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ON MIXED HOLDER-MINKOWSKI INEQUALITIES AND
TOTAL CONVEXITY OF CERTAIN FUNCTIONS IN #7(Q)

C. A. ISNARD AND A. N. IUSEM *

(communicated by J. Borwein)

Abstract. We prove the following mixed Holder-Minkowski-type inequalities for all x,z €
LP(Q):

llzlfp
s

K . .
0< [(1llp + lellp)” = Il + 23] < llplillg = Re(Gx9)) i 1<s<p <2,

llzlfp

N o .
[(11llp + lellp)” = I+ 2l13] > Islplisllg — Re({x,)) >0 i 2<p <,
where y € .29(Q) is defined as y(&) = |2(E)[P22(E), if z(E) # 0, y(&) = O otherwise,
and 1/p + 1/q = 1. Next we consider the Bregman distance Dy : £P(Q) x £P(Q) — R

defined as Dy (x,y) = f (x) = f (v) = (f"(v),x —y) , with f (x) = [[x[[5, (s,p > 1), and prove
that inf{Dy (u,2) : |lu —z[|p = 1} >0, sup{Dy (u,2) : |[u —2||p =1} < oo, forall p,s>1,
all z € £P(Q) and all > 0, so that the Bregman distance induced by f(x) = ||x|)), and
the metric distance d(x,y) = [|x — y||p are topologically equivalent. As a consequence, this f
can be used in projection algorithms for the convex feasibility problem and generalized proximal
point methods for convex optimization in .27 (Q) .

1. Introduction

The purpose of this paper is twofold. In section 2. we consider the space £7(Q)
of measurable complex valued functions defined on a measure space (Q, <7, u) with
the p-norm given by ||x||, = [ [, [x(&)[Pdu(&)] Y7 < 50 and prove that the following
inequalities hold for all x,z € £7(Q), with p > 1:

[zl

N

0< [(xllp+12l1p)" =l +2ll3] < Ilxllplyllg—Re({xy)) if 1<s<p<2,

p—s
Z s s .

=6 0, + 1) = D+ 2l3] 2 el — Re((3)) >0 if 2<p <
where y € 24(Q) is defined as y(§) = [z(§)P*2(§) if z(§) # 0, y(&) =0
otherwise, 1/p+1/g =1, and (x,y) = [, x(&)y(&)du(&). These inequalities relate
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Holder’s and Minkowski’s ones and are in fact stronger than these. The particular case
of s = p has been previously considered in [16].

In section 3. we use these inequalities to prove that the function f (x) = |[x|[, in
ZP(Q) with p,s > 1 enjoys the property of total convexity, which we describe next
(a complete development appears in section 3). If f is a Fréchet differentiable and
convex real function defined in a Banach space B, then Dy : B x B — R, defined as
Dy (x,y) =f(x) —f(y) = (f'(y),x—y) , where f'(y) € B* is the Fréchet derivative of
f at y, introduces a sort of “distance” in B, called Bregman distance. This notion has
its origin in [4] and has been extensively used in its finite dimensional version for convex
optimization algorithms (e.g. [9], [13], [18]), and in particular, and more recently, for
extensions of the proximal point method (e.g. [10], [11], [14], [15], [17]). Bregman
distances have been considered in Hilbert spaces in [5], and in Banach spaces in [6], [7]
and [8].

It is natural to compare the Bregman distance with the distance induced by the
norm of the Banach space, which leads to the notion of local modulus of convexity of
f, introduced in [6] and defined as vy (x,7) = inf{Dy (u,x) : ||u — x|| = 1} . A function
f is said to be totally convex if and only if v¢(x,7) > 0 forall x € B and all # > 0.
Total convexity is a necessary assumption for convergence of projection algorithms for
the convex feasibility problem ([6] and [8]) and of the proximal point method in Banach
spaces ([2] and [7]), which use, as an auxiliary device, the Bregman distance associated
with f . Therefore, it is important to identify totally convex functions which can be
used in these algorithms, for relevant Banach spaces like .£7(Q).

Total convexity is a more demanding property that strict convexity (in fact it is
equivalent to strict convexity in finite dimension) but it is weaker that either uniform
or strong convexity (see definitions in section 3). Since there are no strongly convex
and smooth functions in Banach spaces which are not Hilbert ones (e.g. .#?(Q2) with
p # 2, see section 3), and even uniformly convex functions are scarce in these spaces
(e.g. f(x) =|x|[5 is uniformly convex in £7(Q) for p > 2, but not for p < 2),
totally convex functions seem to be the right cathegory which extends the notion of
strict convexity to infinite dimensional spaces.

Total convexity of f(x) = [[x|[, in £P(Q) with p > 1 has been proved, with
arguments different from those used in this paper, in [6]. Here we establish total
convexity of f (x) = [|x[[; forall p,s > 1, providing closed formulae or explicit lower
bounds for vy (x,) in terms of p, s, ||x||, and 7. As a consequence, this familiy of
functions can be used in the algorithms studied in [6], [7] and [8].

Throughout the paper R%. = {x e R" : x; > 0 (1 <j<n)} and R}, = {x €
R':xi>0 (1 <j<n)}.

2. Some Holder-Minkowski-type inequalities in £ (Q)

We will prove the following Holder-Minkowski-type inequalities. Take p > 1,
x,z2 € Z7(Q), and define y € 29(Q) as y(&) = [2(§)[P~*2(&) if 2(§) # 0. ¥(§) =0
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otherwise, with 1/p +1/g = 1. Then

b

||z] s s .
0< [l 4+ 11z2l1p) = [ +zl3] < [xllpllyllg—Re((x,y)) if 1 <s<p<2,

[zl s 5 -
[l + Hlallp)” = [+ 2l3] > HxllplIylly — Re((x,)) >0 if 2<p <,

(2.2)
(2.1)—(2.2) generalize the inequalities established in [16], which correspond to the
case of s = p. We prove first a result in finite dimension, and then get (2.1)—(2.2)

through a standard limiting argument. We recall that for x € C" the p -norm is defined
as ||xll, = [ 20 gl Y7 and (x,y) = >i 1% - We exclude for the time being
the case of s = 1 for which a simple proof will be given in Theorem 2.1 (in fact the

argument in the proof of the following proposition does not apply to this case).

PROPOSITION 2.1. Tuake x,z € C", p,q > 1 suchthat 1/p+1/q =1 and define
y€C"as y; = |z/P %z if 7 # 0, y; = 0 otherwise. Then

HZHP7S s s
0 < sup { B (ol + Dell) = Nt ) | = ol Re(Gxh) 2:3)

ifl<s<p<2, and

>0

. Z b s s
it { P [l + ) o 2I5] = Il = ReC(r)) >0 2:4)

f2<p<s.

Proof. The result holds trivially if either x or z vanish. Thus, we assume that

x#0#z.
Define v : R, — R as

w(t) = (llxdly + [Jzlly)" =[x+ 2] (2.5)

We will prove that y is concave when 1 < s < p < 2 and convex when

2<p<s.Letl={j:xp=2=0}and J={l,...,n}\I. Then (2.5) can be
rewritten as

K s/
w(n) = (dlxllp + [12ll,)" = (D o +517)™". (2.6)
j€J
It is easy to check that y is differentiable in R} and that
s—1 s— _ —
' (1) = s(tllxllp + 11zllp)" [l = sllec+2 577l + 1P *Re(tx + )%, (2.7)
j€J

with the convention that if #x; 4+ z; = O then the j-th term in the summation vanishes,
and if #x + z = 0 then

s—1
w'(e) = s(llxll, + 1lzllp) [l
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We claim now that y’ is continuous in R, . Note that
|15; + P~ Re[(n; + 2)%] < [y + 5" g, (2.8)

so that when ¢ approaches a value such that tx; + z; = 0 (if any) then the j-th term
in the summation of (2.7) approaches 0, because p > 1. In view of (2.8), the second
term in the right hand side of (2.7) is bounded above by s||tx + z|[5~"(|x||; , and as a
consequence, since s > 1, this second term approaches O as ¢ approaches a value such
that £x+ z = 0 (if any). This settles the issue for these exceptional values of ¢, and the
right hand side of (2.7) is clearly continuous for values of ¢ other than these.

On the other hand, the second derivative of y is not defined at such exceptional
values. Let T = {r > 0 : txj +z; = 0 forsome j}. It is clear that T is either empty
of finite. For ¢ ¢ T, w" can be computed as

w" (1) = s(s = D (ellxlly + llzllp) 7

2
(s — Pl + z|;2"{ S Jo + 5 2Re[(0g + z;)f;]}
jeJ
— _ Y _
sl ’”Z{(p—2)txJ~+ZJ’” *[Re((5+2)%)] e+ 2|xj|2}. (2.9)
jeJ

We consider first the case of 2 < p < 5. Since s—p >0, p—2 > 0 and
Re (a) < |a] forall a € C, we get from (2.9),

2
W (1) (5— 1) (]l 2l el s(s—p) -2l 52 [Z —— m@

jel
—s(p=D)lex + 2|7 gtz . (2.10)
el
Take vectors v, w, D, W € R‘fl defined as v; = | + P72, w; = |x|?,
by = oy + g~ = gl
By Holder’s inequality,
D x4 P gl = (9,99) < [Pl = Hlex + 2l15 " [|x]],- (2.11)
el
and,if p > 2,

Yl + 5l Pl = (vw) < Wllypo) Wl = e+ 25726l (212)
jel

If p =2, then

D log 5l gl = 13 = e+ 2l - (2.13)
JjeJ
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Since s—p >0 and p—1 > 0, we get from (2.10), using (2.11) and (2.12) or (2.13),

v (1) > s(s = 1) (tllxl |y + el 1) Il
=s(s = p)llex 42|75 — s — Dl 427
=s(s = DII[(1xlly +1l2llp)"™ = llex +2l[572] >0, (2.14)
uisng Minkowski’s inequality, since s —2 > 0. So y”(¢) > 0 for r € Ry \ T. Since
v’ is continuous in R, and its derivative is nonnegative excepting at most at a finite

set of points, we conclude that ' is nondecreasing in R . Noting that y(0) = 0, we
have, by the Mean Value Theorem,

v _ v v _ o

t t

for some 7 € (0,¢). Since ' is nondecreasing in R, , we get

v()

D=y (2.15)

forall 7 > 0. Observe that lim,_,o+ ¥ (7)/t = lim,—o+ (W () — w(0))/t = y'(0). In
view of (2.15) we conclude that

- Jw(@) - - - —
mf{—} — y(0) = slelfs el — sl ? S [ Re(e7E)

>0 t =
= sllz|f, " [1xllp — sllzll; "Re {Z Zj”_ZZﬂTj] = szl [llzl b~ [Ixll, — Re({y,%))]
j=1
= s{lzl[, 7 [IIyllql 1], — Re({x,3))], (2.16)

using (2.7) in the second equality. Now the equality in (2.4) follows immediately from
(2.16). The inequality in (2.4) is Holder’s inequality, and so (2.4) holds.

Next we consider the case of 1 < s < p <2.Inthiscase s —p <0, p—-2<0,
and so the inequality in (2.10) is reversed. (2.11) and (2.13) still hold but the inequality
in (2.12) is reversed as a consequence of Holder’s reverse inequality (e.g. [19], p. 99),
which can be applied because p/(2 —p) < 0 and v, w are nonnegative vectors. Since
now we have p — 1 > 0, s —p < 0 and s — 2 < 0, the inequalities in (2.14) are
reversed, and we conclude that ' is nonincreasingin R, . It follows that the inequality
in (2.15) is reversed, and, using again the fact that lim,_o+ y(¢)/t = y’(0), we get

ap (S0}l bl —Retes. @)

The equality in (2.3) follows immediately from (2.17) and the inequality is a conse-
quence of Minkowski’s inequality. [
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COROLLARY 2.1. (2.1) and (2.2) hold for x,z € C" with y € C" defined as
yi = |z[P %z if z; # 0, y; = 0 otherwise.

Proof Take t =1 in (2.3)-(2.4). O

We proceed now to extend (2.1)—(2.2) from C” to .£7(Q), .£4(Q). We remark
that there are several technical difficulties to go through the proof of Proposition 2.1
directly in these spaces, in the case 1 < s < p < 2. Basically, the set T of singularities
of " may be infinite: y” diverges forall ¢ such that tx(&) +z(&) = 0 for & in some
subset of Q of positive measure (if any), and, even if #x(&) +z(€) # 0 forall £ € Q,
the scalar product (v,w) may diverge for certain values of 7. Next we shall prove the
infinite dimensional case by using the Dominated Convergence Theorem. We need first
a preliminary lemma. A function 2 : Q — C is said to be simple if it is measurable and
its image is finite.

LEMMA 2.1.  Given any complex valued and measurable function h : Q — C,
there exists a sequence of simple functions h,, : Q — C such that for each & € Q it holds
that im,_, oo hy(E) = h(E) and additionally |Re h,(E)| < |Re h(E)|, |Im h,(§)| <
[Im h(§)| (and therefore |h,(E)| < |h(E)|) forall & € Q and all n.

Proof. The result is well known at least when # is real valued and nonnegative, in
which case the domination condition reduces to 0 < %,(&) < h(x). The general case
for real valued % can be proved by considering the restrictions of 4 and —# to the sets
{E€Q:h() >0} and {§ € Q: h(E) < 0} respectively, and the complex case
by considering separately the real and imaginary parts, since any linear combination of
simple functions is still a simple function. [

THEOREM 2.1. Take p > 1 and x,7 € £?(Q). Define y : Q —C as y(&) =
1Z(E)P~22(E) if 2(&) # 0, ¥(&) = 0 otherwise. Then'y € £4(Q) with 1/p+1/q=1,
and (2.1)—(2.2) hold.

Proof. The fact that y belongs to £9(Q) is immediate from the definition of
y. We proceed to prove the inequalities. For (2.1) we consider first the case of
1 <s<p<2,ie. weleave aside the case of s = 1, which will be considered later
on.

We start with the case when x and z are simple functions. In this situation there
exists a partition £ = U’ ,Q; in pairwise disjoint measurable sets such that both x
and z are constant on each Q;. By convention, Qy = {& € Q : x(&) = 0 = z(&)}
(Qy is possibly empty). Let ¢, [; be the values of x and z respectively in the set
Q;,and y; = Bi|B;|P~% if Bi # 0, ¥, = 0 otherwise. Then ||x]|h = Z:':l o (L),
llz]lh = -0, Bim(;) so that p(Q;) < oo for i > 1, because o; # 0 or fB; # 0.
By definition of y, we have y(§) = y; for all £ € Q;. Now define %, y, £ € C"
as & = ogu(Q)VP, 2 = Biu(Q)'? and §; = yu (). $ and 2 are related as
requested in the assumptions of Corollary 2.1 and so (2.1) and (2.2) hold with %, §
and Z substituting for x, y and z. We observe that ||x||, = ||%[|,. |I¥llq = [I7ll¢,
1z, = [I2]lp, (x,¥) = (&,9) and conclude that (2.1) and (2.2) hold for x, y and z.
This settles the issue for simple functions. Now we consider arbitrary x,z € £7(Q).
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By Lemma 2.1 there exist sequences of simple functions {x,} and {z,} defined on Q
such that for all £ € Q it holds that lim,_« x,(&) = x(&) and lim, . z,(&) = z(§),
with |x,(&)] < |x(&)], |z.(E)] < |z(€)| for all £ € Q and all n. By Lebesgue’s
Dominated Convergence Theorem we have

nlgrolo [Feallp = [Ix1p, nlirgo llzallp = Ilzllp, nlgrolo len + zullp =[x+ 2llp,  (2.18)

because [x,(§) + za(&)] < [X(E)] + [2(€)]. Let now yu(&) = |z(&)IP2zu(&) if
722(&) # 0, y,(&) = 0 otherwise. Then

(&) = (P~ < [2(E)IF" = ¥(&).

Hence, by the Dominated Convergence Theorem again, we have

Jim {lyallg = |Iyllg  im (o, yn) = (%3), (2.19)

because |x,(E)y.(&)| < |x(€)y(€)|. Since the result holds for simple functions, we
know that (2.1) and (2.2) hold with x,, y, and z, substituting for x, y and z
respectively. The required inequalities (excepting for the case of s = 1) follow by
taking limits as n goes to oo, in view of (2.18) and (2.19).

Finally, we consider the case of s = 1. First, we remark that for p = 1 we get

vy € 2%(Q). Note that |yl], = ||z|;™" and [2(&)) = JE)(E) forall £ € Q. s0
that

(z3) = 1lll; = llzllplI¥llg- (2.20)

Since s = 1, (2.1) is equivalent to
Re((x,y)) +[lzllpllyllg < [l + 2ll,Illg- (2.21)
In view of (2.20), we have

Re((x,y)) + [yllgllzll, = Re((x + 2,5) ) < [lx + 2l |p¥llg:

by Holder’s inequality, so that (2.21) (and consequently (2.1) for the case s = 1) holds.
O

3. Total convexity of f (x) = [|x]|}, in Z7(Q)

Let B be a Banach space, B* its dual, f : B — R a convex function and
Of (x) C B* the subdifferential of f at x, i.e.

ofx) ={meB" : (n,x—y) <f(y)—f(x) forall yc B},

where (-,-) : B* X B — R denotes the usual duality pairing.
By convexity of f, df (x) is nonempty and bounded for all x € B (see [12]). We
define Dy : Bx B — R as

Dy (x,y) =f(x) —f(y) —inf{{n,x —y) : n €I ()}
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Boundedness of Of (y) guarantees that D (x,y) is well defined for all (x,y) € B x B.
If f is Fréchet differentiable, then

Dy (x,y) =f(x) —=f(y) = (f'().x =), (3.1)

where f'(y) is the Fréchet derivative of f at y. By definition of 0f , Ds(x,y) > 0
for all x,y € B and Dy(x,x) = O for all x € B. In general, it is not true that
Dy (x,y) = Dy(y,x) and the triangular inequality does not hold. Dy is called the
Bregman distance associated with f .

The local modulus of convexity of f, denoted as vy : B x R — R has been
defined in [6] as

Vr (z,1) = inf{D.f(u7Z) : Hu - ZH = t}7 (3.2)
andf is said to be fotally convex if and only if vy (x,7) > 0 forall z€ B andall r > 0.

We comment next on the relation between total convexity and other variations of
convexity.

S is said to be strictly convex if and only if f (x) — f (y) — (n,x —y) > 0 for all
X,y € B such that x # y and all n € 9f (y).

f is said to be uniformly convex if and only if (& —n,x —y) > y||x — y||P for
all x,y € B, all £ € 9f(x), all n € 9f(y) and some y > 0, some p > 1 (see [1]
for a slightly less restrictive definition of uniform convexity, and [20] for a related but
different definition).

f is said to be strongly convex if and only if (& — n,x —y) > y||x — y||* forall
x,y €B,all &€ 9f(x),all ne€df(y) and some y > 0.

Clearly, strong convexity implies uniform convexity. It has been proved in [6] that
uniform convexity implies total convexity, and the fact that total convexity implies strict
convexity is immediate. In finite dimension, a simple compactness argument shows
that strict convexity is equivalent to total convexity, but in infinite dimensional spaces
there are strictly convex functions which are not totally convex (see [6]). In Banach
spaces which are not Hilbert ones, there are no strongly convex functions which are
sufficiently smooth: it has been proved in [3] that if f : B — R is a strongly convex
function which is twice differentiable at least at some z € B, then B is isomorphic to a

Hilbert space, because [D*f (z)(x,x)] 1/2 (where D*f (z) denotes the bilinear form of
the second derivative of f at z) defines a Hilbertian norm which is equivalent to the
given norm in B. In view of this result, it is relevant to study the existence of totally
convex functions in Banach spaces which are not Hilbert, e.g. in .27(Q). Also, total
convexity if necessary for convergence of several algorithms in Banach spaces. As
an example, we mention the proximal point method for minimizing a convex function
g: B — R. This method starts with some x° € B and generates a sequence {x*} C B
through the iteration
= argmin{g(x) + Dy (x,x")},

where f is an auxiliary convex function, and Dy is as in (3.1). Convergence of {x'}
to a minimizer of g is established in [7] under hypotheses on f which include total
convexity.

In this section we will prove that f : £7(Q) — R defined as f(x) = [[x[[}, is
totally convex for all s,p > 1. We consider the case of the space Z7(Q) of complex



ON MIXED HOLDER-MINKOWSKI INEQUALITIES . .. 527

valued functions from Q to R. We present closed formulae or explicit lower bounds
for vy (x,f) interms of p, s, ||x||, and r. Obviously, these bounds are also valid for
the real case.

We will consider several cases, depending on the values of s and p. The first
one corresponds to 1 < s < p < 2. In this case we give a closed formula for vy (x,1)
and the point u* which realizes the infimum in the definition of vy . This result is a
consequence of Theorem 2.1. The formula of v extends the one established in [6] for
the particular case of s =p.

From now on we will use the following notation: V*(z,f) = vf(z,7) and
D' (x,y) = Dy (x,3) for £ (x) = [xlf} in 27(Q). and U, = {xr€ 27(Q) : |Ix]l, =1}
forte Ry.

PROPOSITION 3.1. Take s, p suchthat 1 <s<p < 2. Then

D) W(et) = (4 [1dl,)” = Il = slllly e = Do e+ [l 1l],) > 0 for al
t>0 with @ : Ry — R definedas ¢(t) =¢,

ii) if z# 0 then V(z,1) = D" (u*,z) with u* = (1 +1/||2||,)z.

Proof. A simple computation, using (3.1), shows that
D (u,z) = (t+ |lzllp)" — |lzlly = slllly ™7 = Dy (r + [lzllp [12]]5),
if z # 0. The rightmost inequality in (i) follows from strict convexity of ¢ in Ry .
It suffices therefore to prove that D”(u,z) > DP*(u*,z) for all u € B such that
[lu — z||, = t, or equivalently
D" (x+2,2) = (t+|lzllp)" = llally = sllll, ™" (3-3)

for all x € U;. Itis easy to get from (3.1) the explicit expression for the left hand side
of (3.3), namely

D”(x +2,2) = [k + 2l — [lzlf, — sllzll, "Re({y, %) ), (3-4)
with y(&) = |2(&)[P2z(€) if z(€) # 0, y(&) = 0 otherwise. In view of (3.4), it turns
out that, since ||x||, = ¢ and HzHﬁ_l = ||y|l¢, (3.3) is a direct consequence of (2.1),

which holds by virtue of Theorem 2.1. I

The computation of v** for values of s, p other than those considered in Proposi-
tion 3.1 is much harder, and we will not obtain a closed formula for v**(z,¢), but rather
a positive lower bound. We start with a lower bound for V?? with p > 2.

As discussed in [6], f(x) = [|x|[, is totally convex for p > 2, because it is
uniformly convex, as proved in [20]. Our next proposition gives an explicit positive
lower bound for V77 (z, ) with p > 2. We need first two elementary results, the first of
which can be seen as a chain rule for Dy .

LEMMA 3.1. Take ¢ : R — R convex, differentiable and nondecreasing, and
g:B — R convex. Define f : B— R as f(x) = ¢(g(x)). Then

Dy (x,y) = Dy (g(x) 8(y)) + ¢ (8(»))Dg (x, 7). (3:5)
Proof. See [16], Proposition3. [
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LEMMA 3.2. Take p > 2 and define ¢, : C — R as @¢(t) = |1 + 1| —
|tl’ — plt|P~?Re(t). Let ¢, = infiec §p(1). Then, ¢, = minj <12 ¢(t) > 0 and
P2t >¢,, sothat ¢, <1 if p > 2.

Proof. For p =2 we compute ¢, = ¢(¢) = 1 via [1+1|> = 14+2Re(r)+|t[>. For
p > 2 wedefine g, : C — R as g,(r) = [t|’. Tt follows that ¢),(r) = D, (1 +¢,1) and

g(t) = (gz(t))p/z. Since p/2 > 1, the function y : R — R defined by y/(r) = /2
is convex. Therefore, we get from Lemma 3.1

0p(1) = Dy (14 1.1) > W/ (82(0)) Den(1 + 1.0) = £ ()" 0(0) = Epup =2 (3.6)

By (3.6),

inf Porp _ ppl-r > =c,. 3.7
|z\1£1/2¢p() p \?211}2%() Cp (3.7)

It follows from (3.7) that ¢, > 0, because {t € C : |¢f| < 1/2} is compact, ¢,(¢) is
continuous, ,(¢) > (p/2)|tP~2 > 0 if 1 # 0 and ¢,(0) = 1

If p > 2 we have 2°~! > p, because the function f : R — R defined as
B(r) = "~ is strictly convex in (0, +00), and so we have B(2) > B(1) +p'(1) =
It follows that ¢, < 1. [

REMARK 3.1. In the Appendix we establish the following estimate:

I—p
P2tz > 1+ (2p- DV =22~ 1p),

which gives also lower bounds for ¢, .

PROPOSITION 3.2.  If p > 2 then VP (z,t) = ¢, > 0, with ¢, > 0 as given by
Lemma 3.2.

Proof. By (3.1), forall x,z € £P(Q)

D (x+z,2) :/Q[|X(5)+Z(§)\”*|Z(§)\p*P\Z(i)|”*2Re(2(§)@)]du(§)~ (3-8)
Let Q(x) = {& € Q: x(&) # 0} and u(&) = z(§)/x(&) for & € Q(x). Since x €

ZP(Q), Q(x) is measurable, and, since the integrand in (3.8) vanishes for & ¢ Q(x),
we get

> p“*“):/g( O+ )Y~ Q) — )R (u(&)Jdu (&)
— [ WEPou(E)au). (3.9)
Q(x)

with ¢, asin Lemma 3.2. By Lemma 3.2, for all x € U;,

DP(x 42,0 > 6 /Q @) = . (3.10)
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with equality occurring if ¢, (u(&)) = ¢, for & € Q(x), ie. if x(&) = A7 'u(&),
where, for p > 2, A # 0 is such that ¢,(A) = ¢, and, for p = 2, A4 is arbitrary,
because in such cases we have ¢,(r) = 1 > ¢, by Lemma 3.2 for p > 2 and
¢(1) =1 =, forall ¢.

The result follows by taking infimum over x € U; in (3.10). O

We mention that, though in this case we have a lower bound for V¥ rather than an
exact formula, the result is in some sense stronger than for the case of 1 < s <p < 2,
because our lower bound for p > 2 is independent of z, so that v*7(z,¢) is a global,
rather than local, modulus of convexity, confirming the fact that f(x) = ||x|[} is
uniformly convex for p > 2 (see [20]). It is not possible to get a positive lower bound
independent of z for v*(z,¢) with 1 < s < p < 2 because for any fixed # > 0 the
value of v(z,1) given by Proposition 3.1(i) convergesto 0 as ||z||, goesto co, as can
be easily verified.

We will use the values of v/ obtained in Propositions 3.1 and 3.2 in order to
compute lower bounds for v* with values of p and s not covered in these propositions.
The first case is s > p, for which we will use Lemma 3.1.

PROPOSITION 3.3. If s > p > 1 and t > O then

v*(0,1) =1 >0, (3.11)
VS (z,1) > IE)HZH;-Panz, >0 if z#0. (3.12)

Proof. The formula for D* given in (3.4) holds in fact for all p,s > 1. (3.11)
is a direct consequence of (3.2) and (3.4). The rightmost inequality in (3.12) follows
from Proposition 3.2 for p > 2 and from Proposition 3.1 with s = p for p < 2. We
proceed to establish the leftmost inequality in (3.12). Take @(f) = £/7, f(x) = [1x[[5
and g(x) = ||x|[5. Since s > p, @ is convex and nondecreasing. Thus, we can apply
Lemma 3.1, getting

D™ (x4 z,2) = Dy(||x + 2|5, [|2][5) + %I\z|\;_prp(x +7,2). (3.13)
Since Dy (||x + 2[5, ||z][5) = 0 by convexity of ¢, we get from (3.13)
(2,9 > DT+ 2,0) (3.14)
and the result follows taking infima over x € U, on both sides of (3.14). O

The remaining case, i.e. p > max{s,2}, is the hardest, and we will estimate v"*
by partitioning U, into three subsets and getting lower bounds for D*(x + z,z) with
x in each one of them separately. Let y(&) = [z(&)[P2z(&) if z(&) # 0, y(§) =0
otherwise, and define, for t > 0:

V! ={x€ U :Re((x,y)) =0}, (3.15)
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Vi ={x €U :|lx+zll, > llzllp, Re({x,y) ) < 0}, (3.16)
Vi={xeU:|x+zlp <llzlp}- (3.17)

Itis clearthat U, = U3, V/. We remark that V? mightbe empty, e.g. if > 2||z]|, .
We need next a preliminary result.

LEMMA 3.3. Let ¢ : Ry — R be a convex and differentiable function. Then,
for any fixed ty € Ry the function t — Dgy(t,t9) is nonincreasing in [0,1)] and
nondecreasing in [ty, +00)

Proof. By (3.1)
%D(p(h to) = ¢' (1) — ¢’ (to)- (3.18)

By convexity of ¢ the right hand side of (3.18) is nonpositive if 7 < 7, and nonnegative
ift>1. O

PROPOSITION 3.4. If 1 <s<p and p > 2 then, forall x € V!,

v
e+ 2llp = (2l + ) ", (3.19)

D+ 2,2) > Dy (27 + alg] "l ). (3.20)
with @ : Ry — R defined as ¢(t) =t and c, asin Lemma 3.2.

Proof. Take x € V!. Since Re ({x,y)) = 0 by (3.15), we get from Proposition
3.2 and (3.4) with s = p,

e+ 2lly = D (v +2,2) + [[2ll; = VP (z,0) + [zl = e + (][5 (3.21)

By (3.21),
[+ 2llp = (e + Il )7, (3.22)

and thus (3.19) holds. Now we use Lemma 3.1 with f (x) = [[x][;,, g(x) = |[x||, and
@(r) = ¢*. Since g is convex, D,y(x +z,z) > 0, and also ¢'(|[z|[,) > O, because
s > 0. Therefore

D”(x +2,2) = Dy (|lx + 2llp, lIzll) + @' (I[2]1p)Dg (x + 2,2) = D[ [x + 2]y [12l])-

(3.23)
By Lemma 3.3 and (3.22),

Do(|lx = 2llp. [12llp) = Do (et + I12l15)"7, I2l]y)- (3.24)

(3.20) follows from (3.19), (3.24) and (3.23). O
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PROPOSITION 3.5. If 1 < s < p, p =2, then, forall x € V?,
S

D*(x+2z,2) = = (t+||zllp)" "ept”, (3.25)

S

with ¢, as in Lemma 3.2.

Proof. Take x € V2. Let a = |[x+ 2|/, b= ||z|[h, ¢ = pl|z||, "Re((x,y) ) and
r=s/p,with y as in the definition of the sets V. Then, by (3.4),

D¥(x+2z,2) =d" —b" —rb'c, (3.26)
D¥(x+2z,z) =a—b—bc. (3.27)
Let w(t) = ¢". Note that r € (0, 1] because s < p, so that y is concave in R, . It
follows that y(b) < w(a) + v'(a)(b — a), implying
a—b >ra" a—b). (3.28)
By (3.26), (3.27) and (3.28),
D”S(x+z,z)>rar71(a —b)—rb'c=rd Ya—b—bc)+rd be —rb'c
d D (x + z,2) + rbe(a” " —b). (3.29)

Since x € Vtz,wehavethat a>bandc <0,sothat @' <!, because r—1 <0,
and hence rbc(a’=! — b"~!) > 0. Therefore, using (3.29) and Proposition 3.2,

DP(x +z,2) =rd " 'D(x + z,2)
> ;_Juxﬂugfpvm(z, 1) = ;—Juxﬂu;*f’c,,rp. (3.30)
Since s — p < 0, Minkowski’s inequality implies that
e+ 20,7 = (b + 1lzllp)" " = (e + lzll) (3.31)

The result follows from (3.30) and (3.31). O

Finally, we establish a lower bound for D”*(x + z,z) over x € V. We need first
an elementary result.

LEMMA 3.4. Define T: Ry — Ras 7(t) = B+ (o — 1)/t, with a € R,
B € R. Then t is concave if o < 1 and convexif o0 > 1.

Proof. Consider y : R,; — R defined as y(¢) = t(logt)* — 2tlogt + 2t — 2.
Since y’(¢) = (log?)* > 0, we get

v <y()=0 if 1€ (0,1] (3.32)
y() =v(1)=0 if t>1. (3.33)
On the other hand, differentiating 7,

7'() = 1| o' (log a’)2 —2a'loga’ +2a' —2| =1 y(d). (3.34)

Since ¢ > 0, we have that o > 1 if and only if o > 1. The result follows from
(3.32),(3.33) and (3.34). O
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PROPOSITION 3.6. If 1 <s<p, p>2,thenforall z# 0 andall x € V?,

s(s = 1)

D”(x+z,z Z|[S7Pe, . 3.35
( ) > e )H " (3.35)
Proof. Take x € V2. We remark that (3.4) holds also for s = 1 when z # 0 ,
because || - ||, is differentiable everywhere except at 0. We consider 7 as in Lemma
3.4 with o = ||x+ z||,/|lzl|,» B = —]lzl[, "Re({x,y)) and y as in the definition of

the sets V! . It follows easily from (3.4) that
D¥(x+z,2) = stH;T(S). (3.36)
Observe that s = 2= + (5=7) € [0,1) 2= = 1. Since

llx+2z||p/||zl|, € (O 1) by definition of Vf , T is concave by Lemma 3.4, and therefore

(s) > (H)T(l) + (H)m)). (3.37)

By (3.36) and (3.37),

HZHpS p—S —1ppl s — HZHI’
—l)}'?S X > P
N ( Z7Z) - (P - 1) HZHp DP ()C Z>Z) ( - 1) P — =D ()C (2 Z)

(s—1)
> PDPP(x +7,2), 3.38
o )H |, "D (x + 2,2) (3.38)
using nonnegativity of DP!, which follows from convexity of g(x) = [[x||,, in the
rightmost inequality of (3.38). By (3.38), using Proposition 3.2,
: s(s—1) _
D (x+2z,2) = PDPP(x+z,z
(x+2.0) > Sl D+
s(s—1) s(s—1) _
= PyPP (7 1) > Z|[S7Pe, .
Sl ) > S el

O

Now we establish a common lower bound for those found in Propositions 3.4, 3.5
and 3.6.

PROPOSITION 3.7. If 1 <s<p,p>=2andt>0 then

v (0,1) =1 >0, (3.39)

t \'"
V(2 1) = (1 + W) Do([ept” +112I8) 7 Wlzll,) > 0 if z#0,  (3.40)
P
with @(t) =t and c, asin Lemma 3.2.

Proof. (3.39) holds with the same proof as in Proposition 3.3. We proceed to prove
1 5=
(3.40). Let pi(z,1) = Dy([cpt” + ] "7 lllly) » p2(2,8) = (1 lllp)" " cpt? and
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p3(z,1) = ;E;j)) |lz||p Pyt . By Propositions 3.4, 3.5 and 3.6, since U, = U;_, V!, in

order to establish the leftmost inequality in (3.40) it suffices to prove that

s=p
lrgl_i&p,-(z, = (1 + ﬁ) pi(z,1). (3.41)
Let 6 =1+ 1t/||z||, . Note that
p2(z,1) = 6”"225_ 11)) p3(z,1) = 0" Pps(z, 1), (3.42)
because [p(p — 1)]/[s(s — 1)] > 1. We claim that
p3(z,1) = pi(z,1). (3.43)

We proceed to prove the claim. Let oz = (1 + c,,tp/HzHg)l/p. By (3.1),
1/
pi(z,1) =Dy ([ep? + 11215] " [12]]5)

s/ s s— 1/
= (cpt” + [[2l[5)"" = 1lally, = sllally 1{(Cpf”+|2|§) "=l

=llzlls [ =1 —s(oc — 1)]. (3.44)
On the other hand,
_os(s—1) s\ s(s—1) S(op
rled) = Sl (0 ) = S lialher — 1) (49

Consider 7 as in Lemma 3.4 with a = (1 + cptp/HzHﬁ)l/p, B = 0. Then, by (3.44)
and (3.45),

patant) = e =slzlp | (21 ) o) — t6) + w00
ZSHZH; {(H)T([)) —1(s) + <H)T(l)} ,  (3.46)

because (p —s)/(p — 1) < 1,since s > 1,and 7(1) = o« — 1 > 0. 7 is convex by

Lemma 3.4, because o > 1, and therefore, writing s as (;_Ti)p + (;’:i) ,

s—1 p—Ss
< —_— . .
7(s) < (pl>r(p)+ (p1>r(l) (3.47)
By (3.46) and (3.47), p3(z,t) — p1(z,7) = 0 and the claim is established.

Since § > 1 and s — p < 0, we have that 1 > 6* 7. Therefore, by (3.42) and
(3.43),

p3(z,1) = pi(z,t) = 8 Ppi(z,1), (3.48)

p2(z, 1) = 8°Pps(z,1) = 6" Fpi(z,1). (3.49)

In view of the definition of &, (3.41) follows from (3.48) and (3.49), so that the leftmost

inequality in (3.40) holds. The rightmost one follows from positivity of c,#” and strict
convexity of ¢, which implies that Dy,(7,7) > 0 for 7 #7. [
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COROLLARY 3.1. Take p,s > 1 and consider f : £P(Q) — R defined as
f(x) = |x[[;. Then f is totally convex.

Proof. Follows from Propositions 3.2, 3.3 and 3.7, and the definition of total
convexity. [

For the sake of completeness, we analyze now Uy (z,t) = sup{Dy (u,z) : ||u —
zl|, = t}, for f(x) = [|x[|;,. We will prove that p(z,7) < oo for all z € £7(Q)
and all + € Ry . While positivity of vy(z,7) says that each metric ball (i.e. a ball
induced by the p-norm) contains a Bregman ball (i.e. one induced by the Bregman
distance associated with f (x) = [|x]|},), finiteness of p(z,7) says that each metric ball
is contained in a Bregman ball. As a consequence the metric distance and the Bregman
distance associated with this f are topologically equivalent, in the sense that for any
sequence {x*} C #7(Q) and any x € £?(Q) it holds that limy_,. Dy (x*,x) = 0 if
and only if limy_.« |[** — x||, = 0. Reversing the situation of v;, we obtain a closed
formula for uy when 2 < p < s and a finite upper bound otherwise.

PROPOSITION 3.8. i) For 2 < p < s, the supremum of D¢ (u,z) over the
set {u € LP(Q) : |lu—z|| = t} is attained at u* = (1 + t/||z|,)z with value
Dy (u*,2) = py (2, 1) = (t+[[allp)” — [lally — slll[*~"z.

i) Forall p,s > 1, pr(z,1) < (t+|z]],)" — |lz][5 — sl|z][5"e < .

Proof. i) The argument in the proof of Proposition 3.1, with the inequalities
reversed, and using (2.2) instead of (2.1) in the final step, establishes the result.

ii) By (3.4), with x € U, and y(&) = [z(§)?z(&) if 2(§) # 0, y(§) =0
otherwise,

D”(x+z,2)=|lx + 2lf, — [zl — sllzll,"Re({y,x) )
< (Ixllp + Hzllp)™ = llzlly + sllzlly 1y, x) |
N —
<+ 1llp)” = Mlally + sl v gl

=(r+1lzllp)" = llzll} + sllzlly~"r < oo, (3.50)

using Minkowski’s inequality in the first inequality and Holder’s one in the second one.
The result follows by taking supremum over x € U, in (3.50). O

4. Appendix

We present here some estimates of ¢, which provide a more explicit lower bound
for v** intermsof s, p, ||z||, and 7, when substituted in the bound given in Proposition
3.7.

LEMMA 4.1. Take p > 2 and define ¢, as in Lemma 3.2, ¢, = inf,cc §p(z).
Then

p2' P >c, =inf {g(x) :x €R,—1/2<x <0}
>[1+(2p— 1)~V D) 2212~ 1/p). (4.1)
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Proof. The leftmost inequality in (4.1) has been established in Lemma 3.2. We
prove first the equality. Since ¢,(z) = 1 for all z € C, we may assume that p > 2.

From Lemma 3.2 we have that ¢, = min{¢,(z) : z € C, |z] < 1/2}. Let z = x + yi,
with x and y real. Then, from |z|?> = x*> +y? and |1 + z|> = (1 +x)* +y?, we get

0 0
ZA(|-P) = p—2 o (1P) = p—2
ax(\ZI ) =plalx, ay(\ZI ) =pll" 2y,

0 0
el al) =plt 4142, o (|L+al) = pll+2 7.

Ox
As a consequence,
L 0@ =p(I1 4+ — P )10 —plo - D, (@42)
9 -2 -2 —4
3y @ =p(IL+2"> = )y = p(p = 2) I xy. (4.3)
At the point z where ¢), attains its minimum on C we have
0= 20,0 = 502 (44)
so that we get from (4.3) that either y = 0 or
(L4272 = (272 = (p = 22l x. (4.5)
If (4.5) holds, then, substituting (4.5) in (4.2) and (4.4), we obtain

P
0= 5-0,() =pp - 2)|2lP*x(1 4+ x) — p(p — 2)|2/P 4+,

so that either z = 0 or x(1 + x) — x> = 0. It follows that in any case x = 0, which,
substituted in (4.5), gives |1 + z[P=2 = |z]P~2, implying that |1 + z|> = |z|>. Since
x = 0, we conclude that 1+ y? = y?, which is a contradiction. Thus (4.5) cannot hold
and therefore we have y = 0,i.e. z=x € R.

Suppose now that z = x > 0. From (4.2) and (4.4) we get

0=[(14+xP 2= 2(1+x)—(p—2)F 2= (x+ 1) =" = (p— 122,

which is a contradiction, because the function x +— x"~1 is strictly convex in (0, +00).
From this contradiction and Lemma 3.2 we conclude that z = x € [—1/2,0), which
proves the equality in (4.1).

We proceed to prove the second and third inequalities in (4.1). Let x = —& with

& € (0,1/2]. Then,
op(—8) = (1 - &) — & +p&r.
Since p&P~1 > 2pEP  because 1 > 2&, we get, defining (&) = (1-E)P+(2p—1)E&P,
$p(=8) = a(Q). (4.6)
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Observe that

o () = —p(1 =&~ + (2p — 1)p&r. (4.7)

It follows easily from (4.7) that o/(£) < O if and only if & < &*, with &* =
(14 (2p — 1)V/=D)] . So, we get from (4.6)

a(E*) =min{a(z) : £ € (0,1/2]} < ¢p. (4.8)
The definitions of o and £* give, after some simple algebra,
a(§7) = [1+(2p— 1)~ VO] (4.9)

Take r such that (1/r) +[1/(p —1)] = 1. Since p —1 > 1, we get by Holder’s
inequality applied to (1, (2p — 1)~1/~=V) € R? and (1,1) € R?,

1/(p—1)
1 + (2[) _ 1)—1/([7—1) g [1 + (Zp o 1)—1] 1/(1’*”21/’ — 2<2pp_ 1) 5 (410)

using the definition of r in the equality. By (4.9) and (4.10)
2p—1
p

The second and third inequalities in (4.1) follow from (4.8), (4.9) and (4.11), observing
that ¢,(—1/2) =p2!'7 >¢,. O

a(E*) 221—1’( ) =272~ 1/p). (4.11)
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