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ZYGMUND TYPE INEQUALITIES FOR DOUBLE
SINGULAR CAUCHY-STIELTJES INTEGRAL

A. GAZIEV

(communicated by V. Burenkov)

Abstract. For the double singular Cauchy-Stiltjes integral over spanning set of a bicylindric
domain, a Zygmund type inequality connecting partial and mixed moduli of continuity of the
singular integral and its density, is obtained. On this basis, some spaces are constructed, invariant
with respect to the double singular integral.

1. Let y* be a closed Jordan rectifiable curve (c.j.r.c.) on the complex plane z
(k = 1,2), which divides the complex plane into two parts, the interior D} and the
exterior D . The curves y' and y? define four bicylindric domains D* = DF x DF
with the boundaries having the common part A = y' x y? known as spanning set. Let

1 f(7)
Dy (2) = 75— dy(7) (1)
(271:1)2 A/ kﬁl(fk - Zk)

be the double Cauchy-Stiltjes type integral, where z = (z1,22),7 = (71, o), dy (1) =
dy (t)dys(t), f(t) € Ca, where Ca is the space of continuous functions on
N\, yi (1) being functions of bounded variation on y*(k = 1,2). Under the inves-
tigation of limiting values of the function @, (z) there appear the following singular
integrals:

a0 = [ 5 ay(),
A kI:II(Tk—Zk)

2, (1) :/%d%(ﬂ% 2)
;yl

@0 = [ L8 gy,
YZ
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where
A (5:0) L Af (1, mit,1) = F(11,2) = £ (01,8) = (71,2) + 1 (1, 12),
A (t:0) L Af (11, 1:01,10) = £ (T1,12) — f (11, 12),
Af (7,51) o A (1, T3 t1,10) =fF (71, T2) — f (11, 12).
We denote

Fut) =87 (1) + g0 (1) + g2 (1) - (3)

In the case when ;(1) = ¢ (i = 1,2), we write f (1) = g"2(¢) + g'°(r) + g%%(¢).
In the case when yi(i = 1,2) is the unit circle, the singular integral g'?(z) is
reduced to

T T
t
h(x,y) = / /f(x +t,y+ T)ctg Ectg %dtd’r .
—-n -7

It is known that the space H?(¢, ¢2) (see [4]) is not invariant for the singular
integral A, see [1]-[3] in the case @;(8) = @2(8) = 0%,0 < a < 1) and [4] for the
general case. At the same time in [5] it was proved that the function spaces

L = {f € ClLpnp: 0 (81,8) = O(8¢ - 80),0 < o, B < 1}

are invariant for the singular integral 4.

In [6] for the function / there was obtained an inequality of Zygmund type. Based
on that inequality, in [7] there was constructed the class S0 oo invariant with respect to
the singular integral /. In the one-dimensional case this class was introduced in [8]. In
[4] for the function & there was proved some analogue of the Plemeli-Privalov theorem.

In [9] there was proved an analogue of Zygmund inequality for the function £ (),
in terms of the characteristic 6(8) introduced in [10].

In the one-dimensional case in [11] there was obtained some estimate of Zygmund
type for the singular integral f y in terms of the characteristic 6,,(8) introduced in the
same paper, and an analogue of Plemeli-Privalov and Magnaradze ([8]) theorems were
obtained.

An analogue of Zygmund inequality in terms of the characteristic 6(8) was
obtained in [12] in the n-dimensional case for the function f .

In this paper we give a Zygmund type inequality connecting partial and mixed
continuity moduli of the functions f and f, w - With the help of these estimates a Banach
space invariant with respect to the singular integral f}, is constructed.

2. Asin [11], we denote

o = [ ldwiln)l. 61(3) = sup O (1. 9),
) neyk
(@)
where '}/g(lk) = {TE '}/k : |T—lk| < 5,6 S (O,dk}}, dy = sup\rk — lk‘,k = 1,2.
Functions ¢;(8) and ¢,(8) non-increasing in the interval [0, | |dy (7)|] are said to be
Y
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equal to each other (@, £ @), if they are equal on some dense set which contains the
point [ |dy(7)| (see [11]).
4

The monotonous increasing function 0¥ (§), defined by

GY(8) = sup {1 0¥ <8}, € (O,/\dt//(r)

is called the generalized inverse to the function 0(8), see [10,14] .

Let QO be a domain in the complex plane C and H(Q) the class of functions
golomorphic in Q and continuous in Q. Let also D be a bounded region in C with
the boundary dD = y which is (c,j.r.c.). For F € H(CD) we usually assume that
lim, .o F(z) = 0.

In the case when dy(z) = F(t)dt, where F(¢) is limiting value of a function
analytic in D* and continuous up to the boundary, we denote

0v L 07 (5) = sup 6" (1, 5), 07 (1,5) = / F()|ldd], 5 € (0,d).,
tey
s (1)

0" ¥ 9(5) = sup / \dt|
IEY

so that

inthe case F(t) = 1.

From the definition it follows that 67(8) is a non-negative and non-decreasing
function on (0,d] and 6F(z,5) < 07(8) < CO(S) with the constant C depending on
F.

We denote

d
o,
Su(n = e cn)s [ Lo <o) )
and
< oy (&
St =1 e o) [ LEaor(e) < . (®)
0
where F € H(D) (or F € H(CD)).

Let F € H(D) (or F € H(CD)). If F(t) # OVt € y, then 67(58) ~ 6(5)
(here f ~ g = HCl,Cg such that Cif (f) < g(r) < Cof (1)Vr € (0,d]) and in this
case So(y) = S4(y), thatis, (A) < (B). In the general case the conditions (A)
and (B) are not equivalent. Since 07(5) < Cr0(8), we have fd ol >dBF(é)

Cr [, d o >d9(§), whence So(y) C S5(y). To study the properties of the integral
(2), we arrive at the necessity to choose the following basic characteristics of functions
feECh:

1) mixed modulus of continuity (8 = (8;,8),81 > 0,8 > 0,& = (§,&) ):

1,2 B
& (8)2 8.8 sup o (f38,8) _ 5 sup L V28)

£12681,626, 5152 &0 5 7
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1,2 d
where o (f,9) = sup |Af (T;1)], and
|[T1—11| <81, —12| <8
2) partial continuity moduli

0 L 1,0
& (5) =8 sup L) B sy = up sup |AF (i)

&26, él ney? |n—n|<d

and

0,2

02 o (f, 02

5 (&)= sup S G 5= swp s (a0
e 92 ey [n—n|<8

By CDgO’ q We denote the set of those non-negative increasing functions @(8§) on

(0,d], for which lims_o @(8) = 0 and “’( L decreases.

Let ®(g4.(0.0) = Pr2 denote the set of functions ®(8;, ) = w(d) defined on
T? = [0,d;] x [0,d,] and belonging to ®' in each argument, i.e.

1) w(9) € (D(l)’dz] in &, for any fixed O,

2) w(3) € @, in & for any fixed ;.

In [15] it was shown that the properties 1) and 2) are characteristic for continuity
moduli in the sense that for every w € @ there exist such a function f € Ca , that

1,0 0,2
W (61,02) ~ @(61,0), wr (81) ~ w(d1,dr), wr (&) ~ w(dy, ),
By V, (see [11]) we denote the set of all functions with bounded variation on vy,

f 2dlu(f)
Y\'}’E Hk 1 Tkitk
Let a function @(8;,5,) be defined on T2, non-negative and satisfying the con-

dition a“ iy,
[ [ e o aer @) <

We introduce the Zygmund type operator

for which the integral is uniformly bounded.

def

Z(0:;8,0Y,0") 2 Z(w; 8y, 5, 9;‘/I>92W2>é% 6")

e 0T (6 (&), 6 (&)
/ / 9"’1 ) 0¥ (&) deids;

o(6)" (&), 6" (&))

/e“’l o / G @) .6%(52)(151(152
Y1(8)) 61111 él) 9%(52))

+52/ /9 6"" &) (9%(52))20’516152

61111 él) elllz(éz))
+8182 /9"" 8) /01,,1 (8) Qll/l 51 (92%(52))261516152 .
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It is not hard to show that Z(w; 8, 6%, 8¥) € ®d;2 and

Z(w, 67 9W7 é‘l/) = Zl (ZZ(w(éb ')7 627 62lh7 é;/2)7 617 61‘1/17 é;Vl)

_/01‘4’1(81) Zz((D( L), 52’9;/279W2)d51+51 /d1 Z(w(6 15 ), 8, 92%’9%)
0 (61)

0¥ (&) aEy

and

Zy(0(6!" (&), ), &, 65, 65°)

0)2(8) Vi A Y2 da llll A Y2
_ (0" (&1),0,°(&)) (0, (&1),0,° (&)
- TR L e

For further goals we need the following technical lemma (see [11]).

LEMMA 1. Let g(t) be a function non-decreasing on (0,d] and y(t) a function
of bounded variation on vy, then Ve' &’ € (0,d], &' < &

E”

/ g(7— i) ldw (1) = /g<r>d9‘”<r,r>.

Yerr (D)\Yer (1) e

gwe )= [ YD gy,

T—1
A\Ag

Let us denote

where € = (g1, &), so that A\A, = y"\ ¥} (1) x y*\y(r2).

. 1,2 S L .
As usual, we say that the integral g,, exists in the principal value sense, if there
exists the finite limit

1-2

lim PP
£ —0,6—0 Sv.erer

THEOREM 1. Let f € Ca,y € Vy (k=1,2). If
/d
0

D 12 ) 12 ) 12 .
then the limits lim gy, (t1,2), lim gy, (t1,02), Um gy, (t1,52) with any
£—0 &—0 &£ —0,6,—0 :

fixed & € (0,d3] in the first limit, and any fixed € € (0,d,] in the second one, exist
uniformly in ti,t;.

di dy 12
Waovin) 2 [ [ agy (o )aot () < o
;o nn2

8»—
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Proof. It can be seen directly that

1.2 12 Af (T3t
8er,e (tlﬁtz)f Emi,m (tlat2) = / / Ldl]/(’[)

T—1
Ty (NP, (1) gy (12 (12)

Af Tt Af u
</ N
Y\, (1) ¥, (0)\VE, (12) Tl N, (1) Y2\75, ()
Y 3 4+9,+9s,

where 0 < g <N <dyand 0< & <M < ds.
We estimate every term separately. Obviously,

1,2
sl [ [ SRRy ).

71 — 12|72 — 1o

Y, (Y, (1) v, (12)\ 7, (1)
The case 1): 1 < & . Applying subsequently Lemma 1 and Theorem from [14],

p. 241, and taking into account that 6% (1, 8) < 6/*(8) and M I (k=1,2),
we obtain

m M 12
wy (&1,8)
i / / U oy a0y (&)
The case 2): € 1 < M2. In this case we have

el Sy

Ve, (O\YE, (1) v, )\ () Vo (Vg () V7, (2)\1a (1)

12
wy (|& —nl,|& — 1)
X
&1 — 1] - 1& — 1

Taking into account the case 1), we obtain

ldyn (S1)[ld w2 (&)

18] < // /7 ]7 // o (&) &) ’51 ’52 0¥ (£)d0% (&) .

The integral & inthecases & K &E <M <N, &< g <M< N, &< ¢
< N < 1y is estimated in a similar way.
Passing to the integral 3, we have

m d 12

53] < / / o ( 5“52 & (1222 yom (g, )a0% (&) |
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if ny < M2,and
m d; m d; ’g’ ’g’
@y (&,
& (&%) ow (6, )a6 (&)

[]]]) e

. The integral 3 is estimated similarly in the case 1, < & < 1My
In the symmetrical way the integral J, is estimated. The above estimates prove the

193] <

ifeg<m<n

theorem.
In the following theorem we use the notation
d 12
)
S (L) = fGCA / f,g,(g doY (&) < oo,
0
éz
[ 5 s)
0
=1,2). Then the

THEOREM 2. Let f € S (A) with w = (y1,w2), wi € Vi (k
Jfollowing inequalities are valid
12 12 v Au
(l.)f~ (5) < CZ((Qf;6;9 ,0 ), 0< 6k <dgn,k=1,2,
12 o 1,0 o
(51)\ < ((Df,(Sl,dz,Qw,Qw + Z((Df;(Sl,Qlw,Qlwl)) 0<51<d1,
(4)

( (s di, 6 GW,éW)+(z(23,3;52,92‘”2,é2‘”2)>, 0<5

02
wr (&) <C
Proof. Let ty,t;, € y*, |t — 1] = & < dy,k = 1,2. For the function fy, ()

estimate mixed and partial increments
f‘ll(th t/2) +f‘ll(ti’ té)

- def =~ -
Afy(t:1) = fy(t, ) —fy(t].0) —
12 1,0 02
=Agy (1) +Agy (67)+Agy, (67), (5)
12 02
=Agy (1) +A gy, (1 )+Agwl (ty:1") (6)

Y fulh ) —fyth 1)

Af:l/(tzi’t
and
A~ / dif & / Fo(d ] —A 1,2 / A 0,2 . A /
flll(tzé’t) = fq/(fl,fz) *fw(tlatz) = A8y (tzé’t ) + +A gy, (tt£7t ) + gllfl (z > )
(7)
1,2
To estimate A gy, (f;¢'), we observe that
12 &(Af T, ty) AT, t
Agy (1) =/72’2du/1(n)—/wi’i)d%(n) (8)
T — I T — tl
yl

yl
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where (o)
Af (T3t AOf (t,1y
etfin) = [ Law) - [ 2l ©
T — b T =1
¥’ &
and similarly for g>(Af; 1,,t).
It is easy to see that Af (1;1) — Af (T3 ttz) = —Af (1 ty, ),k = 1,2, so that

5 A S 1y
82(Af 17y, 1y) = / CACL P RAGLY)

T — b T — t&
2 2 (4
Ve, (2) Ve, (1)

: Af (T, 2y
+(t — 1) / (Aﬂdufz(n) / Mdu&(@)

dyn (1)

Ty — l‘z)(Tz — l‘&) Ty — l‘&
72\7’522 YZ\YEZz
Af (131 Af (T5ty) def
+ / L)a’l,l/(rz) + / —ldys(ny) < > S, (10)
T — b -1 =0
18 (5)\ 13, (12) 13, ()\V3, (1)

where )/E’jc = yglj( (t)UJ yglj( (1), k = 1,2. Basing on the ideas of the proof of Theorem 1
from [11] and Lemma 1, it is easy to obtain the estimates:

& 12 d 12
oy (|T1—t wr (|T1—t
\%i|</—f [ 2nk8) ggre,), =12 \%\@/—f a1 2) oy ey),
& 5
0 &
[ & (1n 1)
w T —h 1,2
RIARS 352/de92%(§2) +M wy (|11 — 1], &),
& 2
where
dyn (T
M = sup / 71"/2( 2/)
T — t2
\1g,
and
d 12 5
(0] T —t
9l < 252/Md9§?(€z), i=5,6.
& 52
Gathering the estimates for the integrals (i = 1,2,...,6) and taking into

account the theorem from [14], p.241, we obtain:

02 (&2)

1.2 _ nV2
|82(Af 3 T,51)] < C[ / o (7 —nl,6,°(%))
0

étle (52 )

d&,
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1,2 o
H —t 911/2
N AL

(&) dé+ 610; (m —nl,&)| - (11)

6;‘;/2 (82)
Since the function

n 12 d 12 o

_ [0 (8,0,(&)) o (8,62 (&))
F(&n)_o/ Far e T

is increasing in 1 forany § € (0,d,] and 6,*(&) < 6,*(&), we obtain

92‘112 (e2) 12

1,2 o (|11 — 1|, 0)°
o (‘Tl —l1|,£2)‘ < / f (‘ 1 1‘ ) (52))01:;/2.

<

/ 6 (&)

From the inequality (11), taking & < &, we have

0)2(&) | 5

_ AW2
g2(Af s Tity)| < C / oy (Iﬁéwztzéjz (52))5152
2

d 12 o
or (|t — 1], 607 . 12 «
+8 / f (‘ 1~q/2 1| 22 (52))01&2 d:sz (wf (|T1 —t1,62,92%,92%) ) (12)
(6,7(&))
W2(52>

Here and below C denote absolute constants, which are different at different in
different inequalities.

The equality (8) differs from (9) by the fact that in (8) the integration is taken
over through y’, not y% and the density Af is replaced by g,. Therefore, to derive

the estimate for the difference (8), we may use the partition of this difference similar to
that in (10). We have

, &2 Af;T St
NAR / deﬁ)_
T —h
¥e, (1)

Vi (T

gZ(Af;Ttptl) ’ gz(Af;Tl‘zatt')
[ einn Y 2
(

dy (1) + (1 — 1 e K
Tt _tll ( ) ( ! T] —ll)(Tl —lll)
¥e, (1) vivg,

A 5Ty Uy 3 Tt /
" / el IZ_)dII/(Tl)* / gZ(Af’TNt_)dlI/l(Tl)

T — N T — lll
¥e, (1D, (11) ¥e, )\, (1))

+ / g2(Af;th7tt£) - 82(Af§th>t/)

/
T -0

dyi(m), (13)

T\,
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with
gz(Af; T, tté) - gZ(Af7 T t/)
Af(Tt{;t) Af(Tt';tt')
= ——d — —1 2 d . 14
/ 51 V2 (12) / P— V2 (12) (14)
y2 ;yZ

We denote the terms in the right-hand side of (13) as i,k = 1,2,...,6.
Taking into account the estimate for the difference (9), we can obtain the following
estimate for (14):

6%2(&2) 1 2

oot~ srin < c| [ BTG g

0

d 12 o o 2
o — 1], 02 ov: ” 12 o
R B d—sz(wf |n—n,ez,62‘”2,62‘”2).

0v2 (&)

(15)

Keeping the bounds (12) and (15) in mind, we may estimate the integrals i, . .. , i

in the same way as it was done for the integrals 1, ..., S and then for € < §; we

get
elwl (61) 1.2 o o

/ Z (o (61(&), ), 8, 6,,6,7)

/ 6 (&)

12
| A gy(tr) < C dé,

12 Y2 Av2
+61 / Zz((l)f (91(51)7')762762 ’92 )dlg’l

(61" (&1))?

9‘4/1 (81)

def

= ZI(ZZ( (517.)76279;/2’éZ‘I/Z)’51791lV17élllfl)def

2(67:5.0%,0%).  (16)
_ 10 02 L 1,0
Now we have to estimate A gy, (£;¢') and A g, (r;¢'). Estimating A gy, (;¢)
02 o Lo .
and A g, (#;¢') similarly to actions in (9), we obtain

0Y2(3:) 01 (31) 1,

Gy (6Y (&), 6% (&)

Agy (1) < C , ] d&d
A gy, (:7)] /) @) - 8 (&) &id&
02(8)
15 / i (BY(8).0°E)) e 1o
) TErE) o)
0V (51)
) 9275“&(&5? (00 (8,500 00) -
- 6" (&) :



ZYGMUND TYPE INEQUALITIES FOR DOUBLE SINGULAR CAUCHY-STIELTJES INTEGRAL 233

In the same way we get:

V’l (51

llll V2 QY2
pan i< [ 2 o (0 522(;1) 08 g )

0
Gathering the estimates (16), (17), (18) we finally obtain:
03f (81, 8) = O(Zi (Lo (&1,°), 8,01, 61), 81,07, 51"
= 0(Z(c;8,0%,6)). (19)

Let us estimate Afy (31 )fy (11,85) =y (1],15). We have

Af:,,(ttg;t/) ::/dlllz(fz) /Af(’r;tté)dl[ﬂ(’l']) 7/Af(’[;[’)du/1(rl)

Tz—lé T — 14 Tl—l‘i
i v! v!
Af (,31) Af (T451)
2y B A S
+/ - va(12) / P va(12)
i i
Af (T3 1) Af (Ts51)
TRy — | 22 7y
+/ P— vi(T) / - vi(T1)
y! y!

12 02 10
=A 8y (tré; t/) +Agy, (tré; t/) +Agy, (ttg; t/)'
12
Now we have to estimate |A gy (;;1')]. We have

T v o)

12 o ,

A gy (g3 < e Lo ol 500 4 ag,
/] TEE) &)

Iy L 12 . ]
o (0 (&), 62" (&)
+810Wl(£> J (é‘l’l(él))z ] (é2 (& ))d’gldé

02 1,0
To have bounds for A gy, (1;;¢') and A gy, (1;:1'), we use Lemma 1 and apply the
theorem from [14]. Taking into account the inequality

T 6r )8
12 o
wr (ler — 1, &) < %déh
T
we arrive at the estimate
02 |Af (T 3t) — Af (T3 1) Af (13,7
g i < [P ) = [ gy )
|TZ t2| |T2 tz‘

y? y?
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L 12 o 2 . o
o (|n — 41,6, (&) o (0" (&), 60,°(&))
</ ézlyz(éz) déZ < / I~

Applying the estimate for the difference (9), we get

91‘” (61) ll

1. llfl | 1-0 AV1 |
1 1 1 1
6/ (e1)

Taking the estimates (19)-(21) into account, with & = |t; — | < &(i = 1,2), we
finally obtain:

5

oV (51)
+0'wf‘)é5? O @) e o5, / o (07 s | o)
, e WRCHE

In a similar way one may estimate Af, “’(t'f ) = fy(t, 1) — fy(t),1,) . We have

h12 sy
7 (&), 0% (E)
fo)
v /e“’%&l) G &,) e

6y2(5,) 0
e (0%(&)) " ()
¥ 2 2
+O/ 5P (&) d5++62/ e‘”z @ =)

The last inequalities (18), (22) and (23) prove the theorem.
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(¢t)dt, where F(t) is boundary value of a function

COROLLARY 1. Let dy(t)
analytic in D* and continuous up to the boundary. Suppose that

d
feS(D) = {f €Ca: / wfé(é)de(i) < 00,
0
(&) [ o5 (&)
a) 0)
225V a6,(&) < / 2E2a6,(&) < oo},
& &
Then the following inequalities are valid
or (8) = 0(2(6535,0)),0 < 8 < di,0 < & < b,
1,0 12 1,0
f (51) = O(Z((Qf;61,d2, 6)) + Z((Uf; 61, 61)),0 < & dy,
02 12 02
wy (81) = O(Z(wy; 6,d1,0)) + Z(wy; 62, 62)),0 < 6,
COROLLARY 2. Let yi(t) = t,y* be cj.e.c, O(8) ~ 8 (k=1,2) and f satisfy
the assumption of corollary 1 with F(t) = 1. Then
12 12
w7 (6) 0( ((Uf;6,9)),0<61 \d170<52 dy,
1,0 12 1,0
Wf (51) = 0( (cof;él,dz) +Z(cof;61)),0 <6 < dy,
02 12 0,2
w7 (8) = O(Z(wy; 8, d1) + Z(y; 8)),0 < &

Let w € ®;.. We introduce the linear space

Ko = {f €Ch 1y (81,8) = o(w(esl,esz))
iy (6= 0(w(ar) ).y 3) =0 w(d.ar)) |

and equip it with the norm
12 10 02
1 k= max{Cr, G Cr. 11 f lles}

where
1,0 0,2
12 G (B8 B0 0 (8) B (3
(517011) 80 @(d1, 62)

Cr= sup ———+-
81,8,>0 60(51752) 8>0 0

With respect to this norm, K, is a Banach space. It is easy to see that K, = K,
when @; ~ @, up to equivalence of norms. In the case w(d;,5,) = 810‘62[3, 0<a,p<

1, we denote this space by K g, this class being treated in [3], [6], [17]
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THEOREM 3. Let dy(t) = F(t)dt, where F(t) is limiting value of a function
analytic in D* and continuous up to the boundary) and let

d dy
weESP={wedp : /%g)del”(g) < ,/@d@f(él) < 0,
0 0 !
dy d
/(D( 1a52)d9§(52) < 00
&
0
Then f € K, = fr € K.(0,§,0F).
COROLLARY. Let 0f (8§) ~ 8 (k= 1,2). Then under the assumption of Theorem

3 on o we have f EKw:>fF€K( ,0).

Finally, let
6{(5) ~d(k=1,2),w€ {w € So® : Z(w; 61, 0) = 0((1)(81,52))}. (24)

Then the following theorem is valid.

THEOREM 4. Let f € K,,. Then, under the assumptions (24), f € K, as well and

‘V||Kw‘ < Hf”Kw‘

The proof of the theorem follows from Theorem 2, Corollary to Theorem 3 and
the estimate:

1 I b
1 k< CIIE o /%@dm/ (2"’% +f (dé’é)déz — 1 I
0

0 0
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