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RESULTS UNDER logA > logB CAN BE DERIVED FROM ONES
UNDER A > B > 0 BY UCHIYAMA’S METHOD - ASSOCIATED WITH
FURUTA AND KANTOROVICH TYPE OPERATOR INEQUALITIES
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Abstract. In what follows, a capital letter means a bounded linear operator on a Hilbert space
H. We discuss some parallelism between A > B > 0 and logA > log B on generalized Furuta
inequality and Kantorovich type inequalities. Precisely speaking, several results under the chaotic
order logA > log B on Furuta type inequalities and Kantorovich type inequalities can be both
derived from ones under the usual order A > B > 0 by using Uchiyama’s method [23].

1. Introduction

We start this section by introducing the following order preserving operator in-
equalities.

THEOREM F. (Furuta inequality) (1+ng=p+r

If A> B >0, then foreach r > 0, P=q
(i) (BEAPB)7 > (B5BPB%)4
and

(1,1)
(i) (ASAPAT)T > (ASBPAT)

holdfor p > 0 and g > 1 with 0 !
(I+r)g=p+r. ©-)

Figure 1

The original proof of Theorem F is in [9], mean theoretic proofs in [4][17] and one

page proof in [10]. The domain drawn for p, ¢ and r in the Figure 1 is the best possible
one for (i) and (if) of Theorem F in [21].
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On the other hand, the celebrated Kantorovich inequality asserts thatif A is positive

(m+ M)

2
operator on H suchthat M > A > m > 0 , then (Aflx7 x)(Ax, x) < A holds
m

for every unit vector x in H. Many authors have been investigating several types
extensions of Kantorovich inequality and there is a series of papers on Kantorovich
inequality by Mond-Pecaric and two of them are [18] and [19].

We can summarize the parallelism associated with several results between A > B
and logA > logB in this paper. It is interesting to point out that results on chaotic
order can be derived from ones on usual order by using Uchiyama’s method [23] in
Theorem 1, Theorem 2, Theorem 3 and Theorem 4 underbelow.

2. A characterization of chaotic order can
be derived from Furuta type inequality

We introduce the following parallelism between A > B > 0 and logA > logB
associated with Furuta inequality and Furuta type inequality;

THEOREM A. (Parallelism on Furuta type inequalities) Let A and B be invertible
positive operators. Then the following (F1), (F2) and (F3) hold.

(F1) A > B holds if and only if AY*" > (A%BPA%)I% holds for any p > 1 and
r=0.

(F2) logA > log B holds if and only if A" > (A§BPA§)P% holds for any p > 0
and r > 0.

(F3) logA > log B holds if and only if A" > (AngAg)# holds for any p > 1
and r > 0.

(F1) is Furuta inequality [9][4][17] and one page proof in [10], and (F2) is well
known in ([11][5] and etc.) (F2) in case p = r in [1] and (F3) in ([11] and etc.).

On the other hand, the following Theorem B interpolates Furuta inequality itself

and a useful inequality equivalent to the main theorem of log majorization by Ando-Hiai
2].

THEOREM B. (Generalized Furuta inequality) If A > B > 0, then for each
t€0,1) and p > 1,

Gpi(A,B,r,s) = AT {AS (AT BPAT AT } 717 AT
is decreasing for r and s such that r >t and s > 1. Moreover the following (GF1)
holds.
(GF1) A > B holds ifand only if A" > [A} (AT BPAT A} oo
pz

holds for any 1,1>2t>20, r>tand s> 1.
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The original proof of Theorem B is in [12], the mean theoretic one in [6] and one

page proof of (GF1) in [13]. An excellent and tough proof of the best possibility of
1 —t+r

(p—ts+r
Uchiyama [23] gives a simplified proof of the following Theorem C equivalent to
(F2) by only using Furuta inequality with his skillful technique.

THEOREM C. Let A and B be self adjoint operators. Then A > B ensures
(2.0) et > (e%e”Be%)lﬁ.

forany p >0 and r > 0.

is in [22], and simple proofs are in [24] and [8].

THEOREM 1. (Furuta type inequalities) Ler A and B be invertible positive op-
erators. Then the following parallelism holds and (F2) can be derived from (GF1)
directly.

(GF1) A > B implies A" > [A5 (AT BPAT P A5} oo
holds forany p > 1>2t>0, r>tand s > 1.
(F2) logA > logB implies A” > (A% BPAZ)P“ holds for any p > 0 and r > 0.

Proof of Theorem 1. 'We have only to show a proof of (F2) via (GF1) since (GF1) is
shown in Theorem B. Let us try its calculation along Uchiyama’s idea used in Theorem
logA log B
C. The hypothesis logA > log B ensures A; =1 + og =1+ 082 _ B; > 0 for
n n
sufficiently large natural number n. By substituting np, nr and nt to p,r and ¢ in
(GF1), we have

nr 1—nt+nr

(2.1) Al 5 A F (AT BrAT )5A "\ wponnsir
holds forany np > 1 > nt > 0, nr > nt and s >
We recall the following obvious and crucial formula

1
() lim (I + —logX)" = X forany X > 0.
n—oo n
When n — oo , then t— 0 since 1 > nt > 0, so that
A;T:( logA)2—>Iasn—>oosincel>nt>0

1—nt+nr 1 n % ) r
A :(l—kzlogA) — A" by (&) asn — oo

- 1 np
B = (1+—10gB) — B’ by (&) asn — oo
n
and

1 —nt+nr —*tJrr T s
= n— oo
(np —nt)s+nr (p—1)s Y ps+r ’
therefore (2.1) ensures the following (2 2)forp >0 and s >
. 2 )&% holds for any ps > 0 and r >
(2.2) A" > (ASBPAS)RT holds for any ps > 0 and r > 0,
so the proof of (F2) via (GF1) is complete.
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REMARK 1. We might expect to get more precise result than Theorem C by using
(GF1) which is an extension of Furuta inequality. However the operator inequality (2.2)
is nothing but (2.0) of Theorem C and this result is caused by the following fact;

—n 1 —nt
A?> =1+ -logA)™ —Tasn— oosince 1 > nt > 0.
n

3. A counterexample to a question associated
with generalized Furuta inequality

Motivated by (GF1) of Theorem B and the parallelism among (F1), (F2) and (F3)
in Theorem A, we might apt to conjecture the parallelism in the following Question 1.

QUESTION 1. Let A and B be invertible positive operators. Then

(Q1) logA > log B holds if and only if A" > {A5 (AT BPAT J*A5 Y o=
holdsforanyp>t, 1 2t>0, r>tand s >1?
(Q2) logA > log B holds if and only if A™" > {A5 (AT BPAT P AS Y 5omvrs

holdsforanyp>1, 1 2t>20, r>tand s > 1?7

BACKGROUND OF QUESTION 1. The exponent @T’)Hr of the right hand side of
(Q1) can be expressed as W

7 = 7> Where p’ = (p —1)s > 0 and r > 0 since
p=t,1>2t>0,r>rand s> 1, so that we might be apt to guess that (Q1) just
might correspond to an extension form of (F2). In fact, put # = 0 in (Q1), then

logA > log B holds if and only if A” > (AgBPSA )PW holds for any ps > 0 and
r=0.

This is just equivalent to (F2).
r—t

The exponent 7 ’3’ of the right hand side of (Q2) can be expressed as g =

Wrtﬂrt):p;r’ ,where p' = (p—1)s+t > (p—t)+t=p>land ¥ =r—t >0
sincep>1,1>21r>0,r>tand s > 1, sothat we might be apt to guess that (Q2)
just might correspond to an extension form of (F3). In fact, put t = 0 in (Q2), then

logA > log B holds if and only if A" > (AngsAg)f#“ holds for any ps > 1 and
r=0.

This is just equivalent to (F3).

We pose Question 1 by considering Background of Question 1. Although (<)
in (Q1) and (Q2) are both correct, but we cite a counterexample to (=) in (Q1) and
(Q2) as follows. (<) in (Q1) is valid. In fact, we put # = 0 at the right hand side of

(Q1). Then A™ > (AngsAfr)l“if holds for any r > 0 and ps > 0. Taking logarithm
of both sides,

s+ r)logA > log(AZBPA:
g g ,

tending r — 0, so we have logA > logB. (<=) in (Q2) is also valid by the same
way as (<) in (Q1).
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COUNTEREXAMPLE TO (=) IN (Q2). There exists positive invertible operators
A and B such that logA > log B and

AT {A§(A%’BPA%’)SA§}<171+)§H

forr=2,t=1,s=2andp=2.
In fact, take A and B as:

2 2 1 3
logA—<2 1) and logB—<3 2).

logA — logB = (_11 _11) >0,

so that logA > log B. Next logA is diagonalized as follows;

Then

U(logA)U = ( 0 3), where U = (‘ég \?)
Vios
Also log B is diagonalized as follows;

1-5 V2

—1-3V5 0
_ 2 _ | vaVs—v3 Vs

V(logB)V = ( 0 1+3ﬁ> , where V = % 5

2

V5—v5 V55
Therefore we obtain the following A and B by somewhat tough calculation
1 4¢3 -2 26

A |52T 5 sets
-2 26 4 e

52T s 52T 3

and
(liﬁ)zeilif\/g (1+\6)267H23\/g (1 - \/5)671%\/5 (1 + \/g)eiHTM
. 2(5—/5) + 2(5+/5) 5_ \/g + 54+ \/§
(1-— \/3)671723\/5 (1+ \/5)67123\/5 2671723\/; +2€7H23\/§
5-V5 545 5-V5 5445

But the computer shows that

ot paia =t ot (—0.64014.. —0.53427...
X= AT = (A (AT BPAT AR} = (—0.53427... —0.22833...

for r =2,t=1, s =2, p =2, and the eigenvalues of X are —1.0068... and
0.1383.... Hence we obtain

A # (AR AT BPAT pAS T

for r=2,t=1, s =2 and p = 2 under the hypothesis logA > log B and this is a
counterexample to (=) in (Q2).
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(=) in (Q1) is also invalid. Assume that (=) in (Q1) is valid, that is,
logA > log B implies A” > {A% (AT BPAT )*A% } T=vr

holds forany p > ¢, 1 >t > 0, r >t and s > 1. Then we have the following result
by Lowner-Heinz theorem since = € [0, 1] holds.

logA > log B ensures A™" > {A5 (AT BPAT P AS Yoo
holds forany p > 1, 1 2t >0, r >t and s > 1, thatis, (=) in (Q2) holds. But
(=) in (Q2) is invalid as stated before, so that (=) in (Q1) is also invalid.

(F2) of Theorem A can be regarded as limit form of (GF1') which is a variation
of (GF1)

THEOREM B’. (A variation of generalized Furuta inequality) Ler A and B be

invertible positive operators. Then the following (GF1’) holds.
(GF1") Forafixed o> 0,

A% > B% holdsifand only if A% > [A}(AT BPAT AT G
holds forany p 2o >t>0, r>tand s > 1.
Proof of (GF1’). Put A; = A% and B, = B® . Then A; > B;. Put /' = é
t
¢ = P and p' = %. Then p’ > 1 >+¢ > 0 and # > ¢ hold. Applying (GF1) of
Theorem B to A; and B;,
AO(*H»I‘ :A}7t1+r’
— t’ /! 1=
> {A1 (A7 BPA VAZ P =N
= {AE(ATBPAT)SAE}W_

We show the following natural understanding that (F2) can be regarded as limit
form of (GF1"). We recall the following obvious fact (3.1)

o

T
(3.1) logT = lin}) for an operator T > 0.
o—

The left hand hypothesis A* > B* in (GF1’) implies /% > % and when
o — 0, by (3.1) we have logA > log B which is the left hand in (F2).

On the other hand, the right hand side of (F2) can be obtained by the following
process via the right hand side of (GF1’); in fact oo — 0 at the following right hand
side of (GF1’)

A% > (AS (AT BPAT ) AS Yoo
holdsforany p > a >t >0, r>¢tand s > 1. Thent — 0, p >0 and r > 0, so
that we have .

A" > (AZBPAZ)psir
holds for » > 0, p > 0 and s > 1, therefore replacing ps by p > 0, we obtain the
right hand side of (F2). Consequently (F2) can be regarded as limit form of (GF1’).
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PROPOSITION 1. (Parallelism on generalized Furuta inequality) Ler A and B be
invertible positive operators. Then the following (GF1), (GFl') and (F2) hold.

(GFl) A > B holds if and only if
Al > {A%(A%’BPA%')SAﬂﬁ

holds forany p>21>2t>20, r>tand s > 1.
(GFl')  Forafixed a0 > 0, A* > B* holds if and only if

AT > (AN (AT BPAT AR Yo

holds forany p > o >t>0, r>t and s >
(F2) logA > logB holds if and only zfA’ > (ATBPA%)77 holds for any p > 0
and r > 0.

When ¢ = 0, Proposition 1 becomes the following Corollary 2.

COROLLARY 2. (Parallelism on Furuta type inequalities) Let A and B be invertible
positive operators. Then the following (F1), (F1') and (F2) hold.

(F1) A > B holds if and only if A" > (AZBPA% )IW holds for any p > 1 and
r>=0.

(F1') For a fixed oo > 0, A* > B* holds if and only if A%*" > (A5BPA% )f’{ﬂ
holds forany p > o and r > 0.

(F2) logA > log B holds if and only if A" > (AngAg)P% holds for any p > 0
and r > 0.

Corollary 2 can be expressed in the following form with explanation of graphic
meaning.

COROLLARY 2’ [7].

Let A and B be positive invertible operators.
Then the following (F1-g), (F1'-g) and (F2-g)
hold. P 9=

(F1-g) A > B holds if and only if
AT > (ASBPAT)E

forp=0,r>=0and g=1 with (1+71)q >
p+r. 1p----4

(F1'-g) For a fixed oo > 0, A* > B*
holds if and only if

AT > (ASBPATY .
forp=0,r>0and g > 1 with (a+r)g >

p+r.
(F2-g) logA > log B holds if and only if

AT > (ATBrAS)
for >0, r>0and g > 1 with rg >p+r.

(1+r)g=p+r

(o+7)g=p+r

rq=p+r

Figure 2
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4. Kantorovich type inequalities under logA > logB
can be derived from ones under A > B > 0,1

THEOREM 2. (Kantorovich type inequalities, I) Let A > 0 and M > B > m > 0.
Then the following parallelism holds and (4.2) can be derived from (4.1) dzrectly.

(4.1) A > B implies K(m,M,p)A’ > B’ forany p > 1,

(4.2) logA > logB implies M;(p)A? > B for any p > 0, where K(m,M,p) and
My, (p) are defined as follows:

— 1)1 MP — mP)P
K(m,M,p) = e-1) Uil m
pP (M — m)(mMP — Mmp)p—!
and
p
hiP—1 M
My(p) = ——— for h=—>1
elog hw—1 m

REMARK 2. K(m, M, p) of Theorem 2 just coincides with the following K, (k,p);

-1yt w1y
P D — Ry

(4.3) Ki(h,p) = forh="2%2>1.

In fact, (4.1) of Theorem 2 is shown in [15] and (4.2) in [27] and [3]. But a long
and tough proof of (4.2) is given in [27] by using (4.1) and also by applying (F2) of
Theorem A which is a characterization of chaotic order. Here we show a direct proof
of (4.2) as just only an application of (4.1), that is, applying Uchiyama’s method to
(4.1) of Theorem 2, we shall show a direct proof of (4.1) = (4.2) in Theorem 2. We
prepare the following Proposition 2 to prove Theorem 2.

PROPOSITION 2. Let K(m,M,p) be the same as in Theorem 2 and K, (h,p) be the

. M 1+ Llogm

same as in (4.3), h = = > 1 and h, = —~——— for natural number n. Then the
" 1+ : logm
following (4.4) and (4.5) hold
e —1 1
4.4 li | =h"

(44) s (h;;l’ — hn>
(4.5) lim K(1+ - logm 1+ - logM np)

n—o0

= lim Kl(h,,,np) :Mh(p)

Again we recall the obvious and crucial formula (&) cited in the proof of Theo-
rem 1

1
() lim (I + —logX) = X forany X > 0.

n—oo
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Proof of Proposition 2.

np
Proof of (4.4). Let f(n) = (:,,';,7;
(14 Llogm)

(14 Liogm)

) . Then tending n — o0, then

M
h, — 1 and A — h since hl} = — — = h by (&), so that
m
np_l

n
np
hn - hn

d <10g P —1 )
s g 27(3,P\I (1 _ (" _
o A\ TR —he) ) (= ) () (B~ 1))

oo d%(%) oo 7(th - 1)(th - hn)

logf (n) = nlog(

0
) is 0 form as n — o0, so applying L’Hospital theorem,

- n’plogh™! nlogh™!
= ——— lim A’ |plogh,
(h? —1)2 oo {p 08, + (n+1logM)(n+logm) | (n + logm)
-1 . n*logh~'(kf —1)
P — 2 ni»nt;lo 2
h—1) (n+ logm)

1

-1

_1 B
= (w1 (plogh —plogh)logh L4

= loghW’LU,
so the proof of (4.4) is complete.
Proof of (4.5).
1
nlinoloK(l + Zlogm7 1+ " log M, np)
= lim K (hy, np) by Remark 2
i (l’lp _ l)npfl (hZP _ l)np
n=00 (np)" (hy — 1) (" — ha)"=!
1+ L=ty WP 1\
im e g (M
n—oo (np — 1)(h, — 1) h — hy
L+ L)1+ Llogm P 1\
(UG oo [ (1))

im P
e (mp— 1) log o il — hy

so the proof of (4.5) in Proposition 2 is complete.

Proof of Theorem 2. (4.1) is shown in [15], so we have only to show a direct proof
of (4.1) = (4.2).
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1 1
Proof of (4.1) = (4.2) in Theorem 2. As I+ —logA > 1+ —logB > 0 for
n n
sufficiently large natural number n and
1 1 1
I+ —logM 21+ —logB > 1+ —logm
n n n

for any natural number n.
Substituting 1+ < logM, 1+ Llogm and np for M, m and p in (4.1), we have

K(l + llogm, 1+ llogM, np) (I+ llogA>np > <I+ llogB)np
n n n n
for np > 1. Tending n — o0, we obtain the following desired result
M, (p)AP > B?
by (4.5) of Proposition 2 and (& ), so the proof of (4.1) = (4.2) is complete.
REMARK 3. We remark that Izumino and Nakamoto [16] obtain an excellent oper-

ator inequality on a functional order interpolating (4.1) and (4.2) by applying a convex
inequality due to Mond-Pecaric [18].

5. Kantorovich type inequalities under logA > logB
can be derived from ones under A > B > 0,1l

By the same way as in §4, we shall show the parallelism between usual order and
chaotic order. Seo [20] shows the following nice result as an extension of [14] by using
(GF1).

THEOREM 3. (Kantorovich type inequalities, IT) Let A > 0 and M > B > m > 0.
Then the following parallelism holds and (ii) can be derived from (i) directly.

Mp—l p—1\2
(i) A = B implies #AP > B forall p>2.
m
(M + w2

(ii) logA > log B implies AP > B forall p > 0.

4mp MP
We remark that more general result than (i) of Theorem 3 is given in [20] and (if)
is shown in [27].
Simple proof of (i) in Theorem 3. By Furuta inequality, A > B > 0 ensures
A = (B APB"=)} > -1 = B, forall p > 2.
By (4.1) of Theorem 2, we have K(m’~!,MP~! 2)A? > B? since A > B; and
MP~' > B, > mP~! > 0, that is,
K(m'—',MP=1,2)B"= APB*= > B2,
and
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(Mp—l +mp—l)2 » .
Proof of (i) = (ii) in Theorem 3. We may assume that p > 0 in (ii) of Theorem

3. As I+ —logA > I + —log B > 0 for sufficiently large natural number n and
n n

1 1 1
I+ —logM > 1+ —logB > 1+ —logm
n n n

for any natural number n.

Applying (i) of Theorem 3, we have

(1 + LlogM)™=' + (1 + Llogm)w—')? . "
I — i — I+ ;logA
4(1 + - logm)=1(1 + - logM)"—1

np
> <I + %logB) for np > 2.

Tending n — oo, we obtain by (&)
(w4 )’
4mp MP
so the proof of (i) = (i) is complete.

AP > BP forall p >0

6. Kantorovich type inequalities under logA > logB
can be derived from ones under A > B > 0, III

By the same way as in §4 and §5, we shall show the parallelism between usual
order and chaotic order. Yamazaki shows the following nice result.

THEOREM 4. (Kantorovich type inequalities,ITl) Let A > 0 and M > B > m > 0.
Then the following parallelism holds and (ii) can be derived from (i) directly.

MP — MmP 1
(i) A > B implies AP + mMim{K(m,M,p)Pil — 1} > B forallp > 1.
—m

MP — mP
log MP — log m?

Proof of Theorem 4. (i) is shown in Yamazaki [25] and (ii) in [26], so we have
only to a direct proof of (ii) via (i).

(ii) logA > log B implies A + log My (p)I > B forall p > 0.

Proof of (i) = (ii) in Theorem 4. We may assume that p > 0 in (if) of Theorem

1 1
4. As Ay =1+ —logA > 1+ —logB = B; > 0 for sufficiently large natural number
n n
n and

1 1
I+ ZlogM}Bl >1+ Zlogm
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for any natural number n. Applying (i) of Theorem 4, we have

M M
(6.1) A 4 M—lml{K(ml,Ml,np)ﬂp T _ 1} > B”
1

forall np > 1, where M; =1+ —logM and m; =14 — logm We have only to

prove the following (6.2) since A}’ = (I+11logA)™ Ap and BY = (I+1logB)"
— B? as n — oo in (6. l)by(&),
. ny M Mll’}’ll
2 1 Lt S S ¢ M T ]
(6 ) nl)ngo M1 —m { (m17 lanp) p }
MP —mP 1
=——1 K M w—1 — 1) b
Tog M —Togm i/ (K, M, np) =t = 1) by (%)
MP —m” i
= li K M =1 _ ] -1
log M —Togmn e (p — T K M1 1p) )(np — 1)
MP —m

=~ logMj(p) forall p> 0 by (4.5
Tog M7 — Togm? \°¢ n(p) forall p >0 by (4.5)

n—oo

1
since lim (@) — 1)n = loga for any a > 0 when positive sequence a, — a. Whence
the proof of (

i) = (ii) is complete.

7. Concluding Remark

We can summarize the parallelism between A > B and logA > log B associated
with Furuta type inequalities and Kantorovich type inequalities.

It is interesting to point out that results on chaotic order can be derived from ones
on usual order by using Uchiyama’s method [23] as follows.

(F1) Furuta type inequalities under 1og A > log B can be derived from ones under
A>2B=>0.

Let A and B be invertible positive operators. Then the following parallelism holds
and (F2") can be derived from (GF1") directly.

(GF1”) A > B implies A" > {A5(AT BPAT Y ASYo= 7 holds for any
>1>t> 0r>tands>1
F2") logA > log B implies A" > (ATBPA? 77 holds orany p >0 and r > 0.
g g

(K1) Kantorovich type inequalities under 1og A > log B can be derived from ones
under A>B >0, 1L

Let A >0 and M > B > m > 0. Then the following parallelism holds and
(CK1) can be derived from (K1) directly.

(K1) A = B implies K(m,M,p)A? > B’ forany p > 1,
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(CK1) logA > log B implies M;(p)A? > B for any p > 0, where K(m,M,p)
and My(p) are defined as follows:

— 1)1 MP — mP)P
K(m,M,p) = vl (b7 — )
pr (M — m)(mMp — Mmp)P—!
and
_p_
hh—1
My(p) = —— for h=Y > 1.
eloghh’—1

(K ) Kantorovich type inequalities under 1og A > log B can be derived from ones
under A> B > 0, 1L

Let A >0 and M > B > m > 0. Then the following parallelism holds and
(CK2) can be derived from (K2) directly.

(Mpfl + mp71)2
4mp—IMp—1
(M7 +mr)?
4mp MP

(K3) Kantorovich type inequalities under 1og A > log B can be derived from ones
under A > B > 0, III.

(K2) A > B implies AP > B forall p > 2.

(CK2) logA > log B implies AP > B forall p > 0.

Let A >0 and M > B > m > 0. Then the following parallelism holds and
(CK3) can be derived from (K3) directly.
mMP — Mm?

i {K(m,M,p)P+1 — 1} > B forall p>1.
—m

(K3) A > B implies AP +

MP — mP

L »
(CK3) logA > logB implies A’ + Tog M7 — Togn?’

p=0.

logM;(p)I = B® for all
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