athematical
nequalities
& Papplications

Volume 3, Number 4 (2000), 497-510

HILBERT INTEGRAL OPERATOR INEQUALITIES

KUANG JICHANG AND THEMISTOCLES M. RASSIAS

(communicated by J. Pecaric)

Abstract. In this paper, we establish new Hilbert integral operator inequalities with the general
kernel. They are significant extensions and improvements of some known results.

1. Introduction

The integral version of the remarkable Hilbert’s inequality is the following:
If f,g € L?[0,00), then

//f d dy < <7f2(x)dx 7g2(x)dx>% (1.1)

0

szggﬁw@gnfﬁmm, (1.2)
0 0 0

where 7 is the best value (cf. [1, Chap. 9]).
In 1936, A. E. Ingham [2] proved

and

THEOREM A. If a, >0, n=0,1,..., 0< Y. a2 < oo and A > 0, then
n=0

B3 i <M S s

where .
. ) 0o<i<i
M(a)={ sinAm 2 (1.4)
M) =m A>1

In recent years, various improvements and extensions of the inequality (1.1) have
been considered (see e.g. [3-6] and the references cited therein). But the integral
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analogues of (1.3) do not appear to have been investigated for general values of A . The
aim of this paper is to establish some new inequalities related to the Hilbert integral
operator

b b
Ti(f.g) = / / K(x+ A,y + A)f (x)g(y)dxdy

with the general kernel K(x,y). Our main results can be stated as follows.

THEOREM 1. Letp>1,l%—&-é:l,0<a<b,k>0,0<1—2%<t,(if

t < 1, thentake A > 0), K(x,y) be nonnegative, symmetrical and homogeneous of
degree —t andlet K(1,y) be a strictly decreasing function of y, and

I(r, ) Z/K(17y)y’2%dy< 00, r=p,q. (1.6)

Let f and g be nonnegative measurable functions defined on [0,00). We then have
() FO< A< 4, then
1

b
Tif.g) < { IR r,z>]<x+z>l-7p<x>dx}” x

1

{/ 1. 2) = (ot MG+ ) s, (1)

where
FANI2E
AN 22
o1(r,x,1,A) (x+)L) /K(l,u)u du

0

x+ A 24 1 |

+(57) /K(l’ Ju 2T du (1.8)
0

9] A1 1

< {/[l(q,)t) - (zi;)l_za/l((l,u)du} (x4 )1 ”(x)dx}l_’x

1

{ﬂz(p/m (iﬂ) jK(l,u)du](x+/1)l'gq(x)dx}q;(w)

Q
(=)
p
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o0

/ K(xt A,y + A)f (0g(y)dxdy
0 0
3
x+/11"’ } { x+/11' dx}.

<I(q,A)?1(p, 1) é{
(1.10)

()If)L>— then

b 1

T3(f,8) < Ti(f,8) < {/[I(q, %) - i (g, %1, %)} (x+ %)l‘ffp(x)dx}'_’x

a

b 1

A 105 = opore e+ ' erwar) (1)
L//K@+AJ+AV@ﬁﬁW@

< Ool(q,%)— iiﬂ ' lK(l,u)azu (x+3) (@) %x
a + 0
Al -G fromafeeiriensl

N
—N
~
—
o)
D[ —
SN—
|
S
=
+
—
SN~—
|
S
o\
=
—
—
<
SN—
I
<
|
—
S~—
~
<
——
i
X

(1.13)

REMARK 1. In Theorem 1, we have assumed 0 < 1 — 2% < t. Hence, A =0

implies ¢+ > 1. For t < 1, we may assume that max{l% é} < t. Thus, we get the
following result:

THEOREM 2. Let p > 1, I% + 1_ 1, 0 < a < b, K(x,y) be nonnegative,

q
symmetrical and homogeneous of degree —t, max{l% é} < t, K(l,y) be a strictly
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decreasing function of y, and
1(r) :/K(17y)y’¢dy<ooy r=p.,q. (1.14)
0

If f and g are nonnegative measurable functions defined on [a, b], then
b =

u(r.6) < { [1a) — onta. 07

a

x {/b[l(l’) - @z(pw)]xl_tg"(X)dx}é; (L.15)

oo o0

/ / K(x,y)f(x)g(y)dxdyg{7{1((1)(jl—c)l% j K(l,u)u_édu}xl’ ”(x)dx}’l)x
a 0
)

a a
1

X {ﬂz(p)(g é/K(l,u u_ll’du]xl_tgq(x)dx}é; (1.16)

a 0
ZZK X, y)f (x)g(y)dxdy<I(q )pl(p)é {le_’fp(x)dx}é {le_tgq(x)dx} 5(71'17)
. 1 . 1
mz(r,x)z(f—c)lj /K(l,u)m%azwr (%)HFZ/K(LM)M'*%*ZW. (1.18)
0 0

If K(x,y) is homogeneous of degree —1 and I(g) = I(p), then by (1.17), we get

// () (x)2(y)dxdy < (/fp Jdx (/ ()dx)é, (1.19)

which is Theorem 319 in [1]. In section 2 we prove two lemmas. In section 3, we prove
Theorem 1-2. Finally, in section 4 we provide some applications.

2. Some lemmas

For the proof of the above theorems we need two lemmas.

LEMMA 1. Under the same conditions as those of Theorem 1, define the weight
function o as

b
w(r,x,/m):(xm)zé/K(xm,ym)(ym)*zédy, P> 1, a<x<b (2.1)
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Then
o(r,x,A) < (er/l)1 M(r,A) — @1(r,x,t, 4)], (2.2)

where I(r,A), @i(r,x,t,A) are indicated as (1.6), (1.8), respectively.

Proof. Let u= yi—ﬁ , then we have

X+A
o(r,x,A) = (x+ 1) / K(l,u)u_ﬂ?du
ath

X+A
atd
[ele} X+A [ele}
X+ A {/ / /} w)u" 27 du
0 0 b+A
XA
=(x+M)"IRA) - L - L) (2.3)
Let v = 1 , then
u
)
b+A
L= [ K(1 v)v”zlf 2dy (2.4)
0
Define hy, h; by
y
) = [ KL, (25)
0
y
ha(y) = y! = =2% / K(1, u0)u*2%~2du. (2.6)
0

Taking derivation of A; and h, and using integration by parts, we obtain

o= (2 - 1)y2%-2/y1<<1,>-2*d +H0)
0

y
= tyZ%_z/ul_zéK;(l, u)du < 0,
0

where K(1,u) is a strictly decreasing function of u. It follows that K(1,u) < 0.
Similarly we get
y
n(y) = 1y~ /u’”%_lK,’l(l,u)du < 0.
0
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Hence, h; and h, are strictly monotonically decreasing function for 0 < y < 1, thatis

mG) = h(1) = [ K(,u)u=*du, (2.7)
K(1, 0)u "% 2du. (2.8)

Let y = iif{ in (2.7) for @ < x < b, then

a+t+ A =24 A
> (x—&—l) /K(l,u)u727du. (2.9)
0
A
Let y = zik in (2.8) for a < x < b, then

XA
bk A
er 25 —1 X+A,
I = K(1 H’Z%*Z — X h
3 / (1, u)u du=\337 \bra
0

From (2.3), (2.9) and (2.10), we get
o(r,x,A) = (x+ )" A) =L — L] < (x +A) I A) — @1 (r,x,1,1)].

Thus Lemma 1 is proved.

LEMMA 2. Under the same conditions as those of Theorem 2, define the weight
function @ by

b
w(r,x):/K(x,y)(x/y)%dy, r>1,a<x<b. (2.11)

Then

o(rx) <x'' {/K(l,u)u_lfdu — @a(r,x)|, (2.12)
0
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where @,(r,x) is given by (1.18).

Proof. Let u = %, then we have

=x"7I(r) — Iy — I5). (2.13)

Let v = 1 , then
u

Define hs, hy by

ha(y) = y' =7 /K(l,u)u”é_zdu.
0
We can similarly show that #5(y) < 0, h}(y) < 0. Hence
1

ha(y) = ha(1) = /K(1,u)u*%du, (2.14)
O1

ha(y) = ha(1) = /K(l,u)w%*zdu. (2.15)
0

Let y = ?—C in (2.14). Then
% 1 1—5 1—5 1 1
I = /K(l,u)u_7du: (Q) "h3(y) > (9) ' /K(l,u)u‘%lu. (2.16)
0

X
0

Next let y = * in (2.15). We obtain

S

X
b . 1

L il
Is = /K(l,u)u’*r 2du = (%) ha(y)
0 0

(2.17)

\Y%
/N
U=
N———
+
-
|
>
—
—
<
S—
:N
+
~I—
|
. [\
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From (2.13), (2.16) and (2.17) we get

o(r,x) <x[I(r) = @a(r,x)],
where I(r), @2(r,x) are given by (1.14), (1.18), respectively. Hence, Lemma 2 is
proved.

3. Proof of Theorems

Proof of Theorem 1. By Holder’s inequality, we have

/ / K(x+ A,y + A)f (x)g(y)dxdy

b b 214 214
_//f(x)K(x+7L,y+/l)z%<§1j)pqg(y)l((x+l,y+/l)é<i¢—j>’qudy

< {/bfp(x)(x—&-/l)% (/bK(xM,yM)(yH)%dy)dx}px

b L

X {/bgq()’)()’+/1)% </K(x+/l,y+,1)(x+x)—%dx>dy}q

a a

_ {/bw(q,x,/x) p(x)dx}p{/w(p,x,/l)gq(x)dx}q. (3.1)

Then, by (2.2), we get (1.7).
Next, to prove (1.9), we take limits as b — oo in (1.7) and note that

inf/K L, u)u W du = lim K(l,u)u_zédu:/K(l,u)du

r>1 r—o00

This proves (1.9). We can similarly prove (1.10)—(1.13). Thus, Theorem 1 is proved.

Proof of Theorem 2. By Holder’s inequality, we have
b b

/K dxdy—//f xy%< )p%'g<y>l<(x,y)5(§)p%’dxdy

1 1

/fp é'{</ (x7y)y5dy>dX};{/bg"(y)y'l’ (/bK(w)x'l’dX)dy}a

a a

1 1

_ {/w(q,x) P(x)d x}F{jw(p,x)gq(x)dx}q. (3.2)

a
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Then, by (2.12), we get (1.15). We can similarly prove the rest of Theorem 2.
Details are omitted. The proof is completed.

4. Some applications

4.1. Take K to be defined by
K(x,y) = (x+y)™" (4.1)

Then by Theorem 1 we get the following

THEOREM3.Letp>1,%+$:1,A>0,0<1—2%<t,r:p,q,

0<a<b.Iff and g are nonnegative measurable functions defined on [a,b), then
(1) If0<7L<%,then

b b

// x+y+2/'L Gty t 22—

< {/b[B(l 72&7t+2/ql - 1) —(p3(q,x,t,ﬂt)} (x+ ) P(x)dx}'%x
b

A

]O 7 (xjj:);)i(yz)/m)tdx‘ly

<{7[B(1 2k, 2k 1)~ (iiﬁ)lZ%H(I)}(x—kk)l_tfp(x)dx}% ‘

x{/w[ B(1- 2&,t+22 1)(ziﬁt)lZ%H(t)}(x+k)1_tgq(x)dx}az4.3)

J ] e

<{Z[B(l—2%,2%)—<)i7>l2%1n2}fp(x)dx}’%><

x {7[3(1 —2%,2%) - (xi—JH% 1n2}gq(x)dx}q, (4.4)
0

1

q
2/l t—&—2/—l — 1) — ¢3(q, x, t,/l)} (x+?t)1_fg‘1(x)dx}q;
(4.2)
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where
Ao 2= 2
atA\' " r u " A\ "
Pilrat ) (x+k> /1u+w>d +<b+k) /1(r+@fd”’ #3)
0 0
2=t 1
, t#1
H(r) = 1—1¢ (4.6)
In2, t=1,

and B(u,v) is the Beta function.
(2) If A > 5, then

//x(imd“//

{j P %““”%ﬂ@+%y’”ﬁm%#x

) 2 " (48)

oG- { oG )l

(4.9)

(3) If p=q=2, then

oo

07 /f 0)- ity < ( [ ot 21720 (/ ) @0

0
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where
. 2\ :
o) = SAT X (4.11)
In2 1
-, A > =,
(2x+1)2 2

Proof. We only note that (4.1) implies that

0o 72%
I(r,/l)_/(i)+y)tdy (1% t+%l>
0

and
1 1 ol—t _

1
H(t):/K(l,u)du:/(lJru)*’du: ——; '#1

0 0 1n2, tzl.

For p=¢g=2,if 0 <A < 5, thenby (1.6), (4.1) and (4.5), we get

1
2 >

o] _a
y
:/ dy=B(l—A,t+ A —1),
L+y)
) (14)

1

1
a+ A x AN pora2
(,03(2,.X,I,A) - < ) / (b+ﬂ,) /(1+M)tdu
0

0

In particular, for t =1, A >0, a =0, b = oo, we obtain

-2 L . PN
-1 _ _ .
) /I—Ht du = sinAm (er?L) In2;
0

w(x,z)gBu—z,A)—(

Similarly, if A > %, we get

Ly <m—m2@c+ 172

(U()C, 3

The rest of the proof can be completed by following the same method as in the
proof of Theorem 1 and hence we omit the details.

REMARK 2. Inequality (4.10) is a new improvement of the integral analogue of
(1.3).

For A = 0, we can prove the following:
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THEOREM 4. Let p > 1, %-‘ré:l, max{ll),é} <t,0<a<b. Iff and g

are nonnegative measurable functions defined on |a, b, than

b

/b/b%dx@ < {/[B(l%’t_ l%) - (P4(Q>x)}xlft p(x)dx}éx
b

a

< [B(La- 1) - ] reran s (4.12)

where

1
a\1-+ Ut X\l [ w2
_ (¢ U ( d 4.15
a(r,x) (x) /(1+u)f u+(b) /(l—l-u)’ " (4.15)
0 0

and H(t) is given by (4.6).
If t =1, then (4.14) implies that

ij%g(yy)dxdy < é{ffp(x)dx}%{qu(x)dx}é. (4.16)

In particular, for p = q =2, (4.16) yields (1.1).

REMARK 3. If we take
K(x,y) = (& +y)7"! (4.17)
we get similar results (see [5]).

4.2. Take K to be defined by

K(x,y) = , (4.18)
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then (1.6) implies that

7 Inu _,2 72
0 sin ==
and (1.14) implies that
7 Inu 1 7'L'2
I(r) = “rdu = . 4.20
") / u— lu ! sin X ( )
0

Thus, (1.6) in Theorem 1 is replaced by (4.19), and (1.14) in Theorem 2 is replaced by

(4.20). We can write e.g.
e /fp x)( /gax)dx)? (a2

(y)dxdy <

which is Theorem 342 in [1].
4.3. Take K to be defined by

K(x,y) = max{ry} ™, 0<1-2% < (4.22)
Then K(1,u) = max{l,u}~". By (1.6), we have
oo 1 o0
I(r,A) :/K(l,u)u_zédu:/ fdqu/ 2% du
0 0 1
1 1

= - : (4.23)

and (1.14) implies that

e’} 1 [e%s}

1 1
/K urd :/u-%du+/u—’—%du= - - o (4.24)
0 0 1 17? l=r=7

r

Thus, (1.6) in Theorem 1 is replaced by (4.23) and (1.14) in Theorem 2 is replaced
by (4.24). We get the desired results, e.g., since for # = 1, (4.24) implies that

2

_r _ P
lp) =5 +p =327 =p4

thus by (1.19) and (4.25), we get

0o 1

J oo o)

which is Theorem 341 in [1].
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