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FURTHER CHARACTERIZATIONS OF
CHAOTIC ORDER VIA SPECHT’S RATIO

TAKEAKI YAMAZAKI

(communicated by T. Furuta)

Abstract. As a characterization of chaotic order, we showed “If MI > B > ml > 0, then
logA > log B is equivalent to
My (p)AP > BP

_r
hhP—1
_Pr
eloghh’—1
In this paper, we shall show the following characterization of chaotic order as a parallel
result to the result mentioned above:
“If MI > B > ml > 0, then logA > log B is equivalent to

forall p >0, where h = % > 1 and My (p) = 7 in [11].

AP + L(mP, MP)log My, (p)I > BP

forall p >0, where L(m,M) = log%%lrggm .” And we shall discuss the relations among this
result and some related results.

1. Introduction

We shall consider bounded linear operators on a complex Hilbert space H. An
operator T is said to be positive (denoted by 7 > 0) if (Tx,x) > 0 forall x € H. Also,
an operator 7 is strictly positive (denoted by T > 0) if T is positive and invertible.

For positive operators A and B, A > B > 0 ensures A”? > B for all p € [0, 1]
by well-known Lowner-Heinz theorem. However, it is also well known that A > B > 0
does not always ensure A? > B” for any p > 1. Related to this result, the following
result was shown in [7].

THEOREM A. ([7]) Let A > B > 0 satisfying MI > B > mI > 0 with M > m > 0.
Then K (m,M,p)AP > BP holds for all p > 1, where

-1y —wy

K M,p) = .
+(m7 ap) pp (M o m)(mMP _Mmp)p_l

(1.1)
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For positive invertible operators A and B, an order defined by logA > logB is
called “chaotic order.” Ando showed that log A > log B is equivalent to (B 5APBE )% >
B? holds for all p > 0 in [1]. The following Theorem B is an extension of this result.

THEOREM B. ([5, 6, 9]) Let A and B be positive invertible operators. Then the
following assertions are mutually equivalent:

(i) logA > logB,

(i) (BTAPB%): > B forall p >0,

(iii) (BgA”Bg)# > B forall p >0 and r > 0.

In [11], we showed parallel results to Theorem A on chaotic order by using Theorem
A and Theorem B as follows:

THEOREM C. ([11]) Let A and B be positive and invertible operators on a Hilbert
space H satisfying MI > B > ml > 0 with M > m > 0. Then the following
assertions are mutually equivalent:

(i) logA > logB,

P+ MP)?

i) M)

P> P
yP—YE AP > BP holds forall p > 0.

THEOREM D. ([11]) Let A and B be positive and invertible operators on a Hilbert
space H satisfying MI > B > ml > 0 with M > m > 0. Then the following
assertions are mutually equivalent:

(i) logA > logB,

(ii) My(p)A? = BP holds forall p > 0, where h =" >1 and

My(p) = i (1.2)

e
eloght—1

We remark that Theorem D is a more precise estimation than Theorem C by
considering the following theorem in [11].

THEOREM E. ([11]) Let K (m,M,p) be defined in (1.1). Then

Fp,r,m, M) = K, (m’,M’,p s r)
-

is an increasing function of p, r and M, and also a decreasing function of m for
p>0,r>0and M >m >0, and limOKJr (m’,M’,p—jr) = My(p) holds, where
r— -+

h="Y > 1 and My(p) is defined in (1.2). And the following inequalities hold:

m

M p
W= <%> > K, (mr,M’,pjr> > My(p) > 1 (1.3)

forany p >0, r>0and M >m > 0.
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In fact, Put » = p > 0 in (1.3) of Theorem E. Then K+(mp MP)2) = % >

My (p) holdsforp > 0and M > m > 0. My(l) = (hl)ih is called ‘Specht s ratio.”

elogh
Related to Specht’s ratio, Specht [8] showed the followmg Let M > xi,xp,+ , Xy =
m>0,h=2>1 A=- leandG Hx, Then M,(1)G > A > G holds.

i=1 i=1
Specht’s ratio has been studied in [3, 4]. A simplified proof of Theorem D was shown

in [2].
And in our previous paper [10], we showed the following Theorem F as a parallel
result to Theorem A.

THEOREM F. ([10]) Let A > B > 0 satisfying MI > B > ml > 0 with M > m >

0. Then M M
AP+U{K+(m7M7p)P+I—1}[>BP
M —m

holds for all p > 1, where K, (m,M,p) is defined in (1.1).

In this paper, as parallel results to Theorem C and Theorem D, we shall show
other characterizations of chaotic order by using Theorem B and Theorem F which is a
parallel result to Theorem A.

2. Other characterizations of chaotic order

THEOREM 1.  Let A and B be positive and invertible operators on a Hilbert space
H satisfying MI > B > ml > 0 with M > m > 0. Then the following assertions are
mutually equivalent:

(i) logA > logB,
(MP —

2
- ) I > B holds forall p > 0.

(i) AP +

THEOREM 2. Let A and B be positive and invertible operators on a Hilbert space
H satisfying MI > B > ml > 0 with M > m > 0. Then the following assertions are
mutually equivalent:

(i) logA > logB,
(ii) AP 4+ L(m?,MP)log M, (p)I = B forall p >0,
where h =" > 1, M, (p) is defined in (1.2) and
M—-m

LimM)= —.
(m, M) logM — logm

(2.1)

We remark that L(m, M) is called “logarithmic mean.” Related to L(m, M), it is
well known that 4 > L(m, M) > v/mM hold for m > 0 and M > 0.

Proof of Theorem 1. (i) = (ii). logA > log B ensures (BIAPBT)* > B’ forall

> 0 by Theorem B, and MPI > B? > m”I > 0 hold for all p > 0 by the hypothesis
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MI>B>ml>0.Put A, = (BTAPB%):, By = B”, M; = MP and m; = m", then
A1 2 By and M,I > By > mil > 0 hold. Applying Theorem F, we have
mlM’f‘ — Mlm’f‘

APl
v My —my

{K+(m1,M1,p1)zﬁ - 1}1>B‘T (2.2)
holds for p; > 1. Put p; =2 > 1 in (2.2), we have

» p mPM®P — MPm®
BZAPB> JFW{K+ (m? ,MP,2) —1}1 > B>. (2.3)

And (2.3) is equivalent to (2.4) as follows:

mPM?P — MPm2P

AP+W{K+ (mp,Mp,2)—l}B_p2Bp. (24)
By using #I >B7?> ﬁl > 0, then we have
(M — )

P
AP + y— I

a mPM*» — MPm* [ (mP + MP)? 1 !

o MP — mp 4P MP mP

mPM*P — MPm? 1

@07 T P MP O) — 1) —

=AP + Y {Ky (mP,M?,2) l}mpl

PM2P — MPmP
>ar 4 22— o K (0 MP,2) ~ 1} BT > B
—m

hold since the last inequality holds by (2.4).

(if) = (i). (ii) ensures the following

AP —1 B —1 —(M”—m”)z MP — P\ p
- > I=—(— | —L
p p 4pmp p 4mp

Let p — +0. Then we have logA — log B > 0 because

. O MP —mP . MP—1 mP—1
lim — = lim —
p p

M
) =logM — logm = log —,
p—+0  p p—+0 m

-1
— logX as p — 40 for any

p Xr
——] — O as p — +0 and we recall that
4mpP

operator X > 0.
O

To prove Theorem 2, we use the following results.
THEOREM G. ([11]) Let My(p) be defined in (1.2). Then for h > 1,

lim {M;(p)}? = L.

p—+0
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LEMMA 3. Let Ki(m,M,p) be definedin(1.1), and f (r) be a positive continuous
Sfunction on r > 0 satisfying limof(r) =0. Thenfor p >0 and M >m >0,
r—+

fr)
. 1 p+r
lim — (K M -1, =logM
i (r){ +<m, o ) } ogMi(p),

where h =" > 1 and My(p) is defined in (1.2).

Proof. By considering (1.3) of Theorem E and “VT’I > loga holds for r > 0 and
a > 0, we obtain

]% {Mh(l’)‘f(’) - 1} > ]% {K+ (mr’Mr’pjr)M B 1}

—1
> logK, (mr,M’,p+r> .
r

And 1
Jim o {Mu(p) 7 = 1} =~ tog Mi(p)

— loga as r — +0 for @ > 0, and
—1
1in+1010gK+ (m’,M’,p+r> = —logM;(p)
r— r

holds by Theorem E. Then we have

1 p oo\ N
rl_l)l’ilo‘f(—r) {K+ <m ,M s ; ) —1 = 710th([)) (25)

On the other hand,

. ri
holds since <=1

Hence
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holds by (2.5) and (2.6).
]

Proof of Theorem 2. (i) = (ii). logA > log B ensures (BgA”Bg)# > B’ for
all p > 0 and r > 0 by Theorem B, and M"I > B" > m’I > 0 hold for all » > 0 by
the hypothesis MI > B > ml > 0. Put A| = (BEAPB%)F7 , By = B", M; = M’ and
my = m", then Ay > B; and M I > By > m;I > 0 hold. Applying Theorem F, we
have
mlM’f‘ — Mlm’f‘

I
e {K+(m1,M17p1)”1*‘—1}123’1" (2.7)

holds for p; > 1. Put p; = Z£ > 1 in (2.7), we have

. , rMp+r - M p+r 1‘;
Biargi . ™ i {K+ <mM ’ﬂ) - 1}1 > Bt (2.8)

M’ —m" r

And (2.8) is equivalent to (2.9) as follows:

rMp+r - M p+r 5
AP + m mn {K+ (erJwr7 p_—H)

M" —m" r

=
|
H—/
=
\%
%
~
N

By using -1 > B~ > ;-1 > 0, then we have
rMp+r 7Mr ptr ﬁ 1
a G rm {K+ (m’,Mr,IHV) 1}—1
—m r

rMerrer p+r ,L,
Mr —m"

hold since the last inequality holds by (2.9). Moreover

rMp+r - M p+r ,K, 1
lim 2 m {K+ (mr,M’,err) - 1} —

r—+0 M —m" r m’
M (MP — m? p
— lim M=) Py (mr,Mr,p+r) —1
rot0 (= =2 —=)p r r
MP — mb
=———logM 2.10
p(logM — logm) 0g My (p) (2.10)

= L(m",M")logMy(p) by (2.1)

r

holds since “rr’l — loga as r — 40 for a > 0, and by Lemma 3 in case f (r) = ;
Then we obtain (if).
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(ii) = (i). (i) ensures the following:

A1 B L, M)
p p

log M, (p)!
_(Mp — mp) 1
log MP — log mP og{Mi(p)}*

p_ P
7(M 1 m 1)

= — L P " log{My(p)}7I.
T o o2 lM(p)}

Let p — 40, then we have logA — log B > 0 by Theorem G and % — logX as

p — +0 for any operator X > 0.
O

3. Concluding remark

First of all, we show the following result.

PROPOSITION 4.  Let My(p) and L(m,M) be defined in (1.2) and (2.1), respec-
tively. Then

(MP — mP)? - MP — P ZMP
Amp ZAMP +m

> %M” > L(mP, MP) log My,(p)
holdforp>0andM>m>0,whereh:% > 1.
Proof of Proposition 4.
(i) Proof of (Mp4;pmp>z > (%Z;%)ZM”.

(MP — mP)? MP — b ZMP
4mp MP + mP

1 1
MP(MP — mP)? _
( m’) <4mI’MP (Mp +mp)2)

(M — )

— MP(MP — mP)? >
( m’) AmP MP (MP + mP)?

.. P _ P 2 M, (p)—1 _ .
(ii) Proof of (%,,ﬁ) M > MRy Let f(1) = 5L = 1— 4. Then £ (1) is

increasing for ¢ > 1. Hence we obtain

Ky (mP,MP,2) — 1
I(v4>(}’i’lp,Mp7 2)

=f (K (m’,M”,2)) = f (My(p)) =
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holds by (1.3) of Theorem E in case r = p. By considering (3.1) and

2
(Mp mp)2 7 7(":‘:;%? -1 K (m’,MP,2)—1

(mP+MP: ’
MP + mp i K (mr,MP,2)
we have 5

MP — m? MP > MM”.

MP + mp M (p)

(iti) Proof of “E=LMP > L(mP, MP)logMy(p). Let g(t) = #ol. Then g(1) is
decreasing for ¢ > 0 since
_ tlogt — (t—1)(logt+1) logt—(t—1)

/
) = =
g (tlogr)? (tlogr)?
holds for ¢ > 0. Hence we have
Mi(p) — 1 w1
— Y — (M, > g(W) = 32
T = M (p) > 8() = i (32)
holds by (1.3) of Theorem E. By considering (3.2), h =% > 1 and
-1 MP — P L, W)
hPlogh?  Mp(logMr —logmr) — Mp '
we obtain
My(p) — 1

M? > L(mP, M")log My (p).
M () ( ) log M;,(p)

Whence the proof of Proposition 4 is complete.
(]

By using Theorem C and Theorem D, we can easily obtain the following other
characterizations of chaotic order which are the same type as Theorem 1 and Theorem
2 type.

PROPOSITION 5. Let A and B be positive and invertible operators on a Hilbert
space H satisfying MI > B > ml > 0 with M > m > 0. Then the following
assertions are mutually equivalent:

(i) logA > logB,

MP — mP
AP
(i) + <M7P g

2
) MPI = B? holds forall p > 0.

PROPOSITION 6. Let A and B be positive and invertible operators on a Hilbert
space H satisfying MI > B > ml > 0 with M > m > 0. Then the following
assertions are mutually equivalent:

(i) logA > logB,

M -1
(ii) AP + %M”I > B holds forall p > 0,
My(p)
where h =2 > 1 and My (p) is defined in (1.2).
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We remark that Theorem 2 is a more precise estimation than Proposition 5 and
Proposition 6 by considering Proposition 4.
Proof of Proposition 5. (i) = (ii). By using Theorem C and MPI > B’ >
mPI > 0, we obtain
4mP MP

p P
A > O

2
_p MP — mP »
MP + mP

2
MP — wmP
B — (J) MPI by MPI > BP >mll >0

>
MP + mp
forall p > 0.
(ii) = (i). By using Proposition 4, (ii) ensures (ii) of Theorem 1 as follows:
P _ mP)? PP\
w oy M= e (M e s
Admp MP + mp

Hence we obtain logA > log B by Theorem 1.

Proof of Proposition 6. (i) = (ii). By using Theorem D, we obtain

1
M (p)
- B — Mh([)) - 1Bp
My (p)
M, —
_Mp) -1,
My (p)
forall p > 0, and the last inequality holds by MPI > B? > m’I and M;(p) > 1 which

is asserted in (1.3) of Theorem E.
(ii) = (i). By using Proposition 4, (ii) ensures (ii) of Theorem 1 as follows:

P _ P2 _
(M7 — Py M(p) — )
4mp Mh(p)

AP > B

> B

AP L MPL> B

Hence we obtain logA > log B by Theorem 1.
]

We remark that as parallel results to Theorem C and Theorem D, we showed
Theorem 1 and Theorem 2 respectively in the previous section. But the proof of
Theorem 2 is not easy and requires some lemmas. We remark that Proposition 5 and
Proposition 6 are easily obtained by only using Theorem C and Theorem D respectively.
However it is interesting to point out the following two facts. Firstly, Theorem 2 is a
more precise estimation than Proposition 5 and Proposition 6. Secondly, as a parallel
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result to Theorem 2, we showed Theorem 1 in the previous section. But Theorem 1 is
not a more precise estimation than Proposition 5 and Proposition 6.
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