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INEQUALITIES FOR MEAN VALUES OVER QUASIBALLS
FOR FUNCTIONS DEFINED ON ARBITRARY OPEN SETS

V. I. BURENKOV AND T. V. TARARYKOVA

(communicated by J. Pecari¢)

Abstract. Sharp two-sided estimates for mean values over quasiballs are established, which allow
reducing the problem of obtaining certain weighted integral inequalities for arbitrary open sets
to appropriate inequalities for quasiballs.

1. Quasidistances, quasiballs, quasispheres

Let d: R" x R" — R be any quasidistance on R", i. e.,
l) d(x7y) 20;d(x,y) =0+=x=y, x,y € R"
ii)d(x,y) =d(y,x), x,y € R";

iii) for some k > 1

d(x,z) < k(d(x,y) +d(y,2)), x,y,z € R".

We note that from ii), iii) it follows that
iii") d(x,z) > 1d(x,y) — d(y,2), 1d(y,2) —d(x,y).

(If k = 1, then these inequalities are equivalent to |d(x,y) — d(y,z)| < d(x,z).)

Moreover, let B,(x,r) and S;(x,r) be an open quasiball, a quasisphere respec-
tively, centered at the point x € R"” of radius » > 0, i.e., an open ball, a sphere
respectively, with respect to the quasidistance d: By(x,r) = {y € R" : d(x,y) <
r}, Sa(x,r) ={y € R": d(x,y) = r}.

Also, for x € R",G C R, let g4(x,G) be the quasidistance from x to G, i.e.,
04(x,G) = inf d(x,3)

In general, a quasidistance on R", as a function of (x,y) € R?", is not continuous
with respect to the Euclidean distance or even measurable with respect to the Lebesgue
measure. For example, if d(x,y) = g(Jx—y|), where x,y € R", |x—y] is the Euclidean
distanceand g : [0, 00) — [0, 00) isan arbitrary (in particular non-measurable) function
satisfying for some 0 < o < 0 < oo the inequality oqu < g(u) < ou, u > 0,
then d(-,-) is a quasidistance. Another example of a quasidistance could be obtained
if g :[0,00) — [0,00) satisfies the following conditions: g(0) = 0, g is almost
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20 V. I. BURENKOV AND T. V. TARARYKOVA

increasing, i.e., for some oz > 1, g(u1) < 03g(u2), 0 < uy < up < oo, and also, for
some oy > 1, gluy +up) < ou(g(ur) + g(w2)), 0 < uy,up < 00.

We shall also consider quasidistances satisfying the following condition:

iv) for each € > 0 there exists C(g) > 0 such that

d(x,z) < (14 €)d(x,y) + C(e)d(x,y), x,y,z € R".

We note that from iv) it follows that

V') [d(x,y) —d(y,2)| < €d(x,y) + C(€)d(x,z).
Indeed, by iv)

d(x,y) — C(g)d(x,z)
1+¢

<d(y,2) < (1+¢€)d(x,y) + C(e)d(x,z). (1)
Hence,

ed(x,y) + C(e)d(x,z)
1+¢

< d(y’ Z) - d(x’ y) < Sd(x, y) + C(S)d(x, Z)7

and V') follows.
Any quasidistance d satisfying iv) is a continuous function (with respect to the
quasidistance d ). This follows since by V'), for all xg, yp,x,y € R” and forall € > 0,

‘d(x7y) - d(x07y0)| < |d(x>y) ()Co, )‘ + |d()C0, ) d()C(),yo)|
< &d(xo,y) + C(€)d(x, x0) + &d(x0,¥0) + C(€)d(y, yo)
€(2d(xp,y0) + C(1)d(y,y0)) + C(€)d(x,x0) + €d(xo,v0) + C(€)d(y,y0)

< 3ed(xo,y0) + (C(e) + eC(1))(d(x, x0) + d(y, y0))-
By the continuity of d it follows, in particular, that all quasispheres are closed sets
(with respect to the quasidistance d). Also all quasiballs B,(x,r) are open sets
(with respect to the quasidistance d). Indeed, if y € By(x,r), then the quasiball

-1
where ¢ = 1(r — d(x,y)) (C(rd(x’y)>> . This follows from

Ba(x, 0) C Bal(x, 2(ry)
)

)
iv), where € = ‘é( since, for all z € By(y, 0)

o
d(z,%) < (1+€)d(x,y) + C(e)d(y,z) < (1 +€)d(x,y) + Ce)o =r.

We shall say that a quasidistance on R” is regular if it satisfies iv) and also
V) it is continuous with respect to the Euclidean distance,
vi) forall x € R" and r >0 measS;(x,r) =0,
vii) there exist two functions C; : (0,00) — (0,00), j = 1,2, such that for all

xeR"
o (172 < meas Ba(x,r2) <o(?).
r meas B,(x, ry) r
If a quasidistance is regular, then all quasiballs B,(x, r) are open sets with respect

to the Euclidean distance (hence, Lebesgue measurable sets of positive measure). Since,
as was already proved, these quasiballs are open with respect to the quasidistance d,



INEQUALITIES FOR MEAN VALUES OVER QUASIBALLS . .. 21

to prove this it is enough to verify that each quasiball B,(x,r) contains an Euclidean
ball B(x, ) for sufficiently small ¢, which follow from the continuity of a regular
quasidistance with respect to the Euclidean distance.

A typical example of a regular quasidistance, which will be of interest for us in
view of applications, is

Y
d(xay) = <OC]X1 *yl|ﬁ1 + 4+ an‘xn Yn|ﬁn> ; (2)

where x = (x1,...,%,),y = (V1,.--,¥) € R" and oy, P1,..., 0, B,y are fixed
positive numbers.
Property iv) follows from the elementary inequality

(a+D)° < (1+4+¢€)a®+c(e)b°, a,b>0, €,0>0,

1-o
wherec(e):lifcglandc(s):<1—(l+s)ﬁ> ifo>1.

2. Regularity properties of the mean values over quasiballs

Let Q C R” be an open set,!] 0 < e <1 andletd a quasidistance on R”".
Assume that ¢ € L(Q), i.e., ¢ is Lebesgue summable on Q. We shall be interested
in the mean values @;, of the function ¢ over the quasiballs By(x, €04(x)), where
x € Q and g,4(x) = g4(x,0Q):

Pae(x) 1 / o(y) dy. 3)

~ meas B(x, €04(x))
By(x,£04(x))

LEMMA 1. Let d be a quasidistance on R" such that all quasiballs B,(x,r) are

Lebesgue measurable sets of positive finite measure, and let 0 < € < 1. Moreover, let
Q C R" be an open set, Q # R" and ¢ € L(Q).
Suppose that the set

e ={(x,y) €QxQ: d(x,y) < €04(x)} CR™ (4)

is Lebesgue measurable.
Then the mean value Qq¢ is a function measurable on Q.

Proof. Since the set ;. is measurable, by the Fubini theorem the function
meas By(x, £04(x)) is measurable on Q. The characteristic function " of the set
€

¢ is measurable on R?". Hence, for all k € N, Xy @€ L((Q N B(0,k)) x Q),

! Here and in the sequel we mean an open set with respect to the Euclidean distance.
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where B(0,k) is the Euclidean ball. Again by the Fubini theorem it follows that the
function

‘/%st (x’ y) (p(y) dy - /%Bd(~‘f~fgd(x) (y)(p(y) dy = / (p(y) dy

Q Q By(x,e04(x))

is measurable on Q N B(0, k) for all kK € N and, hence, on Q.
Since 0 < meas By(x, € g4(x)) < oo for all x € Q, the function @ is also
measurableon Q. O

Suppose that Q C R” is an open set and that for each x € Q aset G(x) C R" is
measurable. We shall say that the set-valued function G(-) is continious on Q if, for
each xop € Q, lim meas(G(x)AG(xo)) = 0, where G(x)AG(xy) = (G(x) \ G(xp)) U

X—X0

(G(xo) \ G(x)) is the symmetric difference of the sets G(x) and G(xp).

Let Q C R” be an open set and let ¢ € L'°(Q), i.e., ¢ € L(K) for each compact
K C Q. Suppose that a set valued function G(-) is continious on  and is such that

G(x) C Q for each x € Q. Then by the absolute continuity of the Lebesgue integral it

follows that the function [ @(y)dy is continuous on Q, since
)

G(x
’/tp(y)dy— / qo(y)dy’< / lp(y)|dy. (5)
G(x) G

(x0) G(x)AG(xo)

LEMMA 2. Let d be a regular quasidistance on R" andlet 0 < € < 1. Moreover,
let Q CR" be an open set, Q # R" and ¢ € L(Q).

Then the mean value Qq¢ is a function continuous on Q.

Proof. Let us prove that the set-valued function By(x, € g4(x)) is continuous on
Q. To do this, first we note that the function g, is continuous on Q. Indeed, let x €
be fixed and let y € Q, z € 9Q. By (1) it follows that for all y > 0

0D DY) < drz) < (147D +CAY): (O

By taking the infimums with respect to z € JQ we have

) DA < ay) < (14 Pats) + Clp ).

Hence,

- (ygd(x) + C(y)d(x, y)) < —Y0a(x) 1++C;Y)d(X7 y)

< 0a(y) — 0a(x) < vou(x) + C(y)d(x,y).
Thus, forall ¥ > 0

|0a(y) — 0a(x)| <7 0a(x) + C(y)d(x,y).
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Consequently, forall y > 0

limsup [ea(y) — ea(x)| < Yea(x) + C(y) limd(x,y) = ¥ ea(x).

y—x

Hence, lim |oa(y) — ea(x)| = 0 and lim 04(y) = 04(x)-
We claim that for all ¢ > 0 there exists 0 > 0 such that if [y — x| < §, then

B(x, £04(x) — 0) C Ba(y,€04(y)) C Ba(x, €04(x) + 0). (7)

Indeed, let z € B(x, €g4(x) — o), then forall ¥ > 0
d(x,y) < (1+7)d(z,x) + C(y)d(y,x) < (1 +7)(€0a(x) = o) + C(y)d(y, x)

= €0a(y) + €(0a(x) — 0a(y)) + va(x) + C(y)d(x,y) — 0.
Let y = 395(x) . By the continuity of d and g, there exists & > 0 such that €(g,(x) —
04(y)) < § and C(y)d(y,x) < ¢ if [y —x| < 6. Hence, for such y, for all
z € B(x, £04(x) — 0) we have d(z,y) < €04(y) and the first inclusion (7) follows. The

second one is proved similarly.
Since by (7)

Bi(y,€04())AB4(x, €04(x)) C Ba(x, €04(x) + 0) \ By(x, €04(x) — O)
if [y—x| <6,and

lim meas (Bg(x, £04(x) + 0) \ Ba(x, £04(x) — 0))

O—

= meas ( () (Ba(x, €0a(x) + 6) \ Ba(x, £0a(x) — a)))

>0
= meas Sy(x, £04(x)) = 0,
it follows that
lim meas B;(y, €04(y))ABa(x, €04(x)) = 0.

y—x
Since,
| meas B;(y, €04(y)) — meas By(x, €04(x))]

< meas (Bd(y7 €04(y))ABa(x, sgd(x))) )

it follows that the function B,(x, €04(x)) is continuous on Q.
Since @ € L(Q), by the absolute continuity of the Lebesgue integral, the function
i ¢(y) dy is continuous on Q, and the continuity of ¢, on Q follows. [
By(x,€04(x))

REMARK 1. If all quasiballs B,(x,r) are bounded, then one can replace the as-
sumption @ € L(Q) by ¢ € L'*(Q). This follows since for sufficiently small o the
set By(x, €04(x) + 0) C Q. Hence, for ¢ € LI°(Q), we have ¢ € L(Bs(x, €04(x))).
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3. Estimates for the mean values over quasiballs

Together with the quasiballs By(x, €04(x)) we shall consider the conjugate quasi-
balls
Bj(x,€0q4(x)) = {y €R" : d(y,x) < €ca(y)} (8)

The estimates in Theorems 1 —3 below will be based on the following statement.

LEMMA 3. Let d be a quasidistance on R" such that all quasiballs B4(x,r) are
Lebesgue measurable sets of positive finite measure and let 0 < € < 1. Moreover, let
Q C R" be an open set, Q # R". Suppose that the set ;¢ defined by (4) is Lebesgue
measurable. Then

Q) Q)
ald.e) = ST sup e = o(dye), (9
(@) PEL(Q).070 ”(pHL(Q) PEL(RQ),070 ||(pHL(Q) (d.€) ©)
where .
: 24
ci(d,e) =essin 10
e yle meas By(x, €04(x)) (10
B (v.e04(y))
and .
y
c(d, €) = esssu ) 11
2(d,€) yer / meas B;(x, €04(x)) (11)
B (v,e04(y))

Proof. Since the characteristic function % , (x,y) is measurable on Q x Q,
de

and the functions meas B;(x, €04(x)) and |@(y)] are measurable on Q, the function

Xog, ()OO )
Teas B, (reo,()) 1S honnegative and measurable on Q x Q.

Hence, by the Fubini theorem, taking into account that

Xagye (59) = X yneagon ) = Xryepp &) %y ERY,
we have
I = dy | d
e / (g [ lowllas)ax
Q Bg(x,e04(x))
— / de x Eod |(p( X'Q{dk (y)‘ dxd
measBd(x €04(x)) meaSBd (x, EQd( ) Y
QxQ

-/ (Q e EZJZSJ) i)

_/( / meaSBdEl;iEQd(x)»(p(y)'dy'

Q  Bj(v.e0a(v)
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In particular it follows that the function f m, which could be
B (v,€04(y)) '

infinite for some x € Q, is measurable on Q. Consequently,

ci(d, ) |9l < I < c2d, €) [|9]le)-

If ¢,(d, €) < oo, then by the definition of the essential supremum it follows that for all
k € N there exist measurable sets €; C € such that 0 < measQ; < oo and

ess su / dx > c(d,g) — !
yegkp meas By(x, £04(x)) ~ e k
By (v,e04(y))

By considering the functions ¢ = xgq, it follows that the constant c,(d, €) is sharp.

(If c2(d, €) = oo, then it follows that  sup 0 ‘f = 00). The case of ¢;(d, €)
peL@).gr0 1M

is similar. [

THEOREM 1. Let d be a quasidistance on R" such that all quasiballs By(x,r) are
Lebesgue measurable sets of positive finite measure. Moreover, let Q C R" be an open
set, Q £ R".

Suppose that for all 0 < € < %, the set <, defined by (4) is Lebesgue
measurable and for all 0 < € < % and 0 < § < ©

By(y, 8
< esssup meas Ba(y, 004()) < 0. (12)

(ry)E oy, MEas By(x, €04(x))

B
0< essinf meas Ba(y, 50a())
(xY)EAy e meaSBd(x> EQd(-x))

Then for each 0 < € < L there exist c3(d,¢), ca(d,€) > O such that for all

k
[ eL(Q)

c3(d, €) /V\ dx < /lf|dvg dx < cq(d, €) /U‘|dx. (13)
Q Q Q
Proof. Let x,y € Q and z € 0Q. Then
1
7 e z) —d(x,y) <d(y.2) < k(d(x,2) —d(x.y).
By taking the infimums with respect to z € Q it follows that
1
p 0a(x) — d(x,y) < 0a(y) < k(a(x) +d(x,y)). (14)
Furthermore, for 0 < € < %,
Ba( v o 0a0) ) € B e0u() € Ba( v o o)) (19)
dy>k(1+£)9dy a\y, €0q\y A\ YT e 2V )
Indeed, if x € By(y, £ , then by (14)
€04y
d(r.y) < 220 (o) + d(x.).

k(1+¢) ~1+¢
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Hence, d(x,y) < €p4(x) and x € B5(y, 0a(y)) . On the other hand, if x € B}(y, 0a(y)),
then d(x,y) < €oa(x) < ke(o4(y) + d(x,y)). Hence, d(x,y) < 1fgkggd(y) and

X € By (y, %Qd(y)) . Consequently,

meas By (y, *&-
Cz(d, 5) < sup d(y I,kggd(y))

= cy(d, €) < o0. 16
(ey)EApe meas B;(x, £04(x)) 4(d.€) (16)

Similarly,

meas By(y, iz 0a(y))
dye)> inf = ¢3(d, €) > 0. 17
ci(d.€) (x,yirelng meas By(x, €04(x)) es(d.€) > (17)

Hence, (13) follows from (9). O

THEOREM 2. Let d be a regular quasidistance on R" and let Q C R" be an open
set, Q # R". Then for each 0 < € < 1 there exist ¢s(d, €), ce(d, €) > 0 such that for
all f € L(Q)

cs(d, €) /{f\dxé/[fugdxécﬁ(d,s) /U‘|dx. (18)
o) Q Q

Proof. We claim that for 0 < € < 1

1-¢
i gy i) ) € Bitneaa)) < Ba(3 F o). 9

The first inclusion coincides with the first inclusion (15).
Let x € B3(y, 04(y)) . then by applying (6) we have

d(x,y) < €ga(x) < e(C(y)ea(y) + (1 +v)d(x,y))-

Hence, ")
eC(y
d —_ 20
(x,y) < 1_8(1+y)9d(y) (20)
if 1 —&(1+y) >0. Taking y = =£ we get the second inclusion (19).

2¢
We note that for x € B(y, €04(y))

Bu(x, 0a(x)) C Bu (y, ke ((1 —ek+2(1+ ke)C(%))gd(y)). (21)

1—-¢
Indeed, if z € By(x, €0q(x)), then by iii), (14) and (20) (with y = 1-£)
d(z,y) < k(d(z,x) + d(x,y)) < k(ega(x) + d(x,y))
< k(ek(oa(y) +d(x,y) +d(x,y)) = £K0a(y) + k(1 + e k)d(x, )

< (8 K+ k(1 + ks)%) 0a(y)



INEQUALITIES FOR MEAN VALUES OVER QUASIBALLS . .. 27

= 1k—85 ((1 — &)k +2(1 + keW(%))@d(y%

and (21) follows.
Finally, we notice that for x € By(y, 57 04(y))

By <y, %Qd(y)> C Ba(x, €04(x)). (22)
Indeed, if z € Ba(y, 57 04(y)) , then
d(z,x) < k(d(z,y) +d(x,y)) < k(%@a(y) + %w(ﬁ) = £04(y)-

Consequently, by (19) and (20) and vii)

2eC(i=E
meas By (y, - 1(,28 )Qd(y)>
CZ(d7 8) g sup

(cy)eety, ~ MmeasBy(x, €04(x))

2¢ C(LE
meas By (y, %w(y))
< sup

Y2 meas By <y7 ﬁ@d(Y))

Similarly, by (19), (21) and vii)

= c6(d, €) < 0. (23)

meas By (y, ﬁ@d()’))
d,e)> inf
Cl( ) (x,y)EWd,e meaSBd(x> EQd(‘x))

meas By <y, ﬁgﬂy))
> inf =cs(d, ) > 0.

@ asB, <y7 e ((1 ek 4201+ ke)C(lz;:)> Qd(y)>

(24)
Hence, (18) follows from (9). O
If [[-]| : R" — Ry is a norm on R", we shall write By.|(x,7), o). (x,0) for
By(x,7), 04(x, o) respectively, where d(u,v) = |ju —v||.
We note that
meas BHAH()C, }’) = V\IAH,n"n> (25)

where v, = meas B|.|(0, 1) is the volume of the unit quasiball in R" with respect
to the norm || - ||.
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|| be any norm on R" andlet 0 < &€ < 1. Moreover, let
Q C R" be an open set, Q # R" and for x € Q, let o). (x) = o). (x,09).

Then forall f € L(Q
) /[f|dx. (26)
Q

(1+e) /Wx /Vh\ngdx (

COROLLARY 1. Forall® f € L(Q)

lim /Vln Hgdx_/wdx (27)

e—0+

Proof. In the case under consideration by (25) it follows that

1 d
el e) = esint [ a
V|| nE"  yeQ ot (x)
I, . -1
BH-H()”EQH‘H(}’))

(e = — /=
C: . = €SS Su .
2 VIAE vea . off. (%)

Inclusions (15) take the form

By. |( T T2 )) < Bjl (- €01 () < By (%ligmw(y))- (28)

Since, by the triangle inequality
log-1 () = -] < [lx =yl
it follows that for x € Bj , (v, €0y (v))
o1 ) — €0y (x) < 2y () = e =yl < ¢ (%)
<o) + lIx =yl < o () + g (x)-

and

Hence o) o)
oYy o1y
— . — 29
1+£<Q““(x)< 1—-¢ (29)
Consequently,
1—¢)" .  measB) (v, 550 1—¢\"
all-le) s L= i 110 Tz 21 0) :< 8> .
V|| " yEQ 2 () I+e
Similarly

1+5 n
. < )
ol e < (1)

Hence, (26) follows from (9). O

2 Note that in this case the Dominated Convergence Theorem cannot be applied for passing to the limit
under the integral sign, because the function (Mf)(x) = sup,_,_1 V'H'H (%), which is a variant of the
3 ;

maximal function of the function f , in general, does not belong to L(Q) . (See the books [1, 2| for details.)
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4. Examples

EXAMPLE 1. In this example we consider the one-dimensional case, which is much
simpler that the multidimensional one.

Since in this case all norms || - || are of the form: for some ¢ > 0, ||x|| = c|x],
x € R, and each open set Q C R is a finite or infinite union of disjoint open intervals,
the problem reduces to the case Q = (a,b) and ||x|| = |x|.

LEMMA 4. Let Q C R be an open set, Q # R, o(x) = dist (x,0Q) = mgglz |x—y|
ye

and 0 < e < 1.
Then forall f € L(Q)
x+€0(x)
1 1 + €
— dy | dx = — d 30
[ (e [ vi)o=genits frioe oo
Q x—eo(x)
if all constituent intervals are infinite, and
| ) x+e0(x)
—1In(1 <
o [ [ty | )
Q
1
—1 e / IF | dx (31)

otherwise.
Both of the constants in inequality (31) are sharp.

Proof. If all constituent intervals are infinite, then Q = (a, %0), —00 < a < 00 or
Q = (—00,b),—00 < b < o0 or Q = (—00,b)U(a,0),—c0 <b<a< oo,and
equality (30) follows since, for example, for —oo0 < a < 00

s [ et o

If at least one of the constituent intervals is finite, then inequality (31) follows
since for —oo < a < b < o0

/b(ﬁ(x) X7<X>de) dx = /bu(y)V(y)ldy, (33)
a x—eo() A

where —0o < a < b < 00, g(x) = min (x — a,b — x) and

& In £, ifa<y< 4t —ebs,
0 b—a (14+€)? . _ _
,u(y) — zln (szZlevl( JZE) )7 if atb sza <y< a42rb +e 2117 (34)
5= In £, if b 4+ e254 <y <b
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(Formula (33) could be derived by changing the order of integration.) To obtain (31) it
1

1 it+E
suffices to notice that argnylg})ﬂ( y) = ¢In(1 + &) and argyaé( u(y) = 5 In £,

Let (a,b) be a finite constituent interval of Q. If f ~ 0 on (%~ — £%52, 432
€%52) and on Q\ (a,b), then in the second inequality (31) there is equality. The
sharpness of the constant in the first inequality (31) can be verified by taking f =
Xjash 1 asb 1y and passing to the limit as k — co. [

2 k2 k

EXAMPLE 2. Let Q = R, = {x = (x1,...,x,) € R" : x, > 0} and let ||x|| =

max {|x1|,...,[x,[}. Then g.(x) = x, and for y € R’} and n > 2
B (v, eyn) = {x € R ¢ vk — | < exy, k=1,...,n}

={xeR | —w| <éexy, k=1,....,n—1, |x, —y;| < b},

_ &y *
where b= % and y, = 5

yn
I—& Yi+Exp Yi+E€xp

1 1
/ @_/_< / dx; - - - / dxnl)dxn_(Zs)”_llnj.
X! X 1—¢

* yn )| —EX; )] —EX;
B\l‘l\(y’gy"> i 1 n J| n

Since )., = 2", it follows that for all f € L(R",)

/<2nsnxn /f dy)dx—— 1+8/fdx (35)
R”

B” I (x Exn)

4

This equality could also be easily derived by using the Fubini theorem and the one-
dimensional equality (32) where a = 0.

EXAMPLE 3. Let Q = R" andlet ||x|| = |x| = \/x{ 4+ --- 4+ x2. Then oy (x) =
x, and for y € R" and® n > 2

B*(y,eyn) = {x € R} : |x —y| < &x,,}

2 2 N2
_{xeRi:<x1ayl) +...+(x7"lay"l) +(x"by") <1}7

2u_ and b and y! are defined as in Example 2. (If n = 1, then

where a =
1—¢g2

B*(yi, ey1) = {x1 € Ry : v —y{[ <b}.)
By changing variables x; = y; +a&;, ..., x—1 = yn—1 + a1, %, =y + b&, =

b(% + &) we get
d n— d
. *n (E + gﬂ)n
B”,H(y,Eyn) [El<1

3 B(x, e0(x)) and B*(x, o(x)) , without index | - ||, denote ordinary (=with respect to the Euclidean
distance) ball, conjugate ball respectively.
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Consequently, for all f € L(R")

/ (vngnxn / o dy>dx— " /fdx (36)

B(x,exn)

where 1

(11— dt
V" Lig)
ma(g Sn)
If n =1, then A;(€) = 5 In £ hence (35) coincides with (32) where a = 0. If
n > 2, then one can Verlfy that

A,(e) =

201 — V1= ¢€)

Az(&') = &2

In particular, in contrast to the case n = 1, lim Az(l) = 2 < oo. Hence, equality

(35) for n = 2 holds also for € = 1. The same is true for all n > 2. Indeed, if n > 2
and ¢ = 1, thenfor y € R,

Bﬁu(ymyn) = {x S Ri : ‘x*)’| <xn}

1 — v )24 el — Yu—1)?
:{xERi:xn>§<yn+(xl )+ y+(x1 y 1))}

Let X = (x,...,%—1). By integrating with respect to x,, passing to the spherical
coordinates and setting o = y,t, we get

A AS

B* n—1
”,H(Yv)’n) R (\n+‘x J12 )

2’1716n71 Qn72 dQ . tn72 dt
B (n—1) 2 yn—1 =27 (1421
(Yn + Y ) s

Yn

where ©,_; is the surface area of the unit sphere in R"~!. Consequently,*

27y (=1 n—1\ 2"'T(5+1) r(=t)? _on
Ay(1) = B ) = pn =
Vn Vi T(HH)T(n—1) n

4We apply the formulas:

=]

where m > —1, k>0, [ > mTH’ I—" (T(2+1))7", T(a+1) = al(a),o > 0 and the doubling

formula
n—2 _
-1y = 2 _r("=1)p(2).
N3 2 2

Here T" and B are the gamma and the beta functions. (See, for example, [3].)
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/(le / f) dy) dx = nan{f dx. (37)

RS By Geren)

Thus, for n > 2

EXAMPLE 4. Let Q = R’ and let |[x|| = [x;| + --- + [x,|. In this case also
ol (x) = x,,. Furthermore

B (v, eva) = {x € RYL ¢ [lf = 3| + v — vl < €xa}

_ Y+ [IX =l ya — |IX =l
={xeR" :|f— 7] < eyn, T <y, < 2= 04,
{remts s <o, 2t o onm e
By changing variables x; = y; + & Vuy .y X—1 = Va1 + &1y, Xn = Eyn and

appying symmetry, we get

yn—=llx=yll [ b /|
—& 1—€ é
dx _ dx _ ~ d
/ o = dx nn = 2” : dé gnn :
X X
n n n
Bﬁ‘l(y,eyn) [|x—| <eyn yn+|lx=yll 0<Ep4tE,_ <€ 18+ 4
= — =

Since v, = 2, it follows that for all f € L(R%)

/ <2n:ixz / )f(y) dy) dx = Bn(e)R[f dx, (38)

R'}r B” . H (X,Exn

where

2en

" / KlJril JIFJ.F..EJr&,,l)n_l_ (1511._.1.35,,1)”_1] dg.

0<é+-+&,— <€
If n =2, then

(1+e)In(1+¢)+ (1 —¢€)In(l —¢)

B2(5) = &2

As in Example 3 lil’{l By(g) = 2In2 < co. Hence, equality (38) is also valid for
eE—1—
€ = 1. The same is true for all n > 2.

REMARK 2. From the formulas for conjugate balls in Examples 2—4 it follows,

in particular, that inclusions (28) are sharp, i.e., one cannot replace ﬁ in the first
inclusion by a larger quantity, % in the second inclusion by a smaller quantity

&€
respectively.
REMARK 3. From Theorems 1 -3 it follows, in particular, that under appropriate

1
assumptions || (|f|")a.ell7, q) is equivalent to |||z, (@), where 0 < p < oo. This
equivalence could be used to derive some integral inequalities for arbitrary open sets
starting with appropriate inequalities for quasiballs.
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