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GENERALIZATION THEOREM ON CONVERGENCE
AND INTEGRABILITY FOR SINE SERIES

ZIVORAD TOMOVSKI

(communicated by L. Leindler)

Abstract. In this paper a generalization of the Zahid’s theorem for convergence and integrability
for sine series (see [9]) is made by considering the class Sp(8), p > 1 instead of S(5).

1. Introduction

1. A sequence {Aj} is said to be &-—quasi-monotone if Ay — 0, Ax > 0
ultimately and AA; > —&, where {8} is a sequence of positive numbers.

Now, we say that a sequence {a;} belongs to the class S(8), if ax — 0 as
k — oo and there exists a sequence {Ai} such that {A;} is & —quasi-monotone,

D k<00, Y Ar<oo,and |Aaq| <Ay, forall k.
k=1 k=1

In [8] we defined a new class S,(8), p > 1 as follows:

A sequence {ar} of numbers belongs to the class S,(56) or ar € S,(0), if
ar — 0 as k — oo and there exists a sequence {A;} such that:

(a) {A¢} is O—quasi-monotone and Zk& < 00.
k=1

(b) Y Ac < o0.
k=1

© 2> el —on).

P
n A
k=1 k

2. Preliminaries

2. Let -
flx)= % +Zla,,cosnx

Mathematics subject classification (1991): 26D15, 42A20.

Key words and phrases: & -quasi-monotone sequence, trigonometric series, Fourier series, Dirichlet
kernel, Abel’s transformation, Holder inequality, Hausdorff-Young inequality.

© gepay, Zagreb 369

Paper MIA-03-37



370 ZIVORAD TOMOVSKI

and

oo
g(x) = Z ay sinnx

n=1
be trigonometric series.
In [8] for the cosine series we proved the following theorem.

THEOREM A. Let the coefficients of the series f(x) belongs to the class Sy(3),
1 < p < 2. Then the series is a Fourier series and the following relation holds:

ﬂ oo
/ f (@)ldx < C,> Ay,
0 n=0

where C, is a positive constant depends on p and on the condition (c) of S,(9).
On the other hand, S. Zahid [9] proved the following theorem.

THEOREM B. ([9]) Let the coefficients of the series g(x) belongs to the class
S(8). Then the series converges to a function and the following relation holds for
p=1,2,3,...

7'E

oo
E a, sinnx

n=1

p e}
dx=Y" @Jro(ZAn) :
n=1 n=1

n/(p+1)
3. For the sine series, we shall prove the following main results.

COROLLARY. Let the coefficients of the series f(x) belongs to the class S,(0),

I 1 h

1 <p<2. Then —ZAak sin (k+ —) X = hlx) converges for x € (0, n|, and
X 2 X

h

% e LYo, 7.

THEOREM. Let the coefficients of the series g(x) belongs to the class Sy(3),
1 < p < 2. Then the series converges to a function and the following inequality holds
for m=1,23, ...,

oo
E a, sinnx

n=1

T

dx < Z |(ZI‘ +KpM (i A, + in5n> )
n=1 n=1

n=1

m/(m+1)

where

1 z |Aak|”
> Z E
M > max (n A7
k=1
and K, is a constant depending on p.

4. For the proof of our results we require the following lemmas.
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LEMMA 1. ([1], [9] case v=1). If {an} is a & -quasi-monotone sequence with

Znﬁ < o0, then the convergence of Zan implies that na, = o(1), n — .

n=1 n=1

oo

LEMMA 2. ([1], [9]) Let {a.} be a d —quasi—-monotone sequence with Z nd, <

n=1

If Zan<oo then Z n+1)|Aa,| < co.

5. Proof of the corollary. Since

ZSingf( X) = ayp sm—+2ak (2s1n— coskx)
k=1

_aosm—JrZak[sm( ;>xsin(k%)x}

=1

3 5
:(aofal)sin%Jr(alfaz)sin?x+(a27a3)sin?x+~-~

Aaisin(2k + 1) = = h(x)

NIR

M

k

i
=}

by theorem A, proof is obvious.

Proof of the theorem. By summation by parts, we have:

n n Aak |

|
Z ‘Aak‘ = ;AkA—k

k=1
<5 ad o el 3 10l

X k A n A

k=1 =1 =1

(*) 1/p 1/p

=

n k
1 |Aa; |” 1 |Aa;lP
< k|AA] z Z 5 R A’.J’
k=1 j=1 Y j=1 J

n—1

> k|AAL + nA,
k=1

Then by lemma 1 and lemma 2, Z |Aay| < 0.

n=1

Thus Zan sinnx convergesto g(x) forevery x.

n=1
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Let ag = 0, and we define

A() = max <a172k5k> .

k=1
Then
T o0
[ |3 asinka / Z A Dilx
m/(m+1) k=1 n/(m+1) T
m m ﬂ/'] o0
<> ol [ 3 saio) ax] .
= gyivry A0 =iy 1K
where
1
. cos|k+ = |x
_ ctg 3 . . . . 2
Di(x) = — +sinx +sin2x +sin3x + - - - + sinkx = ————5"—.
2sin =
2
Let
m Tl n/j
n=y f S aaBi|ds,  b=Y ZAaka dx.
=y 15 =y 40

Forall x€[0, 7] k=0,1,2,...

Di(x) = —=+0(k+1)
We have:
m /i j—1 d m /i j—1
X
I < Aay| — + O Aar|(k+1)]| dx
2 Z / Z Qg T + Z [ |Aa|(k +
j:ln/(j+1) k=0 Jj= ln/(]+1 k=0
m 1 m j—1 k+ DIA
Jj=1 J j=1 k=0 J(‘]+ )
m m j—1
s ol (et ) oy
Jj=1 J Jj=1 k=0 J(‘]+ )
But
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o0 o0 1
< Z(kJr 1) |Aak| Z TR
k=0 j:k+lj(]+ D)
(k4 1) A
- k
r k+1
= 1Aa]
k=0
= |Aao| + ) |Aa|
k=1

o0
= lai] + ) Ay
k=1

< lAad + " 1Aa] =2 A,
k=1 k=1 k=1

Using the same technique as in the proof of (), and applying the Lemma 1, we obtain:

oo

> lAal =0 (ikmq) .

k=1

Since |AA;| < AAg + 20, , by Lemma 1, we obtain

> A =0 (ZAk> +0 (Zk6k> .
k=1 k=1 k=1
Thus
5o () o5
Z Ayl +0 k6k>.
j=1 k=0 J(]+ k=1 k=1
Therefore,

L=y Yo (ZA ) e (Zk6k> .
Jj=1
Application of Abel’s transformation and Lemma 1, yield:

oo k ) Jj— )
Z Aak Dk Z AkAA—ik Bk(x) = g AAk Z Aal Bi(x) *Aj : Aal Bi(x) .

T n/j 1
“ > Aa,- — X Aa,- —
E g |AAL| / g n Di(x)| dx + A; / g y Dj(x)| dx
U m/Grn) m/Grn)
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374
Let
Fo A [l A
a; — a; .
Ji = / Z(; A Di(x)| dx = / sinf 2 A s(l+§>x dx.
m/G+1) T n/(j+1) 2"
We shall first apply the Holder inequality, where © + 1 =1,
. » U o . q 1/q
1 Aag;
Jir < / X dx / Z a cos <z+—)x dx
sin — o li=o Ai

7/(+1) 2

Then by Hausdorff-Young inequality, where k > j, we obtain

1 k ‘A ‘p 1/p
Z al} = Op(k+1)

where O, depends on p and also on the condition (c) of S,(5)
But,
L7 cos i+ L x
Aa; 2
I = — 27y
— A s1n§

7/(j+1)
ﬂ/J d |Aa;|
smE (Z Aj >
n/o 2 =0
—1

—0

1/p
j—1
A,”

i=0

\_/
>§

where O depends on the condition (c) of S,(3).
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Then by Lemma 1, we obtain

ST IMUT 0 [ YA
j=1 k=j j=1

) i(AAk)(k +1)+0,
k=1 k:l j=1

> Ac| +0, Zk6k>+ ZA
k=1 k=1

> A +0, Zk5k>

k=1 k=1

where O, depends on p and also on the condition (c) of S,(8).
Thus

T oo m oo oo
/ Zak sin kx dx:Z %'—kOP ZA” +0, Znﬁn ,
Jj=1 n=1 n=1

/1) K0
where O, depends on p and on the condition (c¢) of S,(6).
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