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ESTIMATING RANDOM POLYNOMIALS BY
MEANS OF METRIC ENTROPY METHODS

MICHEL WEBER

(communicated by Goran Peskir)

Abstract. The purpose of this paper is to indicate how easy, classical metric entropy methods
arising from the theory of stochastic processes, apply to get uniform estimates for random
polynomials like the well-known Salem-Zygmund’s bound [7]. As an application, we give a
criterion for uniform convergence of some random Fourier series.

1. Introduction

Let (pi)i>1 be astrictly increasing sequence of positive integers greater than 1 ; let
also (O¢)r>1 be asequence of reals and consider two sequences of real random variables
2 = {X\,Xs,...} and & = {Y},Ya,...} defined on a common probability space
(Q, <7, P). Associate to these datas the following sequence of random polynomials

N
(1) VN > 1, Zy(w,1) = Z Ok {Xi(w) cos 2mpyt + Yi(w) sin 27pt}
k=1

In this paper, we show that the metric entropy methods arising from theory of stochastic
processes, are an efficient tool for estimating the total extremums

(2) VN > 1, Oy := sup |Zn(7)|.

0<r<1

These estimates are known to be very efficient when studying randomly perturbed
ergodic sums, we may refer for instance to [PSW], [SW]. We will see that this reduces
to apply the metric entropy method in the simplest possible case: the real line provided
with the usual distance. And this is also the reason for which we believe that it is
likely the most elementary possible approach. We recover as a particular case of a
more general estimate, the well-known estimate from Salem-Zygmund [SZ] (Theorem
7). We could condense the arguments on one page; we have chosen on the contrary, to
display them completely, in order to make the method more accessible.

Mathematics subject classification (1991): 60F99, 28D99.

Key words and phrases: random polynomials, metric entropy, covering numbers, Dudley’s integral
test.
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Let us first observe in the particular case when 2~ and % are independent,
identically distributed random variables with EX; = EY; = 0 and EX2 EY2 =1,
that

E (Zy(s) — Zy (1)) = E(Z ek{xk [cos 27tpyt — cos 27tpys]
k=1

2
+ Yy [sin 27pyt — sin 27pys] })

N

2
Z 07 ( COS 2Mpit — COS 277:pks] [sin 27tpyt — sin 277:pks])
k=1

N N
= Z [1 — cos2mp(t — s)] Z 2 sin? mpg (t — s)
k=1 =1

Therefore, if we put

N 2
(3) Vs,t €[0,1],  dy(s,1) =2 (Z 0?7 sin” 7py(s — t)) ,

k=1
we define like this a pseudo-metric on [0, 1], since here dy(s, ) = ||Zn(s) — Zn(7)||, -

This pseudo-metric will play a central role in what follows.

We introduce now an assumption concerning the increments of the process Zy(-) .
Consider the Young function G(¢) = exp(#*) — 1, t real, together with the associated
Orlicz’s space LG(P) , that is, the set of &7 -measurable functions f : Q—R, such that
EG(af ) < oo for some real 0 < a < oo. We recall that L%(P) is provided with the
following norm

Dy<n

and that (LY(P),|| - ||c) is a Banach space. The space LY(P) is often called the gauge
space. We will assume

Vf € L°(P), IIf|l¢ = inf{c >0 : EG(

1Zx(s) = Zn(0)llg < Cdn(s,1)
4) V0 <5< 1 i
2
lzvlle < ¢ (S, 6)
where by C we denote here and in what follows a universal constant, which may change
its value at each occurence. These assumptions are satisfied in the usual settings: .2~ and

% are independent, identically distributed, Rademacher or Gaussian random variables;
but also in other settings (see Examples 1-3). We will prove the following result

THEOREM 1. Under assumption (4), there exists a universal constant C (which
is a function of the constant C from (4) ) such that

1/2
(5) W1, ovlg<C 1ogpN%(Zek> .
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This estimate is optimal. Indeed, assume that X, = &, Y, = &, where
(&1)n>0 is a sequence of independent Rademacher random variables. Assume also that
Or = 1, pr = k (k > 1). Then, refering for instance to [KS] Proposition 2, p.129, we
have

YN>1, EQy>C(NlogN)?,

where C is a universal constant.
In order to motivate the reader, we shall immediately give three classes of examples.

EXAMPLE 1. Assume that 2" and % are two stationary centered gaussian se-
quences, with finite decoupling coefficient, that is:

00
%, =25

k=1

EX | X

(6) p(2)=> EX)?
k=1

Then, assumption (4) is satisfied. More precisely, for any 0 < s,7 < 1

EY1 Yk

oy | 1020l < 18v2max (p(2),p(#))* (-, 0 sin® mpe(s — 1))
12y (@)l < OVZmax (p(2).p(#))* (1, 62)°

So, Theorem 1 does apply in that case. Note that the decoupling assumption is trivially
satisfied when both 2" and % consist of independent N(0, 1) distributed random
variables. Observe also that no assumption on the correlation between 2~ and %
is required, and consequently the elaborated Gaussian spectral approach proposed in
[F] is unsufficient here, since Zy is not necessarily Gaussian. Finally, recall that the
Ornstein-Uhlenbeck process Uy = W(ek)e ™ /> k = 1,2,... is the typical example of
stationary Gaussian sequence with finite decoupling coefficient. We show (7) and will
invoke the following lemma due to Klein-Landau-Shucker.

LEMMA 2. ([KLS], Theorem 1) Let T = (Ty,T»,...) be a stationary, centered
Gaussian sequence with finite decoupling coefficient p(T). Let (fi,k = 1,2,...) bea
sequence of complex-valued Borel-measurable functions. Then, for each finite subset J

of N,

(8) E][A(1)

jeJ

<TI0

jeJ

Let A be some fixed real. By means of Cauchy-Schwarz’s inequality

N . .
Eel (Zn()=2Zn (1)) — Ee)t E iy Ok { Xk (cos 27pys—cos 27pyt) + Y (sin 27pys —sin 27pyr) }
1

N N . . 2
< <E62}» Zk:1 01X (cos 2mpy.s —cos 2mpy 1) Ee2)t Zk:1 6. Yy (sin 27rpys—sin 277:pkt)>
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Put fkft’ (x) — eZAQkx(cos 27pys —cos 27pyt) , fk@/ (x) _ e2)Lka(sin 27pys —sin 27pyt) ,k=1,...,N

and apply lemma 2. We obtain, since Ee*V(0:) = ¢47/2

N
Ee2)t Zk:l 6, Xy (cos 2mpy.s—cos 277:pkt) < 2)L (X Zk ' (cos 27py.s—cos 2mpyt)*

Ee? Z:’Zl 6} Yy (sin 27py.s—sin 27pyr) < eZ}sz(?]) Z o, OF (sin 27pys —sin 27p1)”

Hence
N . .
Eel (Zn(s)—2Zn (1)) < 6212 max(p(Z).p(¥)) Zk:l 0,?{(005 27pys—cos 27pyt) >+ (sin 27pys—sin 27L'pkt)2}

2 g N 2.2 .
< A max(p(f),p(?]))zk:l 07 sin® mpy (s—1)

Now, we shall use the fact that if U is a real random variable such that: EMY < &

(VA € R), then ||U||g < 9C. Thus, it follows from the previous estimates that

1Za(s) = Zn (D)l < 18vV2max (p(2), p(#))? (Z@?sznpk(st))

k=1
Hence the first inequality in (7). The second one is deduced by a similar reasoning.

EXAMPLE 2. Assume thatboth 2" and ¢ are sequences of independent, centered
real random variables, and that there exists a real constant M such that

V=1, X <M, |v|<m

Then, assumption (4) is satisfied. More precisely, for any 0 < s,7 < 1

1

o | 10 Bl 4m (Y21, 67 sin? ﬂpk(s—t))
2o < am (S, )’

We don’t prove that result, which is rather a direct consequence of Theorem 3.5.1 p.77
of [G]. Our Theorem 1 thus applies in that case as well.

EXAMPLE 3. Let @4 C 4/ C ...</ be an increasing filtration of & (& =
Vo ), and assume that 2" is a sequence of martingale differences adapted to that
filtration, with

VE>1, Xl <1
Assume that @ 0 (for instance!). Then assumption (4) is satisfied. Indeed,
Z,(t) =N d ' where d(> = 6;X) cos 2mpyt. Thus, Z,(¢) is a sum of martingales
differences satlsfymg. Hdk lloo < 6. But, we know from [LT], Lemma 1.5 p. 31 for

instance, that
10 Vv > 0, P v p<2exp| ——— | .
2550 1l
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1
. . . N 2 .
This, of course implies that ||Zy(s)||; < C (Zk:l 9,%) for some universal constant
C. Similarly, we have

1
N

(11)  |1Zn(s) — Zn(0)||s < C (Z 07 (cos 27tps — cos 27‘Epkt)2> < Cdy(s,1).
k=1

Consequently, Theorem 1 applies in that case as well.

2. Proof of Theorem 1

The key point of the proof is contained in the following elementary observation:
the pseudo-metric dy(.,.) is locally comparable to the usual distance. Indeed, since
|sinx| < (|x| A 1), we thus have

N N
1
2 2 2 2 2 2 2 .
(12) dy(s,1) < 4 kEZI 6; ((npk\s —1)° A 1) < 4nls—1| kg:l 0; (pk A 777:2\s — t|2> ;

We thus deduce that if 7|s — 7| < 1/py, then (pi/\ﬁ) =pl, k=1,...,N.

1/2
And consequently dy(s,?) < 27|s — ¢ (Zgzl G,fp,%) .

We divide the interval [0, 1] in sub-intervals:

J—1 .
13 I :[ —[ —1.2,....4

1

Since s,1 € Iy; = [s—1] < g~

< =L | it follows from the previous estimate
N

N 1/2
(14)  Vj=1,2,....4pn, Vs,t€lyj,  dy(s,1) <2m|s —1| (Ze,&;;g) .
k=1

Introduce now the auxiliary process

. {ZN(I) - ZN(Q;—;)}
(15) Vi=1,2,....4px, V1 € Iy;, (1) = - >
2m (Zk:l 91317%)

Then, we bound Qy relatively to the partition of [0, 1] as follows:

(16) Oy < sup
=12, 4py

N 12
i1
ZN(]—)‘Hﬂ(Z@kzp%) sup sup [Zh(1)].
J

dpn — —12,... 4py 1€y,

We are now in an easy setting, since we have to estimate the local extremums sup, In |2 (7)|

of a stochastic process of which the increments are locally bounded by the usual distance.
Indeed, from (14): forany s,7 € Iy, ||Zn(s) = (1)|lc < Cls—1],j=1,2,...,4pN.
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In order to estimate Qy, we will need two simple tools: the first one is a classical
inequality (see for instance [GPW], inequality (3.5) p.62):

1
(17) Va2, 9f1,....fa | sup [fil llc < ([2/1log2]logn)* sup [[[fj] |-

1<j<n 1<j<n
Observe at once from (4) and (17) that

1 J—1
IOnlg < ([2/log2]log4py)* { sup[Zv (=)
j=1,....4pN PN G
N 1/2
+2r Z 0p: . sup ||sup |Zn(7)]
=1 J=L...4pN ||t€IN; G

(ST

< ([2/1og2]log4py)

N 12
k=1
N 1/2
+2n <Z 9,3[)%) . sup }
k=1 = G

The second tool is nothing else but a reformulation of the well-known integral criterion
of Dudley in theory of processes, that we slightly adapt to our purpose, in order to

sup |%h (1)l

t€ly;

estimate ||su % (2 . We give an elementary proof of it in Appendix, for the
Piciy; g YP pp
: G

sake of completeness. Introduce a notation: let (E, d) be a set provided with a pseudo-
metric and a positive real u; we note by N(E,d,u) the smallest covering number
(possibly infinite) of E by open d -balls of radius u.

THEOREM 4. ([D], Theorem2.1) Let E be a countable set, provided with a pseudo-
metric d and let X = {X(w,t),0 € Q, t € E} be a stochastic process indexed on
E, with basic probability space (Q, </ ,P), and satisfying the following increment’s
condition

(19) Vs,t € E, 1Xs — Xillg < d(s,1).

Assume that the following integral

diam(E,d) .
(20) I(E,d) = / (logN(E,d,u))? du
0
is convergent. Then, there exists a universal constant C such that
(21) sup (X; — X;)|| < CI(E,d).
s,te€E G

Now, estimate HSUPte In; | % ()] H . By taking account of (14) and the previous
G
theorem, and since diam(Iyj,|.|) = 1/4py, we must first estimate N(Iyj, |.|,u) for
0 < u < 1/4py, which is obvious:
1/4py <1

<1 < .
+ 2u 2upn

1/4
NIy, ) < 1+ {M}

2u
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Thus

1 1 1

N 2 \? . (e=g%) 1 /1( 2)7 c
22 Iy, ].]) < lo du ° ="" — log— | dv<—.
@)t < [T (o) [ (o) <t

It follows from (4) and Theorem 4, and from the fact that % ({1;7\11) = 0, that for any
countable subset E of Iy;

(23) sup |2 (1)

tcE

sup [y(s) — Zn(1)]

s,te€E

< —=.
¢ Pn

<
G

We shall now make use of the following useful observation: the w -trajectories t —
Zn(t, ®) are continuous for each @ € Q, and consequently, those of the auxiliary
process %y are continuous too. By specifying estimate (23) for a countable dense
subset of Iy, we have in fact shown

sup [P ()]

t€ly

c
<.
P

G

By putting this estimate in (18), we thus obtain

1/2 | N 1/2
1
|On|l¢ < C (logdpy)? { (Z 6k> o (Z%ﬁ) }
k=1

1/2
1
C (logpn)? (Z 91<>

We have therefore proved Theorem 1. ]

3. Applications

In this section, we give four applications of Theorem 1, the first one establishes a
precise uniform estimate of complex random polynomials of the form

N
> Ukbi exp 2impyt N=12,...
k=1

where % = (Ux)2, is a sequence of weakly dependent random variables; the second
one provides a global uniform estimate of the sequence formed by the differences of
these polynomials. In that case, we will assume that the sequence U is Gaussian. The
third application provides a similar global uniform estimate for sequences of independent
symmetric random variables. A fourth application to a variant of the initial problem is
given in Theorem 9. We first establish:
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COROLLARY 5.

(a) Let % = (Ux)2, be a sequence of independent, centered real random vari-
ables. We assume that there exists a real M < oo such that: |Uy| < M a.s. for any
k>1. Then

N

sup E
o<1l

(24a) Uy O e* i

N 5
< (oers 30t
G k=1
where C is a universal constant.
(b) Let V' = (Vi)2, be a centered, stationary Gaussian sequence with finite

decoupling coefficient p(V') (see Example 2). Then

N 2

sup E
o<1

(24b) V6>t

N
< CVp(7) (10gpzv > 9;?)
G k=1

where C is a universal constant.

Proof. For establishing (24a), we apply Theorem 1 to 2" = %, % = 0, next
to & =0, % = 9/ . This provides the desired estimate for both the imaginary and
real part. Hence, the result by putting together these estimates. We operate similarly
for establishing (24b), by applying Theorem 1 to 2" =¥, # =0, nextto 2 =0,
=1 O

Estimate (24b) can be considerably strenghtened. This is the object of the next
Corollary.
COROLLARY 6. Let ¥ = (Vi)22, be a centered, stationary Gaussian sequence
with finite decoupling coefficient p(¥'). Then,
M 2inpyt
_nay ViOre TPk
(25) sup sup |Zk_N“ Kok |

M 1
VO (log e Xy )

where C is a universal constant.

< CVp(7),

G

Proof. 1t is enough to establish a similar estimate for each of the imaginary and
real parts. Put, to that effect

, M VB cos2
Ll(\ic;‘;) = SUPp<r<i |Zk:NH kMk = ﬂpit| (N < M),
(IngM Zk:N+l 9/?) ’
M
o V.0, sin 27p;,
(26) LI(\;IAnl) = SUPp<< ’Zk:zvﬂ O sin ﬂp]f‘ (N < M),
’ (IngM ZkM:NH 0/3) ’
L) = SUPN<m LI(\?,(I);) LEm — SUPN <y LI(\;IAI:I)

It suffices to show that

(27) ELC < C\/p(¥)  ELS™ < C/p(¥).
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It will follow from that, by taking into account the strong integrability properties of
Gaussian semi-norms (see for instance [LT], inequality 3.5 p.59),

LSOVRT) L] < evp).

Hence, the wished result follows by combining together these estimates. We prove now
(27). By means of the following inequality, which is easily derived from a simple form
of Borell-Sudakov-Tsirelson inequality (see for instance [LT] Lemma 3.1, p.57):

if Gy,...,Gy are Gaussian random vectors with values in a separable Banach
space (B,||-||), then

HL(COS)

E sup IGk|<C{ sup E[|Gi[| +E sup legk}
1<kSN 1<kSN 1<kSN

1
where O = SUp;cp« |ir(1<1 (E<f,Gy>%)?*, k=1,...,N, ()}, isa sequence of
independent N(0, 1) distributed random variables, and C is a universal constant,

EL(c0s) <C { sup ELI(\‘;‘[";) +E sup )LN’M|0'N,M}
N<M ' N<M
where
M
—no1 VO cos 2mpyt
Onm = Sup e Vi icd

1 )

osist] (logpw il 6)° |
and (Ayum)n<m is a sequence of independent N (0, 1) distributed random variables. By
a computation similar to the one made in example 1, we also obtain

< Cv/p( Z 07 cos (27Tpkt))% CVp(¥)( Z 6,3)%.

M
Z V16 cos 27Tpkl

k=N+1 k=N+1 k=N+1
1
Hence, VO cos 2npktH < C/p(?) (ZZI:NJA 9,%) 2, and therefore
2

O-NM C\/ (logpM)_%

By Theorem 1, we already know that supy_,, ELI(S(;VS, < Cy/p(¥). Consider now
the other part. For that, we re-index the sequence as follows: put m; = 1, m; =

1+ Zjl;z(j— 1) (k > 2). Next, put forany M > 1 and any [ € [my, my1],
81 = My M » S1'= (logpM)% Observe that s; > (logM) C(log l)% . Thus

E sup ‘AN.M|0-N,M CE sup — ‘gl|
N<M ' =1 S

log!
< Csup 2 Esu 2 < C < oo.

=1V s 1;1) Viogl

Hence EL() < C.‘ /p(?). By arguing identically, we establish an estimate of the
same order for EL™) | Hence (27). The Corollary is thus proved. ]
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We will now prove the following result

THEOREM 7. Let W = (Wi)2, be a sequence of independent, symmetric real
random variables. Then,

M 2inpit
W, e* Pk

(28) sup sup Lt |

N<MO<I<I (log py Zk —N+1 Wz)

N
i)

G

where C is a universal constant.

Observe that, by means of Cauchy-Schwarz’s inequality

M inpL M 1
‘Zk:[\]+1 Wie? ”p”’ < 2wt | Wil (M N):
M 1 X M 1°
(IOgl’M DN+ Wi ) ’ (IOgl’M D kN1 Wi )

In particular, if (py)m>1 is A -lacunary (A > 1), thatis p,1 = Ap, forall m > 1,
then

logpM)

M 2imtpyt
Wie Pk
sup sup |Zk N+1 k | < C‘7

N<M 0<1<1 (logpM Zk LNt WZ)

where C is a constant depending on A only. So that, Theorem 7 is only interesting
when (py)m>1 grows at most geometrically.

Proof. Since the sequence % is symmetric, it has the same distribution as
the sequence # = (g,Wi)2,, where & = (g)7°, is a sequence of independent
Rademacher random variables, which is also independent from the sequence % . Let
P be some fixed nonnegative integer. Let also g = (gx);2, be a sequence of inde-
pendent N(0, 1) distributed random variables, also independent from the sequence % .
Since |g| = (|gk|)g2, and sign(g) = (sign(gk))3>, areindependentsequences (or more
briefly, by means of the contraction principle)

M 2impyt
& ‘/‘/ e Pk
sup  sup ’Zk =N+1 “k"Vk ’

1
N<M<P0<<1 (logpM Zk . ng)z .

M 2impyt
T Wye Pk
g\/7 S S |Zk N+1 8kWk |

N<M<P 0<<1 (logpM Zk N1 W2) o

By applying now Corollary 6 to the sequence g conditionnally to %, next integrating
with respect to the law of % and finally letting P tend to infinity, we obtain the
announced result. ]

It is now easy to deduce from Theorem 7 (except for the constant 2 in (29)), the
well-known estimate of Salem-Zygmund (see [K] or [SZ]) that we recall now for the
convenience of the reader
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THEOREM 8. (Salem-Zygmund’s estimate) Let (ng)ren, (Pk)ren be two increas-
ing sequences of integers and a sequence (a,),en of reals. Let also € = (e )xen be a
sequence of independent Rademacher random variables defined on a probability space
that we note (Q, %,P). Then,

n . p2impit
MaXy <nsngyy | 241 €€ |

(29) P ¢ limsup sup <2 =1

1
k << Mpeyy 2\ 2
oo Osisl (logp”k+1 j=ny+1 aj )

This is lemma 4.4.1 obtained from theorem 4.3.1 in [SZ]. It is worth observing here
that the lines of proof of Theorem 4.3.1 in [SZ] already contain the following useful
estimate valid for all positive integers N,

N

Z ay€, exp(2innx)

n=1

sup

1

where the universal constant C can be estimated. Their proof is based on Bernstein’s
inequality for polynomials and exponential integrability properties of Rademacher sums.

The method we have used, as well as Theorem 7, also allows to study the following
variant of the initial problem. Let us consider a sequence & :

P, Py,...

of Z-valued, independent random variables defined on a probability space (Q, %,P),
and satisfying

Introduce the following sequence of random polynomials
N
(31) Uy(t) =Y ™0t — Eempth N =12,
k=1

By means of a classical symmetrization argument, the study of the extremums of these
polynomials may be reduced to the study of the following “symmetrized” sequence

N
Vn(t) =Y g™t N=1,2,..,
k=1
where &;,&,... is a Rademacher sequence defined on another probability space

(Qe, B:,P:). We denote by E, the corresponding symbol of integration. But, condi-
tionally to the sequence (Py) these polynomials are exactly of the same type as those
examined in the previous Sections. And so, our method may be applied to the study
of their extremal properties. For this, we will assume that the following condition in
which @ : N—N is some increasing map, is satisfied

(32) C(2,@) =E sup [1°g+(g1”(’A;)PM)] < .

Then, we have the following result

1=
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THEOREM 9. There exists a universal constant C such that

[Un(r) = Un(@) _

33 E sup su C(Z, D).
(33) N<}l)/10<t21 (M — N)z®(M) ( )
Proof. Consider the “symmetrized” sequence (Vy)y>1. By virtue of Theorem 7,
one has
Vm(t) — Vnl(t
sup sup | Ml() v ()] <cC
N<Mo<i<t (M —N)zlog, (pu + Pu) || ; p
here C is a universal constant. Hence E VWil __ < .
where C is a universal constant. Hence Ee supy_,, supgc,<; 1=} 1oz (o Pon)
And thus,
Vu(t) — V(e
EES Sup Sup M
N<M o<t (M — N)2®(M)
1
Vu(t) — V(2 lo +Py)|*?
<EE, sup sup | Ml() vl [log, (pu + Pu)]
N<Mo<i<t (M —N)2log, (py + Pu) M O (M)
1
lo + Py)|?
< CE sup [log. (ow + Py C(Z2,).
M (M)

It remains to observe in order to conclude, that by means of usual symmetrization
procedure

E E; sup sup —'UM(t) iUN(t)‘
N<Mogi<l (M — N)2D(M)

U
M 2int(py+Py) ! 2imt(py+P;)
‘Zk—NJrl e —Ee k

=E sup sup :
N<M 0<i<1 (M —N):20(M)

/
M 2imt(py+Py) 2int(py+P,)
‘Zk_N+l e —e ¢

< EE sup sup :
N<M 0<i<1 (M —N)20d(M)

’224 ot E2TOEP)
< 2E sup sup
N<Mogi<t (M — N)2(I)(M)
[Va (1) — Vn(2)

| o
=EE; sup sup C.C(Z,D),
© NeMogi<l (M —N)2 (M) ( )
where P’1 , Pl27 ... is an independent copy of the sequence Py, P», ... defined on another

probability space (Q’, %”, P/) ,with E as corresponding symbol of integration. |
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4. Uniform convergence of random Fourier series

Let & be the space of C-valued continuous functions on [0, 1] provided with the
supremum-norm ||f || = supyc,; [f ()|, f € €. We investigate in this section the
uniform convergence of random Fourier series of type

ZWk(a})ezmpk' n=12,...,
k=1

where W = (W), is a sequence of independent, symmetric real random variables,
and {pi}r>1 is a non-decreasing sequence of non-negative integers (with p; > 1). Our
aim is to indicate how Theorem 7 can be used to get a simple sufficient condition for
uniform convergence of random Fourier series. This condition is expressed by means
of the convergence of a series whose terms are depending on the sequence (px). When
the order of the size of this sequence is known, this condition can be easier to check
than the remarkable characterization of that property by Marcus and Pisier, in terms of
the so-called Dudley’s entropy integral. It is why it seemed us interesting to indicate
it here. We refer to [LT] Chapter 13 Theorem 13.6 and Corollary 13.9 concerning
Marcus-Pisier’s Theorem. We will prove the following result

THEOREM 10. Let W = (Wi)2, be a sequence of independent, symmetric real
random variables, defined on the probability space (Q, </, P), and let {pi}i>1 be a
non-decreasing sequence of non-negative integers (with p; > 1). Suppose that there

exist integers 0 :=ny < ny < np < ... such that the following condition is satisfied:
[e'e) Ni+1 3

(34) Z 1/1og(pn;,, )E Z | W |? converges.
i=0 k=n;+1

Then, the sequence of partial sums > ,_, Wi(w)e*™* n = 1,2,... convergesin ¢,

for P-almost all w.
Proof. Put S,(w,1) := >}_, Wi(w)e* ™ and
M 2impyt
_ Wyie Pk
R = sup sup [ S W |

-
N<Mosi<l (logpM ZZI:NJA W,?) ’

By Theorem 7, ER < o0, so that

1
Nj+1 2

Vizl, [Sni = Suilly < Ry/ log(pui.) Z |Wil?
k=n;j+1
Moreover,
n %
Vi1, sup ISy — Swllo <R sup log(pn) Z |Wi |
ni KNty ni KNty k=ni+1
Rit1 2

=R,/ log(pn.) Z |Wk‘2

k=n;j+1



456 MICHEL WEBER

Thus, by means of the triangle inequality

it
Vrz1,  sup [[Su—Sillg SR y/log(pu,,) [Z IWkﬂ

uyzr i>r k=nj+1

This last inequality shows, when combined with the assumption made in (34) and
Fatou’s lemma, that
sup [|S, — S|l — 0

uy=r

when r tends to infinity, almost surely. The result easily follows. O

5. Appendix

We give here as proposed in paragraph 2, an elementary proof of Theorem 4. We

identify in what follows E with N. We note by D the diameter of (E,d). We can
assume D > 0 otherwise the result is obvious. Let for any integer n = 0, 1, 2,
S, C E be a sequence of centers of balls corresponding to a minimal covering of E of
size 27D, (So = ip). We note S = U2,,S,; then S is a d-dense subset of E. Note
also formally by i — 7, the map which sends i € S, to the smallest integer i € S,_;
such that ||X; — X;|| < 27"*!D. Finally, put

Vn >0, M, = sup |X; — X, ], My = sup M;.
i€y 0<j<n

We note that .#y = My = 0. Then,

0< Ay — My < sup |X; —X;].
i€Sy

Indeed, either .#, = .#,_,, in which case there is nothing to prove; or .#,, > M, ,
and thus .#, = M,, > .#,_, . Letthen i; € S, be anindice such that M,, = |X;, — X;,|.
Then,

My — M1 = Xy — Xig| — M1 < |Xig — Xig| — 1Xi, — X5 | < |X;

ls

Thus, by using (17), and observing that N(E,d,u) > 2 if 0 <u < D,

1
|4, = 116 < € (10gN(E,d,27"D))* sup |X; — Xillg
€5,

(n>1) < C2""UD (logN(E,d,27"D)) .
As M, = M, — My = ZZ:I My — My_1, it follows that

1
[RAFES ZII///k Miillg < CZz 1D (logN(E,d,27D))?
k=1 k=1
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e} D
<CY 27D (logN(E,d,27*D))* < C / (log N(E,d,u))* du,
k=1 0

where C isauniversal constant. When n tends to infinity .#, tendsto sup;g |X; — X;,| .
By using the triangle inequality, we have thus shown

sup [X; — X;|

D
< c/ (log N(E,d, u))? du.
ijes 0

G

But assumption (19) shows X is d-continuous in probability. Since S is d-dense in
E, foreach ¢ € E, we can exhibit a sequence (#,) of S such that: lim,_ o d(t,,7) =0
and P{lim,_ X;,, = X,} = 1.

It follows that P{sup; ;s [X; — Xj| = sup; ;e |X; — Xj|} = 1. Hence the theorem.
0
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