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ON THE CAUCHY-BUNIAKOWSKY-SCHWARTZ’S INEQUALITY
FOR SEQUENCES IN INNER PRODUCT SPACES

S. S. DRAGOMIR

(communicated by N. Elezovic)

Abstract. In this paper we consider some mappings naturally connected to Cauchy-Buniakowsky-
Schwartz’s inequality for sequences of vectors in inner product spaces and point out their main
properties. Some applications are also given.

1. Introduction

In the following pages, we will assume that (H; (-,-)) is an inner product on the
real or complex number field K. The following inequality is a variant of the well-known
Cauchy-Buniakowsky-Schwartz inequality:

2
> piled pilnll? = | pioi; (1.1)
i€l i€l i€l
where p; > 0, o; € K, x; € H forall i € I, where I is a finite part of the natural
number set N. If p; > 0 forall i € I, then the inequality holds in (1.1) iff there exists
a vector xo € H such that x; = Q;xy forall i € 1.
Indeed, a simple calculation shows that:

1 - )
0< 3 > pipjlleax; — agx|

(ij)er
1 2 2 — - 2 2
= 3 > poy [losF Iyl = 2Re (G, @) + o ]
(ij)er
2 2 _ _
= Z pipj lou|” [xl|” — Z pip; Re (Q4x;, Qix;)
(ij)er (ij)er
2
= > pilea > pilnll® = |> piowxi
icl icl icl

and thus the inequality holds in (1.1) iff &x; = ojx; for all i,j € I. That is, there
exists a vector xo € H such that x; = ¢&; - xo forall i € I.

Mathematics subject classification (1991): 26D20, 46C05.

Keywordsandphrases: Inequalities, Schwartzinequality ininner product spaces, Cauchy-Buchiakowsky-
Schwartz’s inequality.

© ey, Zagreb 385

Paper MIA-03-39



386 S. S. DRAGOMIR

In the following, we shall use the following notations:

Py (N) := {I C N|Iis finite } ;

3 (R) ={p (Pi);en Ipi € Rforalli € N} ;
34+ (R) := {p = (pi)jey Ipi = Oforalli e N} ;
J(K) = {ot = (t);epy |0 € Kforalli e N}

and given by:
J(H) == {x= (xi);en |xi € Hforallie N} .

By the use of these notations, we can define the following mapping associated with the
Cauchy-Buniakowsky-Schwartz inequality (1.1) :

WPy (N) x 34 (R) x 3 (K) x H(X) — R,

given by:

u(l,p,o,x) ZP;\%\ ZPszzH -

icl i€l

Zp,oc,xl

icl

The main aim of this paper is to point out the fundamental properties of this mapping.
Some natural applications are also made.

2. The superadditivity of the mapping u (7, -, o, x)
We will start with the following result:
THEOREM 1. Let I € P, (N), o € J(K) and x € J(H) . Then
(i) Forall p,q € J, (R) we have the inequality:
u(l,p+gq,a,x) = pu(l,p,ox)+u(lq,ox) >0. (2.1)

That is, the mapping u (I, -, o, x) is superadditive on 3, (R);
(ii) Forall p,q € 3. (R) with p > q, we have the inequality:

u(l,p,o,x) =>u(l,q,o,x)>0. (2.2)

That is, the mapping u (I, -, o, x) is monotonic nondecreasing on J, (R).
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Proof. (i) We will start with the following identity of Lagrange’s type:

1

2

1 . -2
ullirox) = |5 rinlldw —
(ij)er

Then for all p,q € 3, (R) we have:
W (Lp+q,0,x)

1 - _ 2
=5 Z (pi +ai) (pj + q5) [ 0tx; — 0|
(i) er

1 _ N | _ -2
=3 > pipjll G — axil|* + 3 > g l|aix; — x|
(iy)er (ij)EPR
1 _ N | _ 2
+3 > pigj |G — agil|* + 3 > ajllaix; — axl|
(ij)er (ig)er?

- - 2
= ‘uz (Lpa Oc,x) +“’2 (I?q7 OC,X) + Z Piq; ||ai‘xj - ajxl'H
(ij)er

as a simple calculation shows that:
_ _ 2 . =2
> pigilla — il = Y piaillaiy — al
(iy)er (i) P
We will prove the following inequality:
= =2
> pailloax; — @xill* > 2u (I,p, o, x) u (1, g, o, x) (2.3)
(ij)er

which is equivalent to:

2

_ o
> pigyllow — o
(i)er

_ _ 2 — — 2
> > pjlla — axl® x> qig; || — axil (24)
(ij)er (ij)er
As we have:

— — 2
> pigj || — a|
(ij)er

= pilai®> il + > pilll* > ailodl®

iel iel iel iel

—2Re (Z PiOiXi, Z %%‘M‘)

icl iel
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and

szazxt

icl

Z pipj || dix; — a]x,|| =2 ZP;|OQ| Zl’t ”le -

(ij)er? i€l i€l

and

Z qi0iX;

il

Z qiq; || cix; — a]x,|| =2 Z%|at| Z‘It ”le -

(ij)er* i€l i€l

the inequality (2.4) becomes:

[Zl’i Joa >~ i ill® + D pilll* Y ailesl?

i€l i€l i€l i€l
2
— 2Re (Z Pilix;, Z %%‘M‘) 1
iel i€l
2
ZP;‘ |05i|2 Zpi Hxin - Zpiaixi
iel iel i€l
2
2 2
> ailon il = || D gicnx (23)
iel iel iel

Denote

I
[N

= <Zpi ai2> , b= (Zpi |xi|2> and x := Zpia,-x,- € H.

icl icl icl
3 3
= (Z Qi ai2> R d = (Z Qi |xi||2> andy = Zqia,-x,- € H
icl icl icl

By the use of these notations, the inequality (2.5) becomes
(@d® + b2c> — 2Re (x,y))” > 4 (a2b2 - Hx||2) (c2d2 - ||yH2) >0.  (2.6)
Now, let us observe that a simple calculation shows us:
(abed — x| IY1)* = (@2 = P ) (< = )P > 0. (2.7)
Since, by the Cauchy-Buniakowsky-Schwartz inequality (1.1) we have

abed = x| ||y]|,
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then it is sufficient to prove that
APd® + b*c* —2Re (x,y) = 2 (abed — ||x|| |ly])) = 0. (2.8)

However,
ad® + b*c? = 2abed, a,b,c,d >0

and Schwartz’s inequality in the inner product space (H;(-,-)) tells us that
[x[H[y[l > Re (x,y) .

Therefore, the inequality (2.8) is proved. Now, using the inequalities (2.7) and (2.8)
we get (2.6). That is, the inequality (2.3) holds.
Finally, we have

w(p+qox) = w(I,p ox) +u*(l,q 0x) +2ul,p o x) ulq,o,x)
= upax)+ulqox)
and the inequality (2.1) is proved.
(it) Let p,q € 34 (R) with p > q. Then
“(I7paa7x) :u([,qu(pfq),a,x) 2 “(I7qaa7x) +,u(l,pfq,a,x)

which indicates that

nu(lap7 OC,X) 7M(I’q7 OC,X) 2 nu(I?pianhx) 2 0

and the inequality is proved.
O

The following corollary is important as it gives an interesting refinement of the
Cauchy-Buniakowsky-Schwartz inequality (1.1).

COROLLARY 1. Let a € J(K), x € J(H) and B = (Bi);cy € J(R). Then for
all 1 € B, (N) we have the inequality:

1
2\ 2

D leal > Il = | o
icl i€l iel
1
2 2
2 Z \Oﬂi|2 sin” B; Z Hxi||2 sin” B — Z (sin [31')2 OiX;
icl i€l i€l
2\ ?
L) 2 2 2
+ Z || cos™ B; Z [[xil|~ cos™ Bi — Z (cos ;)" ox;
icl i€l i€l

WV
o
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The next bound also holds.
COROLLARY 2. Consider the set of sequences
I):={p=(P)ien [0 < pi < lforalli e N}.

Then one has the bound.:

2
D el >l = |1 o

i€l iel i€l
= Sl.lp E Di |051 § pz |le - E Di0iX; > 0.
pes(m) i€l iel iel

3. The superadditivity of the mapping u (-, p, o, x)

In this section we will investigate the mapping u (-, p, o, x) as an index set function

defined on %, (N).
The main result is embodied in the following theorem.

THEOREM 2. Let p € 3. (R), o € J(K) and x € J(H) . Then
(i) Forall I,J € P, (N) with INJ =) one has the inequality:

p(IUg,p,o,x) = pu(l,p,o,x) +u(J,p,o,x) = 0. (3.1)

That is, the mapping [ (-, p, o, x) is superadditive as an index set function defined

on P (N);
(ii) Forall I,J € B, (N) with O # 1 CJ we have

u(l,p,o,x) = pu(J,p,o,x) > 0. (3.2)
That is, the mapping [ (-, p, o, x) is monotonic decreasing on B; (N) .

Proof. (i) We have, forall I,J € P, (N) with 1NJ = { that:
W (1UJ,p, ,x)

1 _ — 2
=3 > pivylldi — x|

(iJ> e(ruiy?

Z pipy || cix; — aﬂ‘l” + Z pipj || cx; — Otjle
(1,/)612 (IJ)EJ2

Z pipj || cux; — OCJle + Z pipy || cix; — OCJX,H
(ig)€IxJ (lJ)GJXI

. — 2
=W (Lp, o, x) + 0> (hp, o x) + > pipy |l — a1,
(ij)elxJ
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because
_ _ 2 - S
> pwllag— o> = > pipjlldg — x|
(if)ElxJ] (ij)€IxI
We will prove the following inequality
(3.3)

- 1
> piilldi — apxi|® > 2u (I, p, o6,x) (U, p, 1, x)
(ij)elxJ
which is the equivalent to

2 2 2 2
[zp,-ai S ol + ol Sl
iel

icl jed jes
2
— 2Re (Zp,-a,-x,-, Z[JjOCij) ]
iel jeJ
Zpiaixi

2

2 2
>4 (> pilal > pilnll* -

i€l iel i€l
2
2 2
< [ > pilosl® > pilll® = || piog (34)
jel j€J jer
Now, if we denote
% %
a:= (Z‘Di ai2> , b= <Zp,- |x,-|2> and x := Zpia,-x,- €H,
i€l iel i€l
1 1
2 2
2 2
c:= (ZP; |04 > ,d= (ZP; [ > andy:= > pjoyx; € H,
i€l jer j€J
then the above inequality is equivalent to:
(3.5)

(@ + 1~ 2Re (x.9))" > 4 (a0 — ) (€ ~ |y]]*) >0

which is exactly the inequality (2.6) that was proved above.
Consequently, we have:
‘uz (I UJ>P7 a>x) 2 .uz (1>P7 a>x) + .uz (]7p> a7-x) + 2”' (1>P7 O{,)C)‘u (]7p> a7-x)

(u (L.p,ot,x) + u(J,p, ot x))°

which proves the desired inequality (3.1).
(ii) Suppose that (§ # I C J and J # I. Then we have successively:

u(lp,ox) = p(IU(\J),p,a,x)
> pu(Lp,o,x)+p(I\,p, o, x)
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which gives us
u(l,p,o,x) = pu(J,p, e, x) = u(I\,p, o, x) 2 0,

and the theorem is proved.

The following corollaries are interesting.

COROLLARY 3. Let p € 3. (R), o € J(K) and x € J(H). Then we have the
inequality:
2\ 7

2n 2n 2n
Y pilal Y pilll® = | picux
i=1 i=1 i=1

1
2\ 2

n n
> ZPZFI 01| ZPZPI (B
i=1 i=1

n
E D2i—100i—1X2i—1
i=1

1
2\ 2

n n n
+ ZPZ;’ o ZPZi [E ZPZiaZiXZi
i=1 i=1 i=1
> 0.
COROLLARY 4. With the above assumptions, we have:
n n n 2
Y opilal > pilll® =D pioux;
i=1 i=1 i=1
2
= sup Zpi |05i\2 ZP:‘ ||XiH2 - Zpiaixi =0,
ISh | ieq icl il

where I, :=={1,2,....n} and

n n n
D opiloa > pilll® = | > piowxi
i=1 i=1 i=1

The proof of this corollary follows by the statement (i) of the above theorem. We
shall omit the details.
Note that similar results were proved in the paper [3].

2

_ =2
> Dax {pipj | ctix; — Qg } > 0.

4. Some properties of the mapping u (I,p, a,x, -)

Now let X be a linear space over the real or complex number field K, and H (X)
the class of all non-negative Hermitian forms on X. That is, a mapping belongs to
H (X) if it satisfies the conditions:
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(i) (x,x) >0 forall x € X;
(ii) (ox+ By,z) = o (x,2) + B (v,7) forall x,y,z€ X and o, € K;
(@ii) (y,x) = (x,y) forall x,y € X
If (,-) € H(X), then the following inequality (x,x)(y,y) > |(x,y)|> or
X1yl = |(x,y)| forall x,y € X where |jx]| = (x,x)% is the semi-norm associated
with the Hermitian form (-,-) is well-known as Schwartz’s inequality for Hermitian
forms.
Now, let us observe that H (X) is a convex cone in the linear space of all mappings
defined on X? with values in K. That is,
(i) ('7 ')1 ’ ('7 ')2 €H (X) implies that ('7 ')1 + ('7 ')2 €H (X) ;
(if) a >0 and (-,-) € H(X) implies that o (-,-) € H (X).
Also, we can introduce on H (X) the following binary relation: (-,-), > (-,-), iff
x|, > ||x||, forall x € X.
We observe that:
b) () = (,-) forall (-,-) € H(X);
(bb) ('7 ')3 = ('7 ')2 and ('7')2 = ('7 ')1 implies that (7)
(bbb) (+,-), = (+,-), and (-,-), = (-,-), implies that (-, )
That is, the relation “> " is an order relation on H (X) .
To prove the relation (bbb) we observe that (-,-), > (-,-); and (-,-); = (-,-), is
equivalent to ||x||, = [|x||, forall x € X, which implies, by the following relation

1 2 2. : . . —
() = g [+l = b= VIE + i+ ivll, = i = iyll ] s vy € X k=T2

that (x,y), = (x,y), forall x,y € X.
Now, let us consider the mapping

P (N) x 3y (R) x J(K) xJ(H) x H(X) — R

given by:
- %
u(l,p,ox, () = Zl’i o Zl)i (i, x7) — (Zl’iaianPiaixi)]
L iel i€l i€l i€l
27

= |2 piloaP Yo pill® -

il icl

Z DiCiX;

icl

The main properties of the mapping u (I,p, o, x,) are embodied in the following
theorem.

THEOREM 3. Let I € By (N), p€ 3, (R), o € J(K) and x € J(H) . Then
(i) Forall (-,-),,(-,-), € H(X) we have the inequality

u (I,[)7 a, x, (" ')1 + (" )2) < u (vaa o, x, ('7 )1) +u (I,p, a, x, (" )2) . (41)

That is, the mapping u (I,p, o, x, ) is subadditive on H (X);
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(ii) Forall (-,-) € H(X) and ¢ > 0 we have:

u (va’ a,x, a (" )) =aoau (I,[L X, ('7 )1) .

is positive homogeneous on H (X) ;

That is, the mapping u (I,p, o, x, ) is
H (X) (l = 1,2) , we have that:

(iii) Forall (--)y = ()1, (); € %
w(l,p,ox,(-;-)y) =2 u(lp,ax, (-),) = 0.
That is, the mapping u (I,p, o, x, -)
Proof. (i) Let (-,-); € H(X) (i=1,2). We have

is monotonic nondecreasmg

u (vaa a,x, ('7 ')1 + ('7 )2)

i 2
= | prlesP o (Il + i) Zp,-a,-x, Zp,a,x,
K= icl icl 1 icl

= > il pillll - Zl’z%xz
_iGI icl icl
1
2] 2
+Zpi|05i|22pi||xi“§_ Zpiaixi
i€l icl icl )
1
2
< Zpi|ai|ZZPi\|xiH%_ ZP:OGXI
icl icl icl
1
2
> pilaa D pillill; - Zpla,x,
icl icl icl

u ([,p, a, X, ('> )1) +u (I,p, &, x, ('7 )2) :

(ii) Tt is obvious.

(iit) Suppose that (-,-), > (-,-),, i.e., |[x], = ||x||, for all x € X. Then, by
Lagrange’s identity, we have:

=

1 _ 2
ulpox, (o)) = | 5 > pijllai — agill;
(ijer

=

WV

1 - 2
3 > pipjllax — agxill}
(ijer

u (I,p, a, x, ('7 )1)
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and the theorem is proved.

The following corollaries are interesting.
COROLLARY 5. Let A: H — H be a bounded linear operator and
JA[l = sup {[|Ax]], [Jx]] = 1} .
Then, forall p € 3, (R), a € J(K) and x € J (H) we have the inequality:

2
2 2 2
HAIF | D pilea* D pillall® = || > piowx;
iel i€l i€l
2
> Y piladl® > pillAxi]® = Y picidxi|| = 0.
icl icl icl

Proof. The argument follows by the statement (iii) of the above theorem for the
norms: |lx|[, := ||A]| [[x]| and ||x|, := ||Ax||, x € H.
]

COROLLARY 6. Let A : H — H be a positive linear operator with the property
that (Ax,x) = m|x|* for all x € H. Then for all p € 3. (R), o € J(K) and
x € J(H) we have the inequality:

Zpi o Zpi (Axi, x;) — (ZPiOﬂiAxn Zpﬂm)
icl icl icl icl

2
= 0.

2 2
>m > piloa Y pilxl® —

icl iel

Z PiOix;

iel

Proof. The proof is obvious from the statement (iii) of the above theorem applied

to the norms [|x||, := [(Ax,x)]” and ||x||, := m? ||x||, x € H.

]
Finally, the following corollary also holds.
COROLLARY 7. Let {lo},c 4 be a family of orthonormal vectors in the linear

product space H where p, o, x are as above. Then we have the following refinement
of the Cauchy-Buniakowsky-Schwartz inequality:

2
> pilal? > pillnl? = || pioaxi
icl iel iel
2
> piloal® Y pilei )P = D0 D pic (i, 1) > 0.
i€l icl acA | iel

acA
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The argument follows by the above theorem, choosing ||x||, := ||x|| and ||x||, :=

1
(ZaeA [(x, la)|2) * . The fact that I/, = |||, follows by the well-known Bessel’s
inequality

5[ = > |(x,1a)*, x € H.
oacA

5. Some properties of supermultiplicity for the Cauchy-Buniakowsky-Schwartz
inequality

Further on, we will study the following mappings associated with the Cauchy-
Buniakowsky-Schwartz Inequality:

v By (N) x 3o (R) x J(K) x J(H) — R

given by

1
v(l,p,a,x) = ITIM(LP,OM)

1
2 2

1 2 1 2 1
= | g 2plal 5 > pill® =5 > pioix
i€l i€l i€l
and
o (Lp.ax) = [v(Lp,o0)]"
L}
2\ 7
1 2 1 2 1
= EZP;‘\O@\ IT]ZPiHXiH - ITIZPiOCiXi )
i€l i€l i€l
where P; > 0.

The following property of supermultiplicity holds.

THEOREM 4. Let I € Py (N), o € J(K) and x € J(H). Then for all p,q €
3+ (H) with P1,Q; > 0 we have the inequality:

oI,p+q,0,x) =@ (,p,oa,x)e(lq0x)=0. (5.1)

That is, the mapping @ (I,-, o, x) is supermultiplicative on 3, (R) .

Proof. Using the well-known arithmetic mean-geometric mean inequality for real
numbers, i.e., we recall that:
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where a,b > 0 and o, > 0 with o + 8 > 0, we have successively:

1
v(l,p+gq,0,x) = PI+QIM(I,p+q,a,X)

“ (17[)’ a7x) +lbl/ (I’ q7 a’x)
Py + Oy
Pv(I,p,a,x)+ Qv (l,q,a,x)
Py + Oy

_Pr 9r
[V (19,0, 2)] 77 [v (1, q, 0,x)| P07

WV

which gives us:

v (L,p+q,0,2) 70 > [v(1,p, 0, x)]" [v(1,q, 00, x)]

and the inequality (5.1) is proved.
(]

The following refinement of the Cauchy-Buniakowsky-Schwartz inequality is
equivalentto (5.1) :

1 , 1 5
i+ qi) | i +qi) ||xi
PIJFQI;(P @l 5o ,-Ea(p 1) |lxl

2

1
PI + QI Z (pl + q1) OGiX;
il
P
2 Pr+0p
sz ‘O!1| o Zpl ||le - PI Zptale
icl iel i€l
91
2\ P;+0;

ZQI ‘az Zq: |.X,|| - Hé Z%%‘Xi

iel iel iel

where p,q € 3, (R) with P;,Q; > 0 and o, x,1 are as above.
Finally, by the use Theorem 2, we also have the result:

THEOREM 5. Let p € 3, (R), a € J(K) and x € J(H). Then, forall 1,J €
By (N), with INJ =0 and Pr,Qr > 0, we have the inequality:

@I UJ,p,o,x) = @ (I,p,a,x) o (J,p,ox) > 0. (5.3)

That is, the mapping @ (-, p, &, x) is supermultiplicative as an index map on B; (N) .

Note that the inequality (5.3) is equivalent to the following refinement of the
Cauchy-Buniakowsky-Schwartz inequality:
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2
> Z Pi \(X, Z Di |le ||% Z Pi0iX;

lEIUJ ieluJ ieluJ
Py
2\ Pros
sz |OC, sz szH szazxz
iel iel icl
Py
| 2\ Pros
Zl’t \(X, ZPZ |le H P, Zpiaixi
il il T s
>0, (5.4)

For other results of the Cauchy-Buniakowsky-Schwartz’s type in inner product

spaces, see the papers [1]-[12] and the book [13].
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