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RELATIVE BOUNDEDNESS-COMPACTNESS INEQUALITIES
FOR A SECOND ORDER DIFFERENTIAL OPERATOR

DoON B. HINTON AND SUZANNE COLLIER MELESCUE

(communicated by M. K. Kwong)

Abstract. For a one-term second order differential operator with power coefficients and in the
limit circle case, we give necessary and sufficient conditions for perturbations to be relatively
bounded or relatively compact. These conditions are expressed in terms of integrals of the
coefficients of the perturbing operators and are easily verified in many cases. An application is
given to the energy operator of the hydrogen atom.

1. Introduction

Two useful concepts in the spectral theory of differential operators are those of
relative boundedness and compactness. If C and D are linear operators having domains
2(C) and Z(D) in a Hilbert space .7 with norm || - ||, then D is said to be relatively
bounded with respect to C or C-boundedif 2(C) C 2(D) and there exist nonnegative
constants ¢« and 3 such that forall y € 2(C), ||Dy|| < aly||+ B|Cy||. The infimum
of all such B is called the relative bound of D with respect to C. Further, D is
said to be relatively compact with respect to C or C-compact if 2(C) C 2(D) and
D is a compact operator acting on the graph of C with graph norm ||y|| + [|Cy|,
denoted by ||y||c. Many important properties are preserved under relatively bounded
or relatively compact perturbations, e.g., the essential spectrum is preserved under a
relatively compact perturbation.

Many linear operators are associated with a given linear differential expression
depending on boundary conditions. We consider a second order differential expression
of the form

1
Mp] = —[= ()" + ]
on an interval I = [¢,00),¢ > 0, or I = (0,d],d > 0, where the coefficient func-
tions w,p,q are real, w(x),p(x) > 0 on I and w,1/p,q are locally Lebesgue inte-
grable on 1. The operator acts in the Hilbert space .#%(w, 1) of functions f satisfying

J,w@)If (x)|* dx < co. The maximal operator M, associated with M is the restriction
of M to the domain

D(M,) = {y € L*(w,I):y,py € ACi.(I),M[y] € L*(w,I)},
Mathematics subject classification (2000): 26D10, 47A55, 34105, 34A40.
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where ACj,.(I) is the set of functions that are absolutely continuous on compact subin-
tervals of I. The unclosed minimal operator M|, associated with M is defined as the
restriction of M to the functions with compact support in the interior of I, and the
minimal operator My is defined as the closure of M{. When I = [c,00) or I = (0,d]
with only one singular endpoint, M is said to be limit circle at the singular point oo
or 0 if all solutions of M[y] = 0 are in .#?(w,1); otherwise, M is said to be in the
limit point case. A complete discussion of these properties may be found in the books
of Naimark [6] and Weidmann [8].
We consider perturbation expressions A and B of M of the form

A= ~ay, Bb]=by. (1

where the coefficient functions a(x) and b(x) are real or complex-valued functions on
I and are locally Lebesgue integrable. The maximal operators A; and B; for A and B
are defined with domains

2(A) = {y € L2(w, 1) : Aly] € L*(w,I)} and

P2(B1) = {y € L2w,I) :y € ACic(I), Bly] € L*(w,I)}.

The minimal operators Ag, By are defined for A, B similarly to that of M. Since A is
a multiplication operator, it can be shown that Ag = A;. However, My # M, so it is
possible for A; to be My -bounded without being M, -bounded.

In the limit point case Ay is My— bounded (compact) if and only if A; is M, -
bounded (compact) [2, 5]. A similar result holds for By and Bj. The significance of
this result is that relative boundedness is usually easier to prove for minimal operators
but is more useful for maximal operators. For example, suppose A; is M) -bounded
with relative bound less than one and a(x) is real. Then A; is self-adjoint, and if M, is
a self-adjoint operator obtained by appropriately restricting the domain of M, then A,
is also M, -bounded with relative bound less than one. Moreover, M, + A; restricted
to the domain of M, is self-adjoint (Kato-Rellich Theorem).

In [1] an investigation was begun for the special case of M with w(x) = x¥,p(x) =
x%,ie.,

Ly|(x) = —x"" [ (x)]". )

We can easily determine if L is in the limit point or limit circle case from the
general solution of L[y] = 0 [3, Theorem 9.11.2], which is

_Ja +ox! 7% ifa#l
ﬂm—{q+qu if =1

Thus if I = [¢,00), L is in the limit circle case if and only if y < min{—1,2a — 3};
andif I = (0,d], L is in the limit circle case if and only if ¥ > max{—1, 20 — 3}. For
the limit point case the results of [1] are complete except for the rays {(c, —1) : ¢ > 1}
and {(a,20 — 3) : o0 < 1}. We state two theorems from [1] for comparison purposes
with the limit circle results in this paper.
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THEOREM 1.1.  Suppose I = [c,0),y > o — 2, and Ly,A;, and By are
the maximal operators defined by L,A, and B. Define s(x) = x'*"V/2 Ny = |y —
alc @2/,

1 x+0s(x) X s
8os(x) = ﬂ/ u= |a(u)|” du,

S\X

1 x+0s(x) i 5
g15(x) = @/ u "% b(u)|” du

Then
(i) Ay is Ly -bounded if and only if sup gos5(x) < oo for some § € (0, ﬁ),

c<x<oo
(ii) Ay is Ly -compact if and only if lim g s(x) = 0 for some & € (0, ﬁ),
(iii) By is Ly -bounded if and only if sup g;s(x) < oo for some § € (0, ﬁ),

c<x<oo

(iv) By is Ly -compact if and only lfvcll>1120 81,6(x) =0 for some & € (0, ﬁ)

THEOREM 1.2. Suppose y < o — 2 and either v > —1 or y > 20, — 3. Let
I,L,Ay, and B be as in Theorem 1.1. Define

g o [ GV 1y > -1
07 32V iy > 200 —3

| —2a+4 2
hoe(x) = . u la(u)|* du,

L[ a 2
hie(x) = S u |b(u)|” du.

Then
(i) Ay is Ly -bounded if and only if sup hoe(x) < oo for some € € (0, &),

c<a<oo
(ii) Ay is Ly -compact if and only if lim ho(x) = 0 for some € € (0, &),
(iii) By is Ly -bounded if and only if sup hy(x) < oo for some € € (0, &),

c<x<oo

(iv) By is Ly -compact if and only if lim h;.(x) = 0 for some € € (0, &)).

Only partial results were given in [1] for the limit circle case. In this paper we give
a complete solution of necessary and sufficient criteria for L in the limit circle case for
relative boundedness or compactness for both maximal and minimal operators. Unlike
the limit point case, the criteria for the limit circle case are different for maximal and
minimal operators.
2. Preliminaries

We state in this section some results which are used in later proofs. The first three
theorems may be found in [5]. While these theorems hold for differential expressions of
arbitrary order, we apply them in the situation where F is L and G is either A or B.
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THEOREM 2.1. Let F and G be formal differential expressions on an interval |
where F is symmetric, the order of G is less than the order of F, and the coefficients of
F and G are sufficiently smooth so that 2(F},) C 2(Gj).

(i) If G|, is F|,-bounded, then Gy is Fy-bounded.

(ii) If G}, is F|-compact, then Gy is F,-compact.

THEOREM 2.2. Let F and G be as in Theorem 2.1 and let 2(F,) C 2(G1). Then

(i) Gy is F) -bounded.

(ii) Go is Fo-bounded.

(iii) If G, is Fy-compact, then Gy is F-compact.

THEOREM 2.3. Let F and G be as in Theorem 2.1, Gy be Fy-compact, and
PD(F1) C 2(Gy). Then G, is Fi -compact.

The following interpolation theorem from [4] is needed as well as the following

lemma, also from [4], which allows a function to be treated as approximately constant
on sufficiently short intervals.

THEOREM 2.4. Let I = |a, oo) and let N, W, and P be positive measurable
functions such that NyW~', and P~! E Zioc(I). Suppose there exists an & > 0 and
a positive continuous function f = f(t) on I such that

r+ef 1 t+ef
= 2 = o0
Si(g) = S,‘E’?U gf/ Hsf/t N} <

t+5f 1 t+ef
550 = splly [ Wl [ <o

forall € € (0,&). Then there exists a constant k > 0 such that for all € € (0, &) and

yeD,
[ NP <kisse) [ Wi +esie) [ PP
1 1 1

and

where

9={y:ye ACZUC(I),/ Wly]* < oo, and /P|y'\2 < o0}
1 1

LEMMA 2.5. Let f,g € ACjy.(I) be positive functions on an interval 1 = [a, o)
satisfying |f' ()] < No and |f (¢) g'(¢ )\ < My g(t) a.e. on I for some constants Ny and
My. Then foreach t €1, 0 < & < 5, and t <u <t+ &f (t), we have that

(1 *ENo)f() <S () < (1+eNo)f (1)
and
_My My
e Tog(r) < gu) < eMg(r).
Finally, we need Hardy’s inequality with power weights [7] which is stated for a
function in AClc,d] as

d d
/xﬂ\y(xﬂzdxéﬁ/xB+2|y/(x)|2dx, (3)

where 0 < ¢ <d < oo, f# —1,and y(c) =0=y(d).
Two consequences of Hardy’s inequality are the following lemmas.
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LEMMA 2.6. If y has compact support in [c,d], ¢ > 0, and is absolutely

continuous, then for v # 200 — 3,
! 20—4 2 4 ! 20-2 2
— — — —2(.7
/. ST v g 1 / AT L

Proof. Since y(c¢) = 0 = y(d) and y # 20 — 3, we apply Hardy’s inequality
with B = —y — 4 + 2« to obtain the result.

LEMMA 2.7. If y has compact support in [c,d], ¢ > 0, and is absolutely
continuous, then for y # —1,
d 4 d
[ty whars — s [ty o)
c (73/ - 1)2 c
d d
Proof. Notice that / xTVO2y (x))? :/ X7 2|x%y (x)|*. Since y'(c) =

0=y(d) and v # —1, we apply Hardy’s inequaﬁty with B = —y — 2 to obtain the
result.
3. Perturbations A

In this section, we consider perturbations A of a higher-ordered, symmetric dif-
ferential operator L in the limit circle case. These operators L and A are defined on
an interval I by the equations (2) and (1), with weight w(x) = x¥ .

THEOREM 3.1. Let I = [c,00) for some ¢ > 0 and let v < min{—1,20c — 3}.
Then
(i) Ag is Lo -bounded if and only if
1 X+EX
sup — / w2~ |a(u)|? du < oo, (4)
xel X Jx
for some € € (0, %) ;
(ii) Aoy is Lo -compact if and only if
X+EX
lim — / w2~ Ja(u) > du = 0, (5)
x—oo X,

for some € € (0,3).

Proof.

(i) Sufficiency We begin by showing that A} is Lj-bounded if inequality (4)
holds. Let us consider y € Z(Lj)). Since y has compact support in the interior of I,
there exists a d < oo such that the support of y is contained in [c, d]. Then we have

d
I = [ %P ax 0

d
lAy]* = / xa(x)Ply()P dx, and ()

Il = [ ey )P ®)
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Now, we show that the hypotheses of Theorem 2.4 hold for some ¢ € (0, %) with
N =x"a(x)|?, W=x"7+2¢=4 P =x"7+20=2 and f = x. By applying Lemma2.5
with g =1 and f = x, we know that positive and negative powers of x are essentially
constant on intervals of length €x. Thus, we have for some constants Cy,C, > 0

1 X+EX X+Ex
S = Slé}]) {E {/ ut —2o+2 du} [/ u_7|a(u)2du]} 9)

Cl 1 X+Ex 202—a) 5
< —supq — u la(u)|” du ¢ and
& xel X Jx

1 X+ex X+-€x
o syl [ [ o]} o
xel X X

X+EX
= {1 / u2<2“>a<u>|2du1}
E xel X Jx

for some & € (0,3). Inequalities (4), (9), and (10) give us S;,8, < oo for some

g€ (0, %) . Therefore (via Theorem 2.4), there exists a constant C3 > 0 such that

N
|

g

S

d d d
/ xY|a<x>|2|y<x>2dx<cs{ / X dx / x“2“2|y’<x>|2dx}.
()

Via Lemmas 2.6 and 2.7 each integral on the right-hand side is bounded above by a
constant multiple of ||Ly||>. Therefore, we obtain for some constant C4 > 0

IAYI? < GllLyl> < Callyll- (12)

Thus, y € Z(A]). Since y is arbitrary, the inequality above implies that A{ is Lj,-
bounded. Via Theorem 2.1, Ay is Lo -bounded.

Necessity. Let ¢ be a function in C§°(R) such that ¢ = 1 on [0,1] and
supp(¢) = [—2,2]. Fix € € (0,1). For each r > ¢ we define ¢.(x) = ¢ (xg— r) ,

,

for x > ¢. Then ¢, = 1 on [r,r + &r] and supp(¢,) = [r — 2er,r + 2¢er]. Via
Lemma 2.5, a change of variables, the continuity of ¢, and the fact that y < —1, there
exist constants C;, C,, and C3 > 0 such that for each r > ¢

2
o> = /waf(x)dx < cler“/zqP(u)du < Gttt o< G (13)

Notice that for each r > ¢

ot = [ |5 {xe [ Som] ]

r+2er d2
s / < { - {_‘Mx)] ‘ i
r—2er X




RELATIVE BOUNDEDNESS-COMPACTNESS INEQUALITIES 41

Applying Lemma 2.5, a change of variables, and the continuity of ¢’ and ¢”, we obtain
for some constants C4 and Cs > 0 foreach r > ¢

R > r+2er d2 2 +2 5 r+2er d 2
L r S - « -5 > V¥Yr - o= - Y
Lo ? < Cidr / [ dx2¢<x>] dxt r / [ dx¢<x>] dx

> 2
C4r7y+2a73 {83 /72[4)”(“)]2 du+£71/ [q)/(u)]zdu} (14)

-2

—y7+200—3
< C5V 4 .

Since ¢, =1 on [r,r + €r] and supp( ¢, )= [r — 2¢r, r + 2¢r],

r+er r+2er

[aawpar < [ @@ = Aol ()
r r—2er

Thus, via the Ly -boundedness of Ay and inequalities (13) - (15), there exists a constant

Cs > 0 such that

rt+er
/ x 7Y a(x) | dx < Cg (Cs + Csr¥H2073)

After multiplying the above inequality by ¥ ~2%*3 | we apply Lemma 2.5 to the left-hand
side and obtain a constant C7 > 0 such that

1 r+er
~ / P Na(x)Pdx < C7 (72 4 1),
r r

Since y — 2o 4 3 < 0, the right-hand side of the above inequality is bounded on
I. Hence, inequality (4) holds.

(ii) Sufficiency By the previous argument Ag is Lo-bounded. Thus, 2(Ly) C
P(Ao) . For every positive integer N > ¢, define Ay on Z(Ly) by

_ J Ay on[c,N]
Any = { 0 on (N,0)

Notice that each Ay is Lo -bounded with the same norm as A since ||[Ayy|| < [|Ay]-
In order to simplify the proof, we break the argument into two Claims.

CLaM 3.1.1. Ay — Ag in the space of bounded operators on 9 (Ly) with the
Ly -norm.

Proof of Claim 3.1.1. By definition Ly is closed. Therefore, Z(Ly) is complete
under the Ly -norm.

Let y € 2(Ly). Since Ly is the closure of L, for each integer n > 1 there exists
a y, € 2(L) such that

1
Iy = yall + [[Ly — Lya|| < o (16)
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For each y, € Lj, we have

Ay — Ayya2 = / * ") Plyn ()P d. (17)
N

Since each y, has compact support in the interior of I, there exists a d < oo
such that the support of y, is contained in [c,d]. Thus, we can apply the sufficiency
argument in part (i) with Iy = [N, 00) to inequality (17).

Via Theorem 2.4 and inequalities (9), (10), (11), and (17), there exists a constant
ki > 0 such that

1 X+EX
1Ay, — Axyall> <k Sup{— / Mz(z_a)a(uﬂzd”} x
X X

x€ly

d d
x { / xRy (R dx 4 €2 / x-“2°‘-2y:,<x>2dx} |
C C

We apply Lemmas 2.6 and 2.7, as before, to obtain a constant k, > 0 such that

1 X+EX
Iyl < ko sup{— / u2<2“>a<u>|2du}-||Lyn||2 (18)
x X

x€Ely

Lo 2(2—ar) 2 2
< ky sup § - u |a(u)|”du ¢ [ yall7/-
x€ly X X 0

Therefore, via the triangle inequality, the Ly -boundedness of Ag, and inequalities
(16) and (18), we have for each n

Ay — Anyll < [|Ay — Ayall + [[Ayn — Anyall + [|[Anyn — ANyl
2k (|ly = yall + [[Ly — Lyall) + |Ayn — Anyall

1
2k3 1 X+Ex B 2
%1 <sup{— [Pl ) Il
x€ly X X

for some constant k3 > 0. By applying the triangle inequality and inequality (16)
again, we obtain for each n

2k 1 X+EX 3
Ay — Awy| < —3+k2 (Sup{—/ ' “)a(u)lzdu}> (lyn = ¥llzo + Iyllz0)

N

A

[T

x€ly (X

1
2 1 X+EX 2 1
<y <sup{_ / u2<2—a>a<u>|2du}> (3+blla) -
x€ly \X Jyx n

We let n — oo to obtain for each N

1

1 1 X+€x B 2
lay—Awl < K (sglp{; [ “>|a<u>2du}> Il
XCIN X
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1 X+EX
Since Iy = [N, o), equation (5) implies that sup {— / w22~ |a(u)? du} —0
x€ly (X Jx
as N — oo so that, via the above inequality, we have for y # 0

|[A—An|| >0 as N —-o00. O

CLAM 3.1.2. Each Ay is Ly-compact.

Proof of Claim 3.1.2. Let {y,}52, C 2(Ly) be an Ly -bounded sequence. By part
(ii) of Theorem 2.1, it is sufficient to consider only y, with compact support. We need
to show that for each N the sequence {Any,}>°, has a convergent subsequence. We
make use of the Arzela-Ascoli Theorem.

Since the interval [c, N] is compact and ¢ > 0, powers of x are bounded above

and below on [c, N] by positive constants. It is clear then from the boundedness of

N

{II¥nllLe 22, and Lemma 2.7 that the sequence { / v, ()] dx} is bounded. Via
c n=1

the compact support of each y, and the Cauchy-Schwarz inequality, we have for each

n

()] = ) = ()] = |/jy;<u> du| < [N —cf? (/N |y;<u>2du)2 Lc<x<AN.

Thus, the sequence {y,(x)}5°, is uniformly bounded on [c,N]. We also have that

{yn}32, is equicontinuous on [c¢, N| since by the Cauchy-Schwarz inequality

3n(5) = (0] =1 [ syt < Js ( / ’ y;<u>|2du) y

Therefore, via the Arzela-Ascoli Theorem we conclude that there exists a sub-
sequence of {y,}5°, which converges uniformly on [c¢,N]. WLOG, we assume the
sequence {y,}52, converges uniformly on [c, N].

Now, we have for each N

N
lAnYn *ANYm”Z = / uiy‘a(“)|2|yn(”) - ym(“)|2d“

N
< sup ) < om@F [ )P
c<xN c
Since the integral on the right-hand side is finite, there exists a constant K > 0 such
that
[ ANYn _ANym||2 <K sup |yu(x) — ym(x)‘z-
c<xN

Since {y,}2°, is a Cauchy sequence in the uniform norm, the above inequality implies
that the sequence {Ayy,}2°, is Cauchy in #?(x", 1) for each N. Therefore, {Any,}52,
converges for each N as n — oo since .Z?(x",1) is complete. Hence, each Ay is
Ly -compact. [
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Since Ag is the uniform limit of Ly-compact operators, Ag is Ly-compact.

Necessity. We use a contradiction argument to show that equation (5) must hold.
Suppose that for some € € (0, %) there exists a p > 0 and a sequence {r,}3°, of
positive numbers such that r, — oo as n — oo and for each n

1 rp+ern
— / K= Da(x)|? dx > p. (19)

Let {¢,},>. be defined as in part (i). Then via inequalities (13) and (14) there
exist constants C3, Cs > 0 such that for each n

1651z, = (Ien I+ 1L, D> < 2110, lI2+ L85, [17) < 2C5+2Csr, 772473, (20)

For each r > ¢ define ¢,(x) = r}(@=2%+3¢,(x) for x > c. Via inequality (20) we
have for each n

19,17, = 22 105, lI7, < 2C3r 72 +20s.

Since Yy — 200 + 3 < 0, the above inequality implies that {q?,n ooy isan Ly-
bounded sequence. Via the Lj- -compactness of Ag, {A¢,,}22, has a convergent

subsequence. WLOG, we assume {A(j),n 190, converges, say to some yo . Viainequality
(19), properties of ¢, , and Lemma 2.5, there exists a constant K > 0 such that for
eachn

rn+E€rn
p < —/ 22 |g(x)? dx

rm+2€r

— P Da(x)? 7, (x) dx

I'n n—2€ry

rn+2€ery
< K / X" |a(e) P2 (x) dx

n—2€ry

N

K |Ag,,|*.

Hence, ||Ad,, || > (%)% > 0 for each n.

Notice that a contradiction is reached if we show that yo = 0 a.e. in [¢,00). Let
Jo be a finite subinterval of [c¢,00). Since r, — oo as n — oo and supp( ¢, ) =
[rn — 2€f (ra), rn + 2€f (ry)] , we conclude that ¢,, = 0 on J, for sufficiently large n.
Hence, A¢,, = 0 on Jy for sufficiently large n. For such n

Yol = lvo = Adnlls < llvo — Al

Since A¢,, — yo as n — oo and the left-hand side of the above inequality is indepen-
dent of n, we have that ||yo|l;, = 0. Thus, yo = 0 a.e. in [c,00) since the interval Jy
is arbitrary. This contradiction implies that equation (5) holds.

Next, we prove a corollary of Theorem 3.1. We consider the minimal operators
Ly and A, associated with the differential expressions (2) and (1), respectively, on
the interval (0, H . We prove this result by using a unitary transformation to transform
the singularity at O to a singularity at oo and then applying Theorem 3.1 to the new
operators. Note that L is limit circle at zero if and only if y > max{—1,2a — 3}.
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COROLLARY 3.2. Let I = (0, 2] for some ¢ > 0 andlet y > max{—1,20 —3}.
Then

(i) Ao is Lo -bounded if and only if

1 X
sup — / > |a(u)|? du < oo, (21)
x€l X Jy—g/x
Sfor some sufficiently small €' ;
(ii) Ao is Lo -compact if and only if

1 X
lim = / w2~ a(u)|> du = 0, (22)
x—e'x

for some sufficiently small €.

Proof. By applying the argument in [1, p.152] (with Uy = z and z(r) = y(x)
where t = )1—(), we transform the operators L and A unitarily into the operators

L=ULU " and A = UAU™", which are defined on [c, 50) by the equations
L[Z)(t) = [ (1)]' and (23)

AlJ() = 27 a (1/1))z(0). (24)

Notice that the operators L and A are of the form (2) and (1), respectively, if we
replace —y with —y’ =y +2, a with &’ =2 — o, and a(x) with t2a(1/t), where
t = 1. Thus, the condition of Theorem 3.1 that ¥’ < min{—1,2a’ — 3} becomes
y > max{—1,2a — 3}. We apply Theorem 3.1, with the appropriate replacements, to
the minimal operators Lo and Ay, associated with the differential expressions (23) and
(24), respectively, to obtain the following results:

(i) Ay is Lo-bounded if and only if

t+et
sup + / 22 |4(1/7)2 dr < o, (25)
t€[c,00) tJ;
for some ¢ € (0, 3).

(ii) Ay is Lo -compact if and only if

1+€t
lim —/ 2 |g(1/7))?dT =0, (26)
t

for some € € (0, 1).
Via a change of variables, we can show that (25) and (26) are equivalent to (21)
and (22), respectively, with ¢/ = ¢/(1 + €).

In the next result, we consider the maximal operators, L; and A;, and the min-
imal operators, Ly and Ag, associated with the differential expressions (2) and (1),
respectively, on the interval I = [c¢, 00).
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THEOREM 3.3. Let I = [¢,0) for some ¢ > 0 and let y < min{—1,2a — 3}.
Then the following three statements are equivalent.
(i) If oo < 1, then /x_y_z‘”z la(x)|?dx < oc;
1

if =1, then /xfy la(x)]*[In(x)]?dx < oo;
1

and if a > 1, then /x_y la(x))?dx < co.
1
(ii) Ay is Ly -bounded.
(iii) Ay is Ly -compact.

Proof. (i) = (iii) First we show that [, x*~2*|a(x)]*dx < oo. If a < 1,
theny < —1 implies

1 o0
/x3_2°‘ |la(x)|?dx < / 72 |a(x)Pdx + / x T2 g(x)Pdx < oo
1 c 1

The cases o > 1,0 = 1 are similar. Hence, (i) implies that Ay is Ly-compact via
Theorem 3.1. Therefore, 2(Ly) C Z2(Ao).
Via the first formula of Von Neumann [8], we can write

D(Ly) = D(Ly) ® S, (27)

where S has dimension four since L is regular at ¢ and limit circle at co.

CLaM 3.3.1. S C Z(A)).

X7 o £ 1
Inx ifa=1
and z4 be functionsin C®(R) with compact supportin [c-1, c+1] such that z3(c) = 1,
Z3(c) =0, z4(x) = 0, and Z,(c) = 1. Notice that these four real-valued functions are

linearly independent.
We show that each z; € £?(x,I). Since y < min{—1,2a — 3},

a2 = [ xR dx if o #£ 1
! Jyx [Inx]Pdx if o =1

Proof of Claim 3.3.1. Set z;(x) = { and z(x) = 1. Let z3

is finite. We also have that ||z;||* = [;x" dx < oo since ¥ < —1. Lastly, since z3 and
24 are continuous on I and have compact support, ||z3|| and ||z4|| are finite.

Now, we show that each Lz; € £?(x?,1), so that each z; € Z(L;). We have that
|ILz1]] = 0 = ||Lzz]| since Lz; = 0 = Lz, . Moreover, since z3 and z4 have continuous
second derivatives and compact support, ||Lz3|| and ||Lz4|| are finite.

Define S = span{zi, 22, 23,24} . We now prove that Z(L;) = 2(Lo) ® S, i.e., we
show that no linear combination of the z; is in Z(Ly). Suppose to the contrary that
there exist constants ki, k, k3, k4 (notall zero) such that z := k121 +kazo+k3z3 +kazg €
P(Ly). Since L is regular at c and z € Z(L,), we have that z € P(Ly) if and only
if z(c) =0 =7 (¢) and [y,z](x) — 0 as x — oo for every y € Z(L,), where the
Lagrange identity is defined by [y, §](x) = y(x)[x*¥ (x)] — [x*y' (x)]$(x) for real-valued
functions y and § [8, Theorem 3.12].
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For a # 1 we have that lim, .« [22,21](x) = lim,_o [x*(x!7%)] = (1 — @);
and for @ = 1 we have that lim,_, [22,21](x) = limy_ [x(Inx)’] = 1. Since
limy o0 [22, 21](x) # O, we must take k; = 0. Note that [z;, 22](x) = —[z2,21](x), so
we must also take k, = 0. Thus, z = k323 + kaza . Since z3(c) and zj(c) are not zero,
we must take k3 = 0 and k4 = 0. Hence, no linear combination of the z; isin 2(Ly) .

If o # 1, then [|Azi||* = [, x77 |a(x)*|z1(x)]* dx = [, x 772**2 |a(x)]* dx; and
if o =1, then [[Azi|? = [, x77 |a(x)*|z1(x)[*dx = [, x77 |a(x)[*[Inx]* dx. Thus,
[|Azy | is finite via the inequalities in (i). Moreover, [|Az||* = [, x™7 a(x)[*|z2(x)|* dx =
J; x77 |a(x)|* dx, which is finite via the inequalities in (i). Since z3 and z4 are con-
tinuous and have compact support, ||Az3|| and ||Azi|| are finite. Therefore, each
Zi € Q(Al) . O

Equation (27) and Claim 3.3.1 imply that Z(L,) C 2(A,). Via Theorem 2.3 A,
is L; -compact.

(iii) = (ii) Since A; is L;-compact, Z(L,) C P(A;). Via Theorem 2.2 A; is
L, -bounded.

(ii)) = (i) Since A, is L;-bounded, Z(L,) C Z(A). Via equation (27)
S C P(A;). Therefore, ||Az|| < oo foreach i, i.e., the inequalities in (i) hold.

We obtain a similar result for the maximal operators, L; and A;, associated with

the differential expressions (2) and (1), respectively, on the interval 1 = (0, 1].

COROLLARY 3.4. Let I = (0, H for some ¢ > 0 andlet v > max{—1,20 — 3}.
Then the following three statements are equivalent.

(i) If oo > 1, then /x_y_z‘”z la(x)|?dx < oc;
1

if =1, then /xfy la(x)|*[In(x)]?dx < oo;
1

andif a < 1, then /x_y la(x)|?dx < co.

1
(ii) Ay is Ly -bounded.
(iii) Ay is Ly -compact.

Proof. As in the proof of Corollary 3.2, we unitarily transform the singularity at 0
toone at oo. We apply Theorem 3.3, with the appropriate replacements, to the maximal
operators L; and A; associated with the transformed differential expressions (23) and
(24), respectively, to obtain the equivalence of the following three statements:

(i')If o > 1, then / 24 a(1/t)*dt < oo;

[&

if & = 1, then / =2 |a(1/0)2[In(r)2dt < oo;

and if « < 1, then / 2 a(1/0)Pdt < 0.

(ii') A, is L; -bounded.

(iii") Ay is L; -compact.

Via a change of variables and the unitary transformation, we obtain the desired
result.
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4. Perturbations B

In this section, we consider perturbations B of L in the limit circle case, where
the operators are defined on an interval I by equation (1), with weight w(x) = x¥, and
equation (2).

THEOREM 4.1. Let I = [c,00) for some ¢ > 0 and let v < min{—1,20 — 3}.
Then
(i) By is Lo -bounded if and only if

1 X+EX
sup _/ w1~ |b(u)|? du < oo, (28)

xel X
for some € € (0,1) ;

(ii) By is Ly -compact if and only if

1 X+EX
lim —/ w19 |b(u)|? du = 0, (29)

x—00 X
for some € € (0,1).

Proof. (i) Sufficiency We begin by showing that Bf, is L{,-bounded if inequality
(28) holds. Let us consider y € Z(L(). Since y has compact support in the interior of
I, there exists a d < oo such that the support of y is contained in [c,d]. Then we have

d

P = [ P (30)
Cd

B =[x I WP, and 61)
d

Il = [ ey ) (2)

We show that the hypotheses of Theorem 2.4 hold for some € € (0, 1) with

N = x7"2%b(x)]?, W =xT""2,P=x"7,and f = x. By applying Lemma 2.5
with g = 1 and f = x, we know that positive and negative powers of x are essentially
constant on intervals of length €x. Thus, we have for some constants Cy, C, > 0

1 X+Ex X+EX
o {b [l [[ o) o
xel x X

Cl 1 X+EX 21—a) 5
< —sup< — u |b(u)|* du ¢ and

X

1 X+EX X+EX
S, = sup {ﬁ |:/ MY+2 du:| |:/ uy206|b(u)2du:| } (34)
xel X X X

1 X+EX
qup{_/ uz(lo‘)b(u)|2du]}

€ xer \ X

/A
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for some € € (0,1). Inequalities (28), (33), and (34) give us Sy,S, < oo for some
g€ (0, %) . Therefore (via Theorem 2.4), there exists a constant C3 > 0 such that

d

/ X2 b() P () dx (35)
d d

< C3{/ x‘y‘zlx“y’(x)lzdﬁez/ x‘y[xo‘y’(x)}’lzdx}

d
- C3{/ xy+2°‘2y’(x)2dx+82|Ly||2}

Via Lemma 2.7 the integral on the right-hand side is bounded above by a constant
multiple of ||Ly||>. Therefore, we obtain for some constant C; > 0

IBYI* < GallLyl®> < Calliyll + 1Lyl (36)

Thus, y € Z(B;). Since y is arbitrary, the inequality above implies that Bj is L -
bounded. Via Theorem 2.1, By is Lg-bounded.

We omit the remaining proofs of Theorem 4.1. The proofs are modifications of
the proofs of the corresponding parts of Theorem 3.1, but have the same structure. In
particular, for the necessity proofs, the same function ¢ is used, but with ¢’ = 1 on
[0,1].

Next, we prove a corollary of Theorem 4.1. We consider the minimal operators
Ly and By associated with the differential expressions (2) and (1), respectively, on
the interval (0, %} . We prove this result by using a unitary transformation to transform
the singularity at O to a singularity at oo and then applying Theorem 4.1 to the new
operators.

COROLLARY 4.2. Let I = (0, 2] for some ¢ > 0 andlet y > max{—1,20 —3}.
Then
(i) By is Lo -bounded if and only if
1 X
sup — / w19 |b(u)? du < oo, (37)
x€l X Jx—glx
Sfor some sufficiently small €' ;
(ii) By is Ly -compact if and only if
1 X
lim — / u? 1= |b(u) > du = 0, (38)

for some sufficiently small €' .

Proof. By applying the same unitary transformation as in Corollary 3.2, we trans-
form the operators L and B into the operators L = ULU~! and B = UBU~!, which
are defined on [c, c0) by (23) and

B[Z)(t) = =2 b(1/0)7 (1) (39)
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Notice that the operators L and B are of the form (2) and (1), respectively, if we
replace —y with —y’ =y +2, o with o/ =2 — «, and b(x) with —b(1/1), where
t = L. Thus, the condition of Theorem 4.1 that ¥’ < min{—1,2a’ — 3} becomes
y > max{—1,20 — 3}. We apply Theorem 4.1, with the appropriate replacements, to
the minimal operators Z() and Eo, associated with the differential expressions (23) and
(39), respectively, to obtain the following results:

(i) By is Ly-bounded if and only if

1 t+et
sup - / 2@ p(1/7))? dt < o0, (40)
t€[c,00) rJ;
for some € € (0, 1).

(ii) By is Lo -compact if and only if

1€t
lim —/ 22V |p(1/7))> dr = 0, (41)
t

for some € € (0,1).
Via a change of variables, we can show that (40) and (41) are equivalent to (37)

and (38), respectively, with &’ = ¢/(1 + €).

In the next result, we consider the maximal operators, L; and B;, and the min-
imal operators, Ly and By, associated with the differential expressions (2) and (1),
respectively, on the interval I = [c¢, 00).

THEOREM 4.3. Let I = [c,00) for some ¢ > 0 and let v < min{—1,20 — 3}.
Then the following three statements are equivalent.
(i) /x_y_za |b(x))?dx < co.

I
(ii) By is Ly -bounded.
(iii) By is Ly -compact.

Proof. (i) = (iii) We have that [, x'72%|b(x)[’dx < fcl x' 2% |b(x)|2dx +
J° x7772*|b(x)[?dx since y < —1. Hence, (i) implies that By is Lo-compact
via Theorem 4.1. Therefore, Z(Ly) C 2(By).

Via the first formula of Von Neumann, we can write
2(L1) = Z(Lo) ® S, (42)

where S has dimension four since L is regular at ¢ and limit circle at co.

CLamm4.3.1. SC 2(By).

Proof of Claim 4.3.1. Define z1, 22, z3, and z4 as in the proof of Claim 3.3.1.
As before, each of these linearly independent functions is contained in Z(L,).

Define S = span{zi,z2,23,24} . Since the proof of Claim 3.3.1 shows that no
linear combination of the z; isin 2(Lo), we have that Z(L,) = 2(Ly) & S. Now, we
show that each of the z; isin Z(By).
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We have that ||Bzi||> = [, x77 |b(x)|?[z} (x)|* dx = k [, x~Y72* |b(x)|* dx, where
the constant k = (1 — @) if ¢ # 1 and k = 1 if & = 1. Thus, ||Bz;| is finite
via inequality (i). Since z5(x) = 0, ||Bz|*> = 0. Moreover, ||Bz;| and |Bz4| are
finite since z3 and z4 are continuous and have compact support. Therefore, each
i € 9(31) . O

Equation (42) and Claim 4.3.1 imply that Z(L,) C 2(B,). Via Theorem 2.3 B,
is L; -compact.

(iii) = (ii) Since By is L;-compact, 2(L;) C 2(B;). Via Theorem 2.2 B; is
L, -bounded.

(ii) = (i) Since B, is L;-bounded, Z(L,) C 2(B;). Via equation (42)
S C 2(By). Therefore, ||Bz|| < oo foreach i,i.e.,

/x_y_zo‘ |b(x)|* dx < oo.
I

Next, we obtain a similar result for the maximal operators, L; and B;, associated
with the differential expressions (2) and (1), respectively, on the interval I = (0, 1].

¥
COROLLARY 4.4. Let I = (0, 2] for some ¢ > 0 andlet y > max{—1,20 —3}.
Then the following three statements are equivalent.

(i) /x_y_za |b(x))?dx < oc.

I
(ii) By is Ly -bounded.
(iii) By is L; -compact.

Proof. As in the proof of Corollary 3.2, we unitarily transform the singularity at 0
to one at oo. We apply Theorem 4.3, with the appropriate replacements, to the maximal
operators L, and B, associated with the transformed differential expressions (23) and
(39), respectively, to obtain the equivalence of the following three statements:

(7) / 22 (1) di < oo
(ii') B, is L; -bounded.

(iii") By is L, -compact.

Via a change of variables and the unitary transformation, we obtain the desired
result.

We close with an application of Corollary 3.4 to the energy operator of the hydrogen
atom,

My(x) = —y"(x) + [W; D, V(x)} y(x), 0<x<1,0<,

(M acts in £?(1,1)) in the limit circle case, i.e., 0 < £ < 1/2. In [2] it was proved
that V(x)y is a relatively compact perturbation of the maximal operator N; for

NIG) = —'(3) + [Wi ”} y(),

X
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in the limit point case ¢ > 1/2 if and only if

l X
lim — ut |V(u)*du =0
x=0X Jy_ex

for some sufficiently small €. To apply Corollary 3.4, we transform M as in [2] by
the unitary transformation Uy = z where z(f) = x'y(x), t = x!72/(1 — 2¢). Then
K = UMU™! is given by

Kl](r) = ~[P@)z(0] + 0(1)2(1), "= —, PO)=x"", Q@) =V(x).

Applying Corollary 3.4 to K and transforming back to M yields the result that the
multiplication operator V(x)y is a relatively compact perturbation of N; in the limit
circle case if and only if

1/(1-20) |
/ 2200 dt < 00 = / XV (X)) dx < oo,
0 0

where o = —4¢/(1 — 2¢). As in the limit point case, a Coulomb type potential
V(x) = ¢/x is a relatively compact perturbation of Nj.
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