athematical
nequalities
& Papplications
Volume 3, Number 4 (2000), 485-496

ON SOME INTEGRAL INEQUALITIES OF OPIAL TYPE

BRONISEAW FLORKIEWICZ

(communicated by R. P. Agarwal)

Abstract. Integral inequalities of the form
/s|h\”\h’|dt < /r\h’|p“dt, he H,
1 1

are derived, where p > 0, I = (o, ), —00o < o < f < o0, r and s are given real functions of
the variable 7, H is the class of functions /4, which are absolutely continuous on I and satisfy

the integral condition ]I r|h! [P*1dt < 0o, as well as one of the following boundary conditions:
h(oe) =0 or h(B) =0.

In [13], [11], [14] and [12] a uniform method of obtaining and investigating various
types of integral inequalities involving a function and its first derivative are introduced.
In [13] and [11] Hardy type integral inequalities of the form

/qmpmg /r|h’|”dt, heH (1)
1 1

(p =2 [13] and p > 1 [11]) are obtained. In [14] quadratic Opial type integral
inequalities of the form

/s\hh’\dt</rh’2dt, heH (2)
1 1

are derived and in [12] quadratic integral inequalities of the general form
/ (rh" 4 2shiW’ +uh®)dt >0, h € H (3)
1

are derived. Here I = (0, ), —oo < ot < B < 00, r, s and u are real functions and
H is a class of absolutely continuous functions on /. The method of obtaining these
integral inequalities as follows: given any weight function r and an auxiliary function ¢
the weight function s for the inequalities (1) and (2) is selected or the weight functions
s and u for the inequality (3) are selected, such that a suitable differential identity is
satisfied. In the case of the inequality (1), the weight function s is determined directly.
In the cases of the inequalities (2) and (3), the weight function s or the weight functions

Mathematics subject classification (1991): 26D10.

Key words and phrases: absolutely continuous function, integral inequality, Opial inequality.

© ey, Zagreb 485

Paper MIA-03-47
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s and u satisfy appropriate differential inequalities. Next, for such determined weight
functions, the calculated differential identity is then used to construct as wide a class H
as possible of functions #, for which the integral inequalities considered hold.

In this paper, we will generalize the above method of obtaining integral inequalities
in the case of Opial type integral inequalities of the form

/QMHWmmg/ﬂwvﬂdn h € H, (4)
1 1

where p > 0. The method allows us, for a given weight function r and an auxiliary
function @, to determine the weight function s as the solution of the appropriate
differential equation. Then we can directly calculate the auxiliary function v and use
these functions to construct the class H of functions %, for which the inequality (4)
holds.

Integral inequalities of the form (4) have also been obtained by other methods (see
notably Boyd and Wong [9] and Beesack [5], for an extensive bibliography see the books
of Mitrinovi¢, Pe€ari¢ and Fink [16] and Agarwal and Pang [2]). Numerous authors
have studied generalizations and extensions of such integral inequalities, notably Shum
[20], Sinnamon [21], Agarwal and Pang [3], Bloom [7]. These inequalities are obtained
as particular cases of Opial-type integral inequalities involving higher order derivatives
(see Li [15], Agarwal [1], Pachpatte [18], Bloom [7]).

Let p be any positive real number and let 7 = (o, ), —0o < or < f < 00, be an
arbitrary open interval. We denote the class of absolutely continuous real functions on
I by AC(I). Let &7 denote the set of the pairs of functions (r, ¢), such that r € AC(I)
and ¢ € AC(I), r>0and ¢ >0 on I and r|@'|Psgng’ € AC(I).

Let (r,@) € o andlet s € AC(I) be an arbitrary function satisfying the differ-
ential equation

@’s' = (p+ 1)(rl'|P’sgng’)" =0 (5)

almost everywhere on /. We also assume
v=rlg'Psgng’ o7 — (p+1)"'s (6)

on /. These assumptions imply that v € AC(I), since ¢ 7 € AC(I)
(o € AC(I), >0 on [ and p>0).
Let A denote the class of functions 2~ € AC(I) such that 4 >0 on I and

/Mw“m<m, (7)
1
/shph’ dt > —oo0, (8)
1
liminf vA? ™! < oo, lim sup v’ ™ > —oc. 9)

—o tﬂﬁ
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THEOREM 1. Let (r,¢) € <.
For every function h € H both limits in (9) are proper and finite, and

/ shPH' dt + lim vhP ™ — lim viP ™! < / |l [P at. (10)
1 —o

I*)ﬁ 1

If h # 0, then equality holds in (10), if and only if ¢ € H and h = c@, where
¢ = const > 0.

Proof. Let (r,@) € o andlet h € AC(I) and & > 0 on I. We assume
g =rll'" + (rlg'Psgn @) @ PR — (rloPsgn g’ @Y (11)

almost everywhere on 1. It follows from Lemma 1 in [11] that g > 0 a.e.on I. g =0
a.e. on [, if and only if 7 = c@, where ¢ = const > 0. In view of (5) we have

(rle'Psgn@’ o PH* = (p+ 1)~
= [(p+ 1) 'sh ) — shoi (12)

a.e. on I. By virtue of (6) and (12) and from the equality (11) we get the following
identity
W P = shP R+ (vt 4 g (13)
which is valid almost everywhere on 1.
Now let & € H . The condition (7) implies that the function r|A’ is summable
on I since r|h'|’ 1> 0 on I. It follows from our assumptions, that the functions sh”h’

and (vh"™')" are summable on each compact interval [a,b] C I. Thus by (13) we get
the summability of the function g on [a,b] C I and we obtain the equality

‘erl

b b b
/ r|h'|P“dt:/ shPR' dt + vhP+! |fj+/ gdt. (14)

for arbitrary o < a < b < f. In view of (9) there exist two sequences (a,) and (b,),
such that o < a, < b, < B, a, — o, b, — B and
lim vA" ™ |, < oo , lim (—vhP*h) |, < oco.

n—oo n—oo

Thus there is a constant C, such that
(—vh" ) < € < oo,

By virtue of the condition g > 0 a.e. on I and from the equality (14) we infer that
b b 1 1
/ sh'H dt < / Al P de+ C < /r\h’\”+ dt+C
an an 1
and from this letting n — oo, we obtain

/sh”h’ dt < /r\h’\”“ di + C < .
1 1
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Using this estimate and the condition (8), we conclude that the function sh**!h’ is
summable on 7. Next, in a similar way, using (14) and the summability of the functions
r|A'|Pt! and sh’h’ on I, we prove that the function g is summable on . Thus all the
integrals in the equality (14) have finite limits as a — o or b — 3, and hence both of
the limits in (9) are proper and finite. Now by (14), as ¢ — a and b — 3, we obtain
the equality

/ rln PHldr = / shPR'dt + lim vRPT — lim vRP T 4 / gdt, (15)
I I - - 1
whence the inequality (10) follows, since g > 0 a.e. on I.

If the inequality (10) becomes an equality for a non-vanishing function 7 € H,
then by (15) we have [,gdt = 0. As g > 0 a.e. on I we obtain g = 0 a.e. on
I. In view of Lemma 1 in [11], g = 0 a.e. on I, if and only if 2z = c@, where
c=const > 0. Thus ¢ € A and h = co with ¢ > 0.

Now let ¢ € H and h = c¢, where ¢ = const > 0. That implies g = 0 a.e.
on I so that f,gdr = 0 and, in view of (15), the inequality (10) becomes an equality
which completes the proof.

Let h € AC(I) and [, r|h'|P*!dr < co. Using Holder’s inequality we obtain the
estimate

b b p/(p+1) b 1/(p+1)
\h(b)fh(a)\g/ || dr < (/ rl/”dt> (/ rh’|”“dt> ., (16)

where @ < a < b < pB. If f; r~Urdr < oo for some ¢ € I, then the Cauchy
condition for the existence of the limit yields the existence of a proper and finite limit

p
lim,,o & = h(a). Furthermore, if h(a) = 0 and v(¢) (f; rlp dr) = O(1) as
t — o, where v is an arbitrary measurable function on I, then from (16) as a — «
and with b = ¢ we get the estimate
t
/ rll' Pt dt
a

v(t) (/O: r””dt)p

tli_)n;v|h\p“ =0. (17)

0 < |v[aP*! <

and hence

Similarly, if j;ﬁ r~ 1P dt < oo, then there exists a proper and finite limit lim,_gh =
P
h(B) and moreover, if A(f) = 0 and v(z) (ftﬁ 1/ dr) = O(1) as t — (3, then
lim,_g v|h|PT! = 0.
From (6) and (5) we have
v = —prle/ T~V <0 (18)

a.e. on I. Therefore v is a nonincreasing function on /. Hence there exist proper
limits lim;, v = v(a) and lim,_,gv = v(B). Moreover v(ct) > —oo, V() < oo
and v(o) = v > v(B) on I.
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We will denote by U, (resp. Upg) some right-hand (resp. left-hand) neighbour-
hood of the point o (resp. f8).

LEMMA 1. (i) If sv > 0 on Uy and v(a) # 0, then f; r~1P dr < oo for some
t € 1. Moreover, if v(at) = oo, then v(t) (f; F—p dT)p —0(1) as 1 — .

(if) If sv > 0 on Up and v(B) # 0, then ftﬁ r~YPdr < oo for some t € 1.
Moreover, if v(f) = —oo, then v(t) (ftB pUp d’L’)p =0(1) as t — B.

Proof. We prove the lemma only for the point . The proof for 8 is analogous.

Let v(a) # 0 and consider some right-hand neighbourhood U C U, of o, such
that v#0 on U.

Let v>0on U. Then s > 0 on U and by (6) we obtain v < r|@'|Psgn@’ ¢ 7
on U. Hence ¢’ >0 on U, because r > 0 and ¢ > 0 on I. Thus we have

v<rlo'fo” (19)
on U. By virtue of (18) and (19) we get

Vv < —pr py /e
a.e.on U. Thus r—'/7 < —p~ly=(t1/ry/ 3. e. on U and we obtain the estimate
/ g < —p! / ey dr = (0] — @] < (5] VP
for o« <a <t<f on U. Hence as a — o we obtain
/t r VP dr < [v(t)] VP < 0. (20)
a

If v(a) = oo, then from (20) we get

¢ p
0 < w(r) (/ r\p dr) <1
o

P
for r € U and thus v(z) (f; rmlp dT) =0(1) as t — «.

Let v< 0 on U. Then s <0 on U and by (6) we obtain v > r|¢@'|Psgn@’ @7
on U. Hence ¢’ <0 on U and

vz —rle'fe" (21)
on U. Similarly, by virtue of (18) and (21), we get the estimate
t t
[rtrar<opt [ pr ey ar = @) - | < pla)

for o <a <t< P on U. Letting a — o shows that

t
/ 7P dr < [u(a)] " < oo,
o
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We denote by Hy (resp. H°) the class of functions h € AC(I) satisfying the
integral condition (7) and the limit condition

lignioglf || =0 (resp.lim iélf || = 0). (22)
— —

In the cases considered hereafter, the condition (22) is equivalent to

h(cr) =0 (resp.h(B) =0). (23)

THEOREM 2. Let (r,¢) € <.
(i) If s >0 on I and v(PB) > 0 then

/s|h\l’\h’\dt+ m%v\hw“ < /r\h’\l’“ dt (24)
I = 1

for every function h € H.
Morveover, if v(B) > 0, then there exists a finite limit value h(fB) and (24) takes
the form

s as v gy < [yt a 25)
1 1

If s >0 on I and h # 0, then equality holds in (24), if and only if ¢ € Hy and
h = c@, where ¢ = const # 0.
(i) If s <0 on I and v(ax) <0, then

/\s|\h|p|h’|dt—}im v|hPt < /r|h’|P+l dt (26)
I —o 1

for every function h € H.
Moreover, if v(a) < 0, then there exists a finite limit value h(o) and (26) takes
the form

[l e~ vt < [ par @)
1 1

If s <0 on I and h # 0, then equality holds in (26), if and only if ¢ € H® and
h = c@, where ¢ = const # 0.

Proof. (i) Letv(B) >0ands >0onI. Thenv > 0on/and limsup, 4 v|APtt >
0 forevery h € AC(I). If v(a) = 0, then v =0 and s = 0 on [ and it is trivial
to show (24) holds. If v(c) > 0, then by Lemma 1 (i) we have f; rPdr < o

p
for some 7 € I and v(¢) (f; r‘l/PdT) = O(1) as r — «a, since sv > 0 on [ and
v(a) > 0. Thus, if & € Hy, then there exists a finite limit value 4(c) and for every
h € Hy we have lim,_q v/t = 0.

Furthermore, let 7, € Hy be such that A, > 0 on [ and hﬁr >0 a.e. on I.
Then [ sh_h, > 0 and so the condition (8) is satisfied. It follows from previous

cosiderations that lim,—q v/ = 0 and limsup,_, v > 0 and so h, satisfies
(9). Thus h, € H and by Theorem 1 we get

/1 s dt + Jim il < /1 ri! P . (28)
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Now, let i € Hy and set h; = f; |W'|dt on I. Then hy € AC(I), hi(o) =0,
+=20o0nl,h, =|h|>0ae onl and

/rh;”“ dt = /r\h’\f’“ dt < co. (29)
1 1

Thus ki € Hp and satisfies the inequality (28). Notice that

t t
/h’dT </ |W|dt = hy
[0 [0

/s\h|”|h'| dr + l1m v|hPT! < /shp W, dt + hr% v (30)

|| =

on /. Hence we obtain

since s > 0 and v > 0 on I. By virtue of (28) - (30) we get the inequality (24).

If v(B) > 0, then by Lemma 1 (ii) we obtain ftB r~1/P dt < oo and there exists a
finite limit value A(f) . Hence the inequality (24) takes the form of the inequality (25).

Finally, let s > 0 on /. Then by virtue of (6) we have ¢’ > 0 on I, since v > 0
on .

If both sides of (24) are equal for some non-vanishing function 4 € Hy, then by
(28) — (30) it follows that for hy = j; |W'| dt equalities hold in (28) and (30). Since
equality holds in (28), Theorem 1 now yields Ay = c@, where ¢ = const > 0 and
@ € H. Hence it follows that ¢ € H,. Furthermore, we have

/s\h|P|h’| dt = /shih; dt,
1 1

because equality holds in (30), and s > 0, v > 0, |h| < h; and |h'| = K. on I.
Therefore

/, 5@/ [[h? — (o)) di = 0

and we obtain s@’[|h|’ — (c@)’] =0 a.e. on I. From this it follows that |z| = c@ on
I,since s >0 and @' > 0 on I. We thus get &7 = ¢, where ¢ = const # 0, since
heAC(I) and ¢ >0 on I.

Conversely, if 7 = c@, where ¢ = const # 0 and ¢ € Hy, then it follows from
previous considerations that lim, ., v|a[’*! = 0 and ¢ € H. Thus by Theorem 1 it
follows that for the function A, = |c|@ equality holds in (10). Hence the inequality
(24) becomes an equality for h since 4, = |h| and A/, = |I'].

From Theorem 2 we directly obtain, for any weight function s satisfying the
conditions s > 0 on I and v() > 0 or s < 0 on [ and v(a) < 0, Opial type integral
inequalities of the form

/s|h\l’\h’\dr</r\h’\ﬁ“ dt, h € H, (31)
1 1

where H = Hy if s >0 on I and v(8) > 0,0r H=H" if s <0 on I and v(a) < 0.
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Inequality (31) was derived by Beesack (Theorem 4.1 in [5]) with some additional
assumptions.

Now we determine an optimal or near optimal weight function s in the inequality
(31).

Let (r,¢) € o andlet s € AC(I) satisfy the differential equation (5). Then

t

S0 =50+ o+ 1) [ (loPseng’ Yo rar, rel, (2)
4]

where 7y € I and s is an arbitrary real number. From (6) and (32) integrating by parts

we obtain

t
WﬁZ*@+1V%wHHW%@W¢WXM*P/rWW“WV“WT (33)
0]
forrel.
If the function s satisfies the conditions s > 0 on [ and v(f)
I, since v is nonincreasing on I, also it follows from (6) that ¢’ >
by virtue of (33), from the condition v(f3) > 0 we obtain

> 0,then v >0 on
0 on /. Moreover,

B
/ rlo' P~ dr < .

fo
Now let r and ¢ be the functions such that ¢’ > 0 on I,
B
/ r|(p/|p+l(p—(p+l) dT < 00
t

for some ¢ € I and
B
rle'Pe" *P/ rlg' P o P dr >0
t
on /. Further let us set

B
S= - )0le e —p [ Heptio ) (4)

t

on I. The function § satisfies the differential equation (5) as well as the conditions
§>0on[and #(B) =0.If s € AC(I) is an arbitrary weight function such that s > 0
on [ and v(f) > 0, then, by (32), (33) and (34), after simple calculations we get

8(1) = s(1) = v(B) = 0

for t € I. Therefore the weight function § is the maximum weight function in the class
of weight functions satisfying the conditions s > 0 on [ and v(f3) > 0.
In an analogous way we show that if @’ < 0 on I, together with

t
/ r|(p/|p+l(p—(p+l) dT < 00
o
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for some ¢ € I and
t
rle'Pe" *P/ rlg' P o P dr > 0
o

on I, then the function

t

S=(p+ D)o —p / o' P dr) > 0

o

is the maximum weight function in the class of weight functions |s| such that s < 0 on
I and v(ax) < 0,e.g.
§(1) = ls()] = v(@)[ = 0
fortrel.
From the above considerations and Theorem 2 we directly obtain:

THEOREM 3. Let (r,¢) € < .
(i) If ' = 0 on I, together with ftﬁ rlo' P~ dt < oo for some t € 1
and

B
s=(p+1)(rle'Po" —p/ rl' [P~ P dr) > 0 (35)

t
on I, then

/s|h\P\h’\ dr < /r\h’\f’“ dt (36)
1 1

for every function h € AC(I) such that h(ct) =0 and [, r|l'|P™"dt < co.
If s >0 on I and h % 0, then equality holds in (36), if and only if ¢(a) = 0,
[, rl@' [Pt dt < oo and, moreover,

B
tlir% (pp+1 / r|(p/‘p+1(p7(p+l) dt =0
- t
provided () = oo and h = c@, where ¢ = const # 0.
@) If ' <0onl, f; rl’ [P o=t dt < 0o for some t € I and

t

s={@+1)(rle'fPo~" —p/ rl' [P o=t dr) > 0 (37)

o

on 1, then for every function h € AC(I) such that h(p) =0 and

/r|h'|erl dt < oo
I

the inequality (36) holds.
If s> 0 on I and h £ 0, then equality holds in (36), if and only if () =0,
[;rl@’ [Pt dr < 0o and, moreover,

t
lim P *! / rlo P~ dar =0
o

t—o
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provided @(a) = oo and h = c@, where ¢ = const # 0.

EXAMPLE 1. Take I = (0,8), 0 < B < oo, and let r be an arbitrary function
absolutely continuous on / such that » > 0 on [ and foﬁ P <o,
Let ¢ = [;r~"/7dt on I. Then ¢’ = r~'/? > 0 on I and from (35) we get

s = (p+1) { </Otr_l/pdr> -’ p/tB [r‘l/” (/Oar_l/pdr> (I’“)] dO'}
= (p+1) { </Ot r_l/pdr> -’ + /[ﬁ </OG r_l/pdr> p]/ do}
B -p
p+1) (/O r‘l/pdr> > 0.

Simultaneously, we have ¢(a) = 0 and

B B
/Or\(p'\pﬂdt:/o VP dr < .

Now let ¢ = ftﬁ r~YPdr on I. Then ¢/ = —r—'/7 < 0 on I and, in a similar
way, by virtue of (37) we obtain

B -P
s={p+1) (/ r‘””dr) > 0.
0

We also have ¢@(f8) =0 and foﬁ rlo' [Pt dt < .

Now, applying Theorem 3 we get:

For an arbitrary p > 0 and every function h absolutely continuous on the interval
(0,B), 0 < B < oo, satisfying the integral condition

B
/ rlR P d < oo
0

and one of the limit conditions h(0) = 0 or h(f) = 0 the inequality

p 1 B g
/|h\”\h’\dr<— /fl/f’d; /\h’\”“dt (38)
0 p+1\Jo 0

holds.

The inequality (38) becomes an equality, if and only if # = ¢ fot =P dr or

h=c ftﬁ r~1P dt, where c is an arbitrary constant ( cf. Beesack [4], Calvert [10],
Beesack and Das [6]).
Inthe case 0 < B < 0o and r =1 on (0, ) we obtain the inequality

B Br B
/ \h|1’\h’\dt<—/ |W' [P dt, (39)
0 p+1Jg
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which holds for all # € AC((0, )), such that foﬁ | [P+ dt < oo and either h(0) = 0
or h(B) = 0. Equality holds in (39), if and only if & = ¢t or h = ¢(f —t), where
¢ = const (cf. Yang [23], Wong [22], Boyd [8], Shum [19]).

If p = 1, then the inequality (39) becomes the original Opial Inequality ([17]).

EXAMPLE 2. Let I = (0,00). Let r = #* and ¢ = * on I, where @ # p and
k # 0 are arbitrary constants. Then we have @’ > 0,if k>0 and ¢’ <0, if k < 0.
[Pt~V dr < oo, if a < p and fotr|(p’|p“(p_<p“)dr < o0, if a > p.
Futhermore from (35) or (37) we get

s=(p+1) <k|p_|ap—p|

on I. The expression |k|P — ‘a’%pﬂk\l’“ takes its maximum value when [k| = =2

p+1
and then »
s = (ap) 7P > 0.
p+1

Now, applying Theorem 3 we infer the following:
For arbitrary p > 0 and a # p and for every function h € AC((0,00)) and
h # 0 satisfying the integral condition

|kp+l> 4P

o0
/ )W P de < oo
0

and the limit condition h(0) = 0, if a < p and h(co) =0, if a > p, the inequality
_ p os} [es}
(“ ”> / £P B[P | di < / £\0 P dr (40)
p+1 0 0
is valid.

The inequality (40) is some new Opial type inequality which is a homologue of
the well-known Hardy Integral Inequality ([16]).
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