\γ 2
ε2

Δf (τt2 , tt′2)

τ2 − t′2
dψ2(τ2)

+
∫

γ 2
ε2 (t′2)\γ 2

ε2 (t2)

Δf (τ; t)
τ2 − t2

dψ(τ2) +
∫

γ 2
ε2 (t2)\γ 2

ε2 (t′2)

Δf (τ; tt′2)
τ2 − t′2

dψ2(τ2)
def
=

6∑
k=0

�k , (10)

where γ k
εk = γ k

εk(tk)
⋃
γ k
εk(t

′
k), k = 1, 2 . Basing on the ideas of the proof of Theorem 1

from [11] and Lemma 1, it is easy to obtain the estimates:

|�i|�
ε2∫

0

1,2
ωf (|τ1−t1|, ξ2)

ξ2
dθψ2

2 (ξ2), i = 1, 2, |�3|�ε2

d2∫
ε2

1,2
ωf (|τ1−t1|, ξ2)

ξ 2
2

dθψ2
2 (ξ2),

|�4| � 3ε2

d2∫
ε2

1,2
ωf (|τ1 − t1|)

ξ 2
2

dθψ2

2 (ξ2) + M
1,2
ωf (|τ1 − t1|, ε2),

where

M = sup

∣∣∣∣∣∣∣
∫

γ 2\γ 2
ε2

dψ2(τ2)
τ2 − t′2

∣∣∣∣∣∣∣
and

|�i| � 2ε2

d2∫
ε2

1,2
ωf (|τ1 − t1|, ξ2)

ξ 2
2

dθψ2
t2 (ξ2) , i = 5, 6.

Gathering the estimates for the integrals �i(i = 1, 2, . . . , 6) and taking into
account the theorem from [14], p.241, we obtain:

|g2(Δf ; τt2 ; tt′2)| � C
[ θψ2

t2
(ε2)∫

0

1,2
ωf (|τ1 − t1|, θ̆ψ2

t2 (ξ2))
θ̆ψ2

t2 (ξ2)
dξ2



ZYGMUND TYPE INEQUALITIES FOR DOUBLE SINGULAR CAUCHY-STIELTJES INTEGRAL 231

+ε2

d2∫

θψ2
t2

(ε2)

1,2
ωf (|τ1 − t1|, θ̆ψ2

t2 (ξ2))
(θ̆ψ2

t2 (ξ2))2
dξ2+

1,2
ωf (|τ1 − t1|, ξ2)

]
. (11)

Since the function

F(δ,η) =

η∫
0

1,2
ωf (δ, θ̆t2(ξ2))

θ̆ψ2
t2 (ξ2)

dξ2 + η
d2∫
η

1,2
ωf (δ, θ̆ψ2

t2 (ξ2))
(θ̆ψ2

t2 (ξ2))2
dξ2

is increasing in η for any δ ∈ (0, d1] and θ̆ψ2
2 (ξ2) � θ̆ψ2

t2 (ξ2) , we obtain

1,2
ωf (|τ1 − t1|, ε2)| �

θψ2
2 (ε2)∫
0

1,2
ωf (|τ1 − t1|, θ̆ψ2

2 (ξ2))
θ̆ψ2

2 (ξ2)
dξ2 .

From the inequality (11), taking ε2 � δ2 , we have

|g2(Δf ; τt2 ; tt′2)| � C

⎛
⎜⎝

θψ2
2 (δ2)∫
0

1,2
ωf (|τ1 − t1|, θ̆ψ2

2 (ξ2))
θ̆ψ2

2 (ξ2)
dξ2

+δ2

d2∫

θψ2
2 (δ2)

1,2
ωf (|τ1 − t1|, θ̆ψ2

2 (ξ2))
(θ̆ψ2

2 (ξ2))2
dξ2

⎞
⎟⎠ def

= Z2

(
1,2
ωf (|τ1 − t1|, δ2, θψ2

2 , θ̆ψ2
2

)
. (12)

Here and below C denote absolute constants, which are different at different in
different inequalities.

The equality (8) differs from (9) by the fact that in (8) the integration is taken
over through γ ′ , not γ 2 and the density Δf is replaced by g2 . Therefore, to derive
the estimate for the difference (8), we may use the partition of this difference similar to
that in (10). We have

Δ
1,2
gψ(t, t′) =

∫
γ 1
ε1 (t1)

g2(Δf ; τt2 , tt′2)

τ1 − t1
dψ1(τ1)−

−
∫

γ 1
ε1 (t′1)

g2(Δf ; τt2 , t
′)

τ1 − t′1
dψ1(τ1) + (t1 − t′1)

∫
γ 1|γ 1

ε1

g2(Δf ; τt2 , tt′2)

(τ1 − t1)(τ1 − t′1)
dψ1(τ1

+
∫

γ 1
ε1 (t′1)\γ 1

ε1 (t1)

g2(Δf ; τt2 , tt′2)

τ1 − t1
dψ(τ1) −

∫
γ 1
ε1 (t1)\γ 1

ε1 (t′1)

g2(Δf ; τt2 , t
′)

τ1 − t′1
dψ1(τ1)

+
∫

γ\γ 1
ε1

g2(Δf ; τt2 , tt′2) − g2(Δf ; τt2 , t
′)

τ1 − t′1
dψ1(τ1), (13)
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with
g2(Δf ; τt2 , tt′2) − g2(Δf ; τt2 , t

′)

=
∫
γ 2

Δf (τt′1 ; t)

τ2 − t2
dψ2(τ2) −

∫
γ 2

Δf (τt′1 ; tt′2)

τ2 − t′2
dψ2(τ2). (14)

We denote the terms in the right-hand side of (13) as ik, k = 1, 2, . . . , 6.
Taking into account the estimate for the difference (9), we can obtain the following

estimate for (14):

|g2(Δf ; τt2 , tt′2) − g2(Δf ; τt2 , t
′)| � C

⎛
⎜⎝

θψ2 (ε2)∫
0

1,2
ωf (|τ1 − t1|, θ̆ψ2(ε2))

θ̆ψ2
θ̆ψ2dξψ2

2 (ξ2)

+ε2

d2∫
θψ2 (ε2)

1,2
ωf (|τ1 − t1|, θ̆ψ2(ξ2))θ̆ψ2(ξ2)

2

d
ξ2

⎞
⎟⎠ def

= Z2

(
1,2
ωf |τ1 − t1|, ε2, θψ2

2 , θ̆ψ2

2

)
.

(15)
Keeping the bounds (12) and (15) in mind, we may estimate the integrals i1, . . . , i6

in the same way as it was done for the integrals �1, . . . ,�6 and then for ε1 � δ1 we
get

| 1,2
Δ gψ(t; t′)| � C

⎛
⎜⎝

θψ1
1 (δ1)∫
0

Z2(
1·2
ωf (θ̆1(ξ1), ·), δ2, θψ2

2 , θ̆ψ2

2 )
θ̆ψ1

1 (ξ1)
dξ1

+δ1

l1∫

θψ1
1 (δ1)

Z2(
1·2
ωf (θ̆1(ξ1), ·), δ2, θψ2

2 , θ̆ψ2

2 )
(θ̆ψ1

1 (ξ1))2
dξ1

⎞
⎟⎠

def
= Z1(Z2(

1,2
ωf (ξ1, ·), δ2, θψ2

2 , θ̆ψ2

2 ), δ1, θψ1

1 , θ̆ψ1

1 )
def
= Z(

1,2
ωf ; δ, θψ , θ̆ψ). (16)

Now we have to estimate Δ
1,0
gψ1 (t; t′) and Δ

0,2
g2 (t; t′) . Estimating Δ

1,0
gψ1 (t; t′)

and Δ
0,2
g2 (t; t′) similarly to actions in (9), we obtain

|Δ 1,0
gψ1 (t; t′)| � C

⎛
⎜⎝

θψ2
2 (δ2)∫
0

θψ1
1 (δ1)∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2
2 (ξ2))

θ̆ψ1

1 (ξ1) · θ̆ψ2

2 (ξ2)
dξ1dξ2

+δ1

θψ2
2 (δ2)∫
0

l1∫

θψ1
1 (δ1)

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2
2 (ξ2))

(θ̆ψ1

1 (ξ1))2 · θ̆ψ2

2 (ξ2)
dξ1dξ2

⎞
⎟⎠

=

θψ2
2 (δ2)∫
0

Z1(
1,2
ωf (·, θ̆ψ2

2 (ξ2)), δ1, θψ1

1 , θ̆ψ1

1 )
θ̆ψ2

2 (ξ2)
dξ2. (17)
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In the same way we get:

|Δ 0,2
gψ2 (t; t′)| �

θψ1
1 (δ1)∫
0

Z2(
1,2
ωf (θ̆ψ1

1 (ξ1), ·), δ2, θψ2

2 , θ̆ψ2

2 )
θ̆ψ1

1 (ξ1)
dξ1. (18)

Gathering the estimates (16), (17), (18) we finally obtain:

1,2
ω ˜f (δ1, δ2) = O(Z1(Z2(

1,2
ωf (ξ1, ·), δ2, θψ2

2 , θ̆ψ2

2 ), δ1, θψ1

1 , θ̆ψ1

1 )

= O(Z(
1,2
ωf ; δ, θψ , θ̆ψ )). (19)

Let us estimate Δ ˜fψ(tt′2 ; t
′) ˜fψ (t1, t′2) − ˜fψ(t′1, t

′
2). We have

Δ ˜fψ (tt′2 ; t
′) ==

∫
γ 2

dψ2(τ2)
τ2 − t12

⎛
⎜⎝
∫
γ 1

Δf (τ; tt′2 )
τ1 − t1

dψ1(τ1) −
∫
γ 1

Δf (τ; t′)
τ1 − t′1

dψ1(τ1)

⎞
⎟⎠

+
∫
γ 2

Δf (τt1 ; tt′2)

τ2 − t′2
dψ2(τ2) −

∫
γ 2

Δf (τt′1 ; t
′)

τ2 − t′2
dψ2(τ2)

+
∫
γ 1

Δf (τt2 ; tt′2)

τ1 − t1
dψ1(τ1) −

∫
γ 1

Δf (τt′2 ; t
′)

τ1 − t′1
dψ1(τ1)

= Δ
1,2
gψ (tt′2 ; t

′) + Δ
0,2
gψ2 (tt′2 ; t

′) + Δ
1,0
gψ1 (tt′2 ; t

′).

Now we have to estimate |Δ 1,2
gψ (tt′2 ; t

′)| . We have

|Δ 1,2
gψ (tt′2 ; t

′)| � c

⎛
⎜⎝

θψ1
1 (δ1)∫
0

l2∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
θ̆ψ1

1 (ξ1) · θ̆ψ2
2 (ξ2)

dξ1dξ2

+ε1

l1∫

θψ1
1 (ε1)

l2∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
(θ̆ψ1

1 (ξ1))2 · (θ̆ψ2
2 (ξ2))

dξ1dξ2

⎞
⎟⎠ .

To have bounds for Δ
0,2
gψ2 (tt′2 ; t

′) and Δ
1,0
gψ1 (tt′2 ; t

′) , we use Lemma 1 and apply the
theorem from [14]. Taking into account the inequality

1,2
ωf (|ε1 − t1|, ξ2) �

θψ2
2 (ε2)∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), ξ2)
θ̆ψ1

1 (ξ1)
dξ1,

we arrive at the estimate

|Δ 0,2
gψ2 (tt′2 ; t

′)| �
∫
γ 2

|Δf (τt1 ; tt′2) − Δf (τt′1 ; t
′)|

|τ2 − t′2|
|dψ(τ2)| =

∫
γ 2

|Δf (τt1 ; t
′)|

|τ2 − t′2|
|dψ(τ2)|
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�
l2∫

0

1,2
ωf (|t1 − t′1|, θ̆ψ2

2 (ξ2))
θ̆ψ2

2 (ξ2)
dξ2 �

θψ1
1 (ε1)∫
0

l2∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
θ̆ψ1

1 (ξ1) · θ̆ψ2

2 (ξ2)
dξ1dξ2. (20)

Applying the estimate for the difference (9), we get

|� 1·0
gψ1 (tt′2 ; t

′)| �
θψ1

1 (ε1)∫
0

1·0
ωf (θ̆ψ1

1 (ξ1))
θ̆ψ1

1 (ξ1)
dξ1 + ε1

l1∫

θψ1
1 (ε1)

1·0
ωf (θ̆ψ1

1 (ξ1))
(θ̆ψ1

1 (ξ1))2
dξ1 (21)

Taking the estimates (19)-(21) into account, with εi = |ti − t′1| < δi(i = 1, 2) , we
finally obtain:

1,0
ω ˜fψ (δ1) � C

⎡
⎢⎣

θψ1
1 (δ1)∫
0

l2∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
θ̆ψ1

1 (ξ1) · θ̆ψ2

2 (ξ2)
dξ1dξ2

+ δ1

l1∫

θψ1
1 (δ1)

l2∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2
2 (ξ2))

(θ̆ψ1

1 (ξ1))2 · θ̆ψ2

2 (ξ2)
dξ1dξ2

+

θψ1
1 (δ1)∫
0

1,0
ωf (θ̆ψ1

1 (ξ1))
θ̆ψ1

1 (ξ1)
dξ1 + +δ1

l1∫

θψ1
1 (δ1)

1,0
ωf (θ̆ψ1

1 (ξ1))
(θ̆ψ1

1 (ξ1))2
dξ1

⎤
⎥⎦ . (22)

In a similar way one may estimate Δ ˜fψ (tt′1 ; t
′) = ˜fψ (t′1, t2) − ˜fψ (t′1, t

′
2) . We have

0,2
ω ˜fψ (δ2) �� C

⎡
⎢⎣(

θψ2
2 (δ2)∫
0

l1∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2

2 (ξ2))
θ̆ψ1

1 (ξ1) · θ̆ψ2
2 (ξ2)

dξ1dξ2

+δ2

l2∫

θψ2
2 (δ2)

l1∫
0

1,2
ωf (θ̆ψ1

1 (ξ1), θ̆ψ2
2 (ξ2))

θ̆ψ1

1 (ξ1) · (θ̆ψ2

2 (ξ2))2
dξ1dξ2

+

θψ2
2 (δ2)∫
0

0,2
ωf (θ̆ψ2

2 (ξ2))
θ̆ψ2

2 (ξ2)
dξ2 + +δ2

∫

θψ2
2 (δ2)

0,2
ωf (θ̆ψ2

2 (ξ2))
θ̆ψ2

2 (ξ2)
dξ2

⎤
⎥⎦ (23)

The last inequalities (18), (22) and (23) prove the theorem.



ZYGMUND TYPE INEQUALITIES FOR DOUBLE SINGULAR CAUCHY-STIELTJES INTEGRAL 235

COROLLARY 1. Let dψ(t) = F(t)dt , where F(t) is boundary value of a function
analytic in D± and continuous up to the boundary. Suppose that

f ∈ �0(�) =
{

f ∈ C� :

d∫
0

1,2
ωf (ξ)
ξ

dθ(ξ) < ∞,

d1∫
0

1,0
ωf (ξ1)
ξ1

dθ1(ξ1) < ∞,

d2∫
0

0,2
ωf (ξ2)
ξ2

dθ2(ξ2) < ∞
}

.

Then the following inequalities are valid:

1,2
ω ˜f (δ) = O(Z(

1,2
ωf ; δ, θ)), 0 < δ1 � d1, 0 < δ2 � d2,

1,0
ω ˜f (δ1) = O(Z(

1,2
ωf ; δ1, d2, θ)) + Z(

1,0
ωf ; δ1, θ1)), 0 < δ1 � d1,

0,2
ω ˜f (δ1) = O(Z(

1,2
ωf ; δ2, d1, θ)) + Z(

0,2
ωf ; δ2, θ2)), 0 < δ2 � d2.

COROLLARY 2. Let ψk(t) = t, γ k be c.j.e.c, θk(δ) ∼ δ (k = 1, 2) and f satisfy
the assumption of corollary 1 with F(t) = 1 . Then

1,2
ω ˜f (δ) = O(Z(

1,2
ωf ; δ, θ)), 0 < δ1 � d1, 0 < δ2 � d2,

1,0
ω ˜f (δ1) = O(Z(

1,2
ωf ; δ1, d2) + Z(

1,0
ωf ; δ1)), 0 < δ1 � d1,

0,2
ω ˜f (δ2) = O(Z(

1,2
ωf ; δ2, d1) + Z(

0,2
ωf ; δ2)), 0 < δ2 � d2.

Let ω ∈ ΦT2 . We introduce the linear space

Kω =
{

f ∈ C� :
1,2
ωf (δ1, δ2) = O

(
ω(δ1, δ2)

)
,

1,0
ωf (δ1) = O

(
ω(δ1, d2)

)
,

0,2
ωf (δ2) = O

(
ω(δ2, d1)

)}

and equip it with the norm

‖ f ‖Kω= max{
1,2
Cf ,

1,0
Cf ,

0,2
Cf , ‖ f ‖C�}

where

1,2
Cf = sup

δ1,δ2>0

1,2
ωf (δ1, δ2)
ω(δ1, δ2)

,
1,0
Cf = sup

δ1>0

1,0
ωf (δ1)
ω(δ1, d1)

,
0,2
Cf = sup

δ2>0

0,2
ωf (δ2)
ω(d1, δ2)

.

With respect to this norm, Kω is a Banach space. It is easy to see that Kω = Kω1

when ω1 ∼ ω2 up to equivalence of norms. In the case ω(δ1, δ2) = δα1 δ
β
2 , 0 < α, β �

1 , we denote this space by Kα,β , this class being treated in [3], [6], [17].



236 A. GAZIEV

THEOREM 3. Let dψ(t) = F(t)dt , where F(t) is limiting value of a function
analytic in D± and continuous up to the boundary) and let

ω ∈ �0Φ =

⎧⎨
⎩ω ∈ ΦT2 :

d∫
0

ω(ξ)
ξ

dθF(ξ) < ∞,

d1∫
0

ω(ξ1, d2)
ξ1

dθF
1 (ξ1) < ∞,

d2∫
0

ω(d1, ξ2)
ξ2

dθF
2 (ξ2) < ∞

⎫⎬
⎭ .

Then f ∈ Kω =⇒ ˜f F ∈ Kz(ω , δ, θF) .

COROLLARY. Let θF
k (δ) ∼ δ (k = 1, 2) . Then under the assumption of Theorem

3 on ω we have f ∈ Kω =⇒ ˜f F ∈ Kz(ω , δ) .

Finally, let

θF
k (δ) ∼ δ (k = 1, 2),ω ∈

{
ω ∈ �0Φ : Z(ω ; δ1, δ2) = O(ω(δ1, δ2))

}
. (24)

Then the following theorem is valid.

THEOREM 4. Let f ∈ Kω . Then, under the assumptions (24), ˜f ∈ Kω as well and
‖ ˜f ‖Kω | � ‖f ‖Kω |.

The proof of the theorem follows from Theorem 2, Corollary to Theorem 3 and
the estimate:

‖ ˜f ‖Kω� C ‖ f ‖Kω

⎛
⎝

l∫
0

ω(ξ)
ξ

dξ +

l1∫
0

ω(ξ1, d2)
ξ1

dξ1 +

l2∫
0

ω(d1, ξ2)
ξ2

dξ2

⎞
⎠ = C1 ‖ ˜f ‖Kω
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