athematical
nequalities
& Papplications
Volume 3, Number 3 (2000), 411-421

NORM INEQUALITIES FOR SOME SINGULAR INTEGRAL OPERATORS

TAKAHIKO NAKAZI

(communicated by T. Furuta)

Abstract. Let % be a von Neumann algebra and P a selfdjoint projection. For A and B in £,
set Sq.p = AP + BQ where Q = — P. The operator Sy p will be called a singular integral

operator. When % = L°°(T) where L°°(T) is the usual Lebesgue space on the unit circle and
P is an analytic projection, in [6] we established formulae for norms of Sy g and (.S‘A’B)f1 .In
this paper, if @7 = {D € % : PDP = DP} and (%, </, P) has a lifting property, then we will
establish formulae of norms of Sy p and (SA’B)_l . These formulae are operator theoretic and

different from the previous ones. There are several examples such that (%, .o/, P) has a lifting
property. As result, we give several interesting inequalities.

1. Introduction

Let m denote the normalized Lebesgue measure on the unit circle 7. For 1 <
p < 0o, [P(T) denotes the usual Lebesgue space on T and HP(T) denotes the usual
Hardy space on T'. The canonical example of a singular integral operator is the operator
defined by

(s (¢) = LTI gy 4 AL o g

on L*(T) ; here, a({) and b({) denote functions in L>°(T) and

L [ Fn)
SF :—,/—dn ae. L €T),
(SF)(&) el M (ae.CeT)
the integral being a Cauchy principal value (cf.[4]). Then P = (I+S)/2 is a selfadjoint
projection from L*(T) to H*(T),Q = (I —S)/2 is a selfadjoint projection from L?(T)
to e ®H2(T), and P+ Q = I where I denotes the identity operator. Hence

Sap = aP + bO.
The following inequalities are well known and not difficult to establish.

| < IVlal? + 16|
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and
inf ||S,,F||3 < essinf(min{|a|?, |b]*}).
IF]l2=1 T

In the previous paper, the author and T.Yamamoto [6] showed the following theorems.

THEOREM A. Let a,b € L>°(T). Then

. 612 + b2 _ a2 _ b2 2
ISapl* = _inf la +1el" | \ab + k| + lal” — b
keH™>(T) 2 )

oo

THEOREM B. Let a,b € L>(T). Then

inf S.»F|1?
FGL%T)’”F”FIH anFl2

24 ) _ 2 pl2\2
= sup ess inf M — ‘ab + k‘z + (u)
kEH(T) T 2 D)

In this paper, we give formulae which are similar to those of Theorems A and B.
In fact, we prove them for more general situations.

Let K be a complex Hilbert space and H the closed subspace of K. Let P be
a selfadjoint projection from K to H and Q = I — P where I denotes the identity
operator on K. % denotes a von Neumann algebra on K which contains / and <&/
denotes a (perhaps nonselfadjoint) weakly closed subalgebra of % which has H as an
invariant subspace. For A and B in 4, set

Sap = AP + BQ.

The operator S4 p is called a singular integral operator. In this paper, we give formulae
of norms of S4 5 and (SA,B)_l . The formulae are little bit complicated. However, as
result we give the following simple inequalities.

| JAFI? + IBGI .
ot s {BEEIEEE s opr)
[IFll=]IGlI=1
< |18a5l?
<inf s {max(JAF||BGIP) + |{ (B°A + D)F,G) |}
Des  fpGek
[IFll=]IGlI=1
and
(AR + |BGIPR
f - —|{(B"TA+D)F,G
swp ot {12715 (B4 + DIF.G)
[IFl=]IGlI=1

| 2

> ISy 5
> sup FiigefK {min(|AF|]*,||BG|]*) — | (B*A + D)F,G) |}.
IFI=lIGll=1
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In §2, we give a definition of a lifting property of (%, 7, P) and several examples
which have such a property. In §3, we study the norm of Sy p when (%, .o/, P) has
a lifting property. In §4, we study the norm of Sy when (%, ./, P) has a lifting
property. In §5, we give several remarks. '

2. Lifting theorem

In this section, we recall a special case of a lifting theorem which was proved in
[5]. The classical case was proved by Cotlar and Sadosky [1].

Suppose 7 = (Tj;) isa2 x 2 operator matrix on K & K where T;; € % (i,j =
1,2), Ty 20, T, 2 0 and T3, = Ty2. [A] denotes the set of such operator matrices
. [4]p denotes the subset of [#] such that Ty, € & and Ty = T»; = 0. Let us

denote
2

Tf1.f2] = Z<Ti;‘fi>fj>-
ij=1
If .7 satisfies Z[f1,f2] > 0 forall f; in H (resp.K) and f, in H* (resp.K), then .
is said to be positiveon H®H™* (resp.K®K) where H is the orthogonal complement
of H in K. When .7 in [%] and .7 is positive on H @ H*, if we can find .7 in
T + [#/]o which is positive on K @ K then we say that .7 has a lifting .7 . If any
positive 7 in [#] on H & H* has alifting .7, we say that (%, </, P) has a lifting
property where P is a selfadjoint projection of K onto H .

EXAMPLE. We give several examples of (%, <7, P) which have a lifting property
(cf.[3]).

(1) Let Z = Z(K) be the set of all bounded linear operators on K, P a selfadjoint
projection from K to H and

o ={A e Z(K): PAP=AP}.
(2) Let U be a bilateral shift operator on K with UP = PUP, where Pisa

o0

selfadjoint projection from K to H. Suppose ﬂU" = {0} and UU*”

densein K. Let Z={T € Z(K); UT = TU} and o ={Ae B, PAP AP} .

(3) Let A, be a factor with faithful semifinite normal trace 7 and let & be a
complete nest of selfadjoint projections in %;. Let [¥ = [’(%,7) (1 < p < ),
be the usual noncommutative Lebesgue spaces and define the noncommutative Hardy
space H? = HP(%,,&,7) to be the closed subspace of L” of elements A for which
(1 — Py)AP; = 0 forall P; € &. Suppose that = L™, o/ = H® K = L? and
H=H.

(4) Let o be a weak- * Dirichlet algebra of L>(u) where u is a probability
measure. The abstract Hardy space H?(u), 1 < p < oo, associated with 7] are
defined as follows. For 1 < p < oo, HP(u) is the L7 (u) -closure of <7 , while H>(u)
is defined to be the weak-x closure of 27 in L>(u). Suppose B = L>(u), o =
H>(u), K =L*(u) and H = H*(u).
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In the latter section, when (4%, <7, P) has a lifting property we study the norms of
the sigular integral operator and its inverse.

3. Inequality for norm of S, 5

In this section, we assume that (%, <7, P) has a lifting property. Assuming that
|AP|| = ||A|| and ||BQ|| = ||B||, we give a formula and inequalities for the norm of
Sap. In general,

Si 5545 = (PA* + OB*)(AP + BQ) = PA*AP + QB*BQ + QB*AP + PA*BQ.

If B*A is in <7, then ||Sag| = max(||A]|,|B]|). Not assuming that B*A is in <7,
Proposition 1 gives a formula similar to Theorem A .

PROPOSITION 1. Let A and B be in %. If max(||Al], ||B||) <

_ AF|* + ||BG|)?
HSA,BH2 — inf sup ” H ” H
Deo/ F,GEK 2
IF]=IIGll=1

2
+\/( (B*A + D)F,G) | + <w> }

There exists at least a D in o/ which gives the infimum.
Proof. Put y = ||Sa ||, then
IAf + Bgl* < v?IIf + gl
where f € H and g € H. Hence
((r =A"A ) + (v = B"B)g,g) — 2Re((B"A—y*)f ,g) >0

for all f € H and g € H*. Suppose T = [Ty], where Ty; = y* — A*A, T =
y —B*Band Ty, = T;; = B*A— y By hypothesison A and B, T1; > 0 and T, > 0.
Hence 7 is positive on H & H L. Since (%, /,P) hasa lifting property, there exists
D in & suchthat = [ﬂy} is positive on K @ K where 7, = Ty1, T = Ty, and
T = T21 = Ti» + D. Hence

((y? —A*A)F F) (v’ - B'B)G,G) > |{(B’A+ D)F,G)[*
forany F € K and G € K, and so

v IFIPIGI? = y*(IAFIPIGI + | FIP(BG?)
+[|IAF|P|IBG|* — [ (B*A + D)F,G) | > 0

forany F € K and G € K. If ||F|| = ||G|| = 1, then
v* = v*(IAF|1* + | BG|]?) + |AF|*||BGI* - |( (B*A + D)F,G) * > 0.
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Therefore
AF|*> + ||BG|)? AF|? — |BG|2\*

or

AF|? + ||BG|)? AF|2 — |BG||2\?
y2>\| I 2H I +\/<(B*A+D)F7G>2+<II | 2|| |>.

The first inequality above is not valid because y?> > max{||AF|? |BG||*} for any
F.G € K with |F|| = |G|| = 1. Thus

Y >
AF|?> +||BG|? AF|2 — |BG|2\*
wp {1471 "'+¢WWA+mE®v+(""") |
F.GeK 2 2
IFl=lIGl=1

Conversely if

2 IAF| + ||BG]?
Yo = inf sup
Deo  pGek 2
IFlI=lGlI=1

+\/< (B*A + D)F,G) |2 + (M) }

for any € > O there exists D in &/ such that
(0 +&)* — (0 + &) (|AF|* + | BGI]*) + |AF|*|BG|* — [( (B"A + D)F.G)[* > 0
forany F,G € K with ||F|| = ||G|| = 1. Hence
(o +€)* — (o + &> (1A > + 1Bg|*) + |Af I*|1Bg|* — [( B“Af g} | = 0

forany f € H and g € H' with ||f|| = ||g|| = 1 because (1 — P)DP = 0. This
implies Yo + € > ||Sag|| and so ¥ > ||Sa5| because € is arbitrary.

COROLLARY 1. Let A and B bein %. If A*A = |a]*I and B*B = |b|*I where a
and b are complex numbers, then

2 b|? 2 _ |p|2 2
wazﬂ%%L+¢WM+dW+GKELJ.

Proof. Since (AP)*(AP) = PA*AP = |a’P, |AP| = ||A||, Similary |[BQ]| =
1B]-
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COROLLARY 2. Let A bein 9B and B=1. Then
18]I

. |AF|> + 1 L, (IAF|P = 1\?
= nf 2‘;2{ > T/ Il(A+D)F[> + 7

IFll=1

Proof. It is a corollary of the proof of Proposition 1. In fact, note that
(v’ = )((y* —~A"A)F.F) > [((A+D)F.G)
forany G € K with ||G|| = 1 if and only if

(v’ = D((y* —~A*A)F.F) > |(A+ D)F|?.

THEOREM 2. Let A and B be in . If max(|| A, |B||) < ||Saz||, then

, IAF|> + ||BG|? .
f — B*A+ D)F,G
Anf,  sup { 3 +[((B"A+D)F,G)|
IFlI=lGl=1
< 1Sasl?
< inf  sup  {max(||AF|?, |[BG|]*) + |((B“A + D)F,G) |}
Ded  FGek
IFlI=licl=1

Proof. This is an immediate consequence of Proposition 1. In fact, it can be shown
by the following elementary inequality :
IAF|? + |[BG]P?
2

+ V/|((B*A + D)F,G) |?

AF|*> + ||BG|)?
<—H | 2” ” +\/|<(B*A+D)F,G>|2+(

AF|? + ||BG|)? AF||2 — ||IBG|2\?
gH | 2H | +\/|<(B*A+D)F,G>|2+\/<” | 2|| |>

|AF|* — IBGllz)2
2

4. Inequality for norm of (SAJg)’1

In this section, we assume that (%, .o, P) has a lifting property. Under some
conditions on A and B, we give a formula and inequalities of inf{||SssF| ; F €

K, ||F|| = 1}. Asin a formula of ||Ss |, even if (%, .o, P) does not have a lifting
property, in general it is easy to see that

inf{HSAJ;F

. F € K,||F|| = 1} = min(inf ||AF|), inf | BF])).

when A and B* are in /. Proposition 3 implies that if B*A is in <7, then the same
thing is true when (%, <7, P) has a lifting property.
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PROPOSITION 3. Let A and B be in #. If inf{||Af]; f € H,|[f|| =1} =
. Fe K, |F|| = 1} and inf{||Bg||: g € H, ||g]| = 1} = L Ge
K, |G| = 1}, then

|SapF||* = sup  inf
Fek HFH 1 FGEK
IFI=lIGlI=1

2
\/I((B*A+D)F,G> 2+ (w) }

There exists at least D in o/ which gives the supremum.
Proof. Put € = inf{||SasF||; F € K, ||F| = 1}, then
IAf + Bg|* > €*|If +g®
where f € H and g € H-. Hence
((AA=&)f .f) + ((B'B—¢%)g,8) — 2Re((B"A —€’)f ,g) >0

forall f € H and g € H*. Suppose 7 = [T;] where T, = A*A—¢?, T, = B*B—¢?
and Ty, =T5, = B*A — €2, By hypothesison A and B, T1; > 0 and T, > 0. Hence
T is positive on H & H-. As in the proof of Proposition 1, since (%,.o7,P) has a
lifting property, there exists D in .o/ such that

((A*A — e*)F,F) ((B*B — £*)G,G) > |((B*A+ D)F,G) |

{ IAF||* + ||BG)?

forany F € K and G € K, and so
et — e (|AF|* + ||BG|*) + ||AF|*||BG|* — |( (B*A + D)F,G)|> > 0
forany F € K and G € K with ||F|| = ||G|| = 1. Therefore

AF|? + ||BG||? AF||2 — ||IBG|2\?
82<H I* + | II\/<(B*A+D)F7G>2+<II H2|| |>

2

or

AF|* + ||BG|? AF||2 — ||BG|]?\*
2 5 IAFIE + 156] +\/<(B*AH))EG>2+<|| F~15G1P)
By hypotheses on A and B,A*A > &> and B*B > &7, and so

£ < (HAFII2+HBG|| )/2

forany F,G € K with ||F|| = ||G|| = 1. This implies that the second inequality is not
valid. Thus

AF||*+||BG||? AFII2—IIBGI2\ 2
< {ww<<BM+D>F,G>|z+(M> |

F.GEK 2
IFI=lIGll=1

The converse can be shown as in the proof of Proposition 1.
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COROLLARY 3. Let A and B be in . If A and B satisfy the condition in
Proposition 3, then

inf HSA,BFH2
FeK ||F||=1
> sup  inf  {min(||AF|% ||BG|]*) — |{(B*A + D)F,G) |}
el | pSiGl-1

> min( inf |AF|, inf |BGI?) ~ |84 + 7.
IFl=1

COROLLARY 4. Let A and B bein #. If A*A = |a|’l and B*B = |b|*I where a
and b are complex numbers, then

inf ||SasF|
FEK ||F||=1

lal? + |b]? ja? — |b?
= —(/|IBA+ AP+ | ——— ) .
5 IB*A + o |2 + 5

COROLLARY 5. Let A bein & and B =1. Then

il‘lf”SILLIFH2

. |AF|? + 1 IAF|2 — 17
— T Q| N N SR 5 o SR il | N I O
Sup }EK{ 7 1A+ D)F||* + >

IFll=1

Proof. Tt is a corollary of the proof of Proposition 3 similarly to the proof of
Corollary 2.

THEOREM 4. Let A and B be in #. If nf{||Af|; f € HI|f| = 1} =
inf{[|AF|| ; F € K, ||F|| = 1} and inf{||Bg||: g € H*,||gll = 1} = inf{[|BG| : G €
K, ||G|| = 1}, then

. |AF|* + [|BG]? .
sup inf {f<(BA+D)F,G>
IFlI=lGll=1
> inf  ||SapF|?
FeK ||F||=1
> sup inf  {min(||AF|]*, |BG|]*) — |( (B*A + D)F,G) |}.
S e

Proof. This is an immediate result of Proposition 3 and the proof is similar to that
of Theorem 2.
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5. Applications and remarks

(I) Suppose (%, </, P) has a lifting property. For A in %, the Toeplitz operator
T, is defined by Taf = P(Af) for f in H. Then we can give an operator version
of Theorem 2 in [6]. That is, if inf{||Af | ; f € H, |[f|| = 1} = inf{||AF||; F €
K, | K| = 1}, then

2 . b ’
=sup{ _inf (JAF|"—[[(A+D)F|")}.
et WA= sup £ inf  (IAFIE =4+ D)FIF)}

This has an application. That is, T, is left invertible if and only if there exist D in </
and € > 0 such that

IAF|* > & + ||(A + D)F|?

forany F in K with ||F|| = 1. This is equivalent to
A*A> e+ (A+D)*(A+D).

It may be interesting that we did not use the factorization theorem in the proof of the
result above. When A is a unitary operator, 7, is left invertible if and only if there exists
a D in &/ suchthat ||A+ D| < 1. This implies Theorem 2 in [7] where 4 = £ (K),
that is, Example (1) in Section 2, and Theorem 7.30 in [3] where % = L>°(T), that is ,
the classical case.

(II) Suppose (A, </, P) hasalifting property, We give an application of Corollary
5. Let A be a nonzero operator in # with inf{|AF||; F € K, |F|| = 1} =
inf{||Af|| ; f € H, ||f|| = 1}. Sas is left invertible if and only if there exist D in o7
and € > 0 such that

IAF|* > & + ||(A + D)F|]®

forany F in K with ||F| = 1.
We give a proof. If S4; is left invertible, by Corollary 5 there exist D € .2/ and
1 > & > 0 such that

AF|2 +1 AF|2 =1\’
lar? + \/||(A+D)F||2+(| oy

2
forany F € K with ||F|| = 1. This implies that
(1= &)AF|* = (1 - 8) + [[(A+ D)F|?

forany F € K with ||[F|| = 1. Setting € = (1—38)0 the necessity follows. Conversely
if there exist D in &/ and € > 0 such that

IAF|* > & + ||(A + D)F|?
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forany F in K with |F|| =1,

AF|? +1 AF|2—1)°
lar? + \/||(A+D)F||2+(| Pt

2 2_1\2
_AFP+1 \/||AF|28+ (|AF|| 1)

2 2

AR+ \/(|AF||2+ 1)2 g
B 2 2

AF|* +1 AF[2 4+ 1Y
:52/{” I+ +\/(| 1) _52}

forany F € K with ||F|| = 1. Now Corollary 5 implies that iﬂfl\ ISasF| > 0.
FekK ||F|=1

In an abstract situation (see Example (1) in Section 2), Shinbrot [7] studied singular
integral operators.

(III) We don’t assume that (%, <7, P) has a lifting property. We can prove the
following :

(1) Let A and B bein % . Then

Af|? + || Bg]? Af |12 — ||Bg|\*
ISaslP=  sup {Ifl 2H gll +\/<B*Af’g>|2+(II ull 2|| gl) '

fEH, gEHL
I I=llgll=1

Hence if A*A = |a|’I and B*B = |b|*I then

2 4 pP 2 |pl2\?
HSA,B||2 _ M + \/|QB*AP|2 + (%) .

(2) Let A and B bein %. Then
inf HSA,BFHZ

FeK ||F|=1
. Af||> + ||Bgl)? AF112 — [|Bell2\ 2
[ ATIE + el \/|<B*Af’g>|2+<| TSR

feH geH+ 2
If lI=llell=1

Hence if A*A = |a|’I and B*B = |b|*I then

1 a2+ b2 az_ b2 2
lnf HSA’BF‘H2 = % _ ||QB*AH2 + (%)

FEK ||F||=1

(IV) Let . be a set of unitary operators on K and suppose the set {Vf ; V €
,f € H} isdensein K. If A is in the commutant of .#, then

1A]l = [|AP]
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and

inf  |AF| = inf ||Af].
FEK ||F||=1 FeH ||f||=1

This can be proved as in the proof of (viii) of Theorem 4 in [2].
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