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ON THE HYERS-ULAM-RASSIAS STABILITY OF
A PEXIDERIZED QUADRATIC INEQUALITY

KIL-WOUNG JUN AND YANG-HI LEE

(communicated by Th. M. Rassias)

Abstract. In this paper we prove the stability of the Pexiderized quadratic inequality ||f (x+y) +
g(x —y) — 2h(x) — 2k(y)|| < @(x,y) in the spirit of D. H. Hyers, S. M. Ulam, Th. M. Rassias
and P. Gdvruta.

1. Introduction

In 1940, S. M. Ulam [31] raised the following question: Under what conditions
does there exist an additive mapping near an approximately additive mapping?
In 1941, Hyers [6] proved that if f : V — X is a mapping satisfying

IFe+y) =f () =fOI <

forall x, y € V, where V and X are Banach spaces and 0 is a given positive number,
then there exists a unique additive mapping 7 : V — X such that

IF () =T < 6

forall x € V.

Throughout the paper, let V and X be a normed space and a Banach space,
respectively. Th. M. Rassias [21] gave a generalization of the Hyers’ result in the
following way:

THEOREM 1.1. Let f : V — X be a mapping such that f (tx) is continuous in t
for each fixed x. Assume that there exist 0 > 0 and p < 1 such that

IF (x+y) = f () = f I < OCx[” + [Iy11”)

forall x, y € V(forall x,y € V\ {0} if p < 0). Then there exists a unique linear
mapping T : V — X such that

20
IT(x) =f ()] < m\lxll”
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forall x e V (forall x e V\ {0} if p < 0).

Th. M. Rassias [27] during the 27th International Symposium on Functional Equa-
tions asked the question whether such a theorem can also be proved for p > 1. Z.
Gajda [3] following the same approach as in Th. M. Rassias [21], gave an affirmative
solution to Rassias’ question for p > 1.

However, it was showed that a similar result for the case p = 1 does not hold(see
[3,28]). Recently, P. Gévruta[3] also obtained a further generalization of the Hyers-
Rassias theorem(see also [7-12,15,16,19,20,22-24]).

Lee and Jun [17,18] also obtained the Hyers-Ulam-Rassias stability of the Pexider
equation of f (x +y) = g(x) + h(y) (see also [13]):

THEOREM 1.2. Let f,g,h: V — X be mappings. Assume that there exist 6 > 0
and p € [0,00)\{1} such that

If e+ y) = &(x) = ) < O([x[I” + [Iv[])

forall x, y € V. Then there exists a unique additive mapping T : V — X such that

I7(6) = () 4 O € gl +
179 59 + £ < S22 1l 41
1760 ) + ) < S22 e 41

where M = ||f (0) — g(0) — h(0)|| (if 1 < p then M =0).
In 1983, the stability theorem for the quadratic functional equation
faty) +fe=y) =2 () -2f() =0

was proved F. Skof [30] for the function f : V — X. In 1984, P. W. Cholewa [1]
extended the Skof’s result to the case where V is an Abelian group G.

In 1992, S. Czerwik [2] gave a generalization of the Skof-Cholewa’s result in the
following way:

THEOREM 1.3. Let p # 2, 0 > 0 be real numbers. Suppose that the function
f 'V — X satisfies

If (x+y) +f (x—=y) =21 (x) = 27 )] < OClIxll” + [Iyl]”)-
Then there exists exactly one quadratic function g : V — X such that
If (x) = g < ¢ + k6] |x]]”

forall x in V if p> 0 and for all x € V\ {0} if p < 0, where: when p < 2,
c=WON % = 20 and g = lim,—oc 4"f (2"x). When p >2, ¢ =0, k = 527
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and g(x) = lim,_o 4"f (27"x) for all x in V. Also, if the mapping t — f (tx) from
R to X is continuous for each fixed x in V, then g(tx) = *g(x) forall t in R.

Since then, the stability problem of the quadratic equation have been extensively
investigated by a number of mathematician(]25,26,29]) In this paper, we prove the
stability of the Pexiderized quadratic inequalities :

(X, ¥), (1.1)

If (x+y) +f(x—y) —28(x)-28() < ¢
< @o(x,y). (1.2)

If (x + ) + glx —y) — 2h(x)—2k(y)]|

2. Stability of the inequality (1.1).

In this section, we prove the stability of the functional inequality (1.1).

THEOREM 2.1. Let ¢ : V' \ {0} x V\ {0} — [0,00) be a mapping such that

Z z+l(p x 21 (a)
i=0
or
~ i X y 5
Blx.y) = 3 40(5r, 557) < oo (@)

i=0
forall x, y € V\{0}. Suppose that the functions f,g : V — X satisfy

If (e 4+y) +f (x—y) = 28(x) = 20| < @(x,y) forall x,y e V\{0}. (2.1)

Then there exists exactly one quadratic function Q : V — X such that

Sx 3x. 5 N 3
IF () =£(0) = QW) | < B(5, 5) + B(5.5) + B(2x. 2) + 26(2x, )
_.3x 3x 3x x . X X
+0(5,5)+0(5,5) +000x) +6(3,5)
0 1
)~ — 0w < 105, 30) + pl5x.x) + 9L, ) +20(4x, 20
+ ¢(3x,3%) + G(3x,%) + B(2x,2%) + Gx, %)) + ‘p(’;’ *)
(2.2)
forall x € V\ {0}. The function Q is given by
lim,, o, 122
lim,_, o g(i# if @ satisfies (a) (2'3)

Ox) =4
limy, 0 4"(F (37) — f(0))
f if @ satisfies (a’)
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forall x € V.

Proof. Suppose that ¢ satisfies the condition (a). From (2.1), we easily obtain

I (2x 0) —2g(x) — 28(x)[| < @(x,x), (2.
If (4x 0) —4g(2x)|| < <P(2x 2x), (2.
[If (4x 2x) — 2g(3x) — 2g(x)|| < @(3x,x), (2.
I1F ( 0) —4g(3x)|| < ¢(3x,3x), (2.
I1f ( 2x) — 2g(4x) — 2g(2x)[| < @(4x,2x), (2.
( (2.
( 2.
( 2.

[*))
=

o
TS
ORISR
© o 9o b

—_ — — — —

If (6x 4x) — 2g(5x) — 2g(x)|| < @(5x,x),
IIf (8x 0) — 4g(4x)|| < @(4x,4x) and (
If (8x 2x) — 2g(5x) — 2g(3x)[| < @(5x, 3x) (

forall x € V'\ {0}.
From (2.4), (2.6) and(2.7), we have

[If (6x)=2f (4x) — f (2x) + 27 (0)|
< 2[|f (4x) +f (2x) — 28(3x) — 2g(x)|
+ |If (6x) +£(0) = 4gBx)[| + [If (2%) +£(0) — 4g(x)]|
< 20(3x,x) + @(3x,3x) + @(x, x) (2.12)

0
1

+ + + + + 4+ + +
S S S S S S S S

1
1

forall x € V\ {0}.
From (2.5), (2.8) and (2.10), we have

[If (8x)—2f (6x) +f (4x) — 2 (2x) + 27 (0)
<20l (6x) +f (2x) — 2g(4x) — 28(2%) ||
+ (I (8x) +5(0) — 4g(4x) || + [If (4x) +(0) — 4g(2x)]|
< 2¢(4x, 2x) + @(4x,4x) + @(2x,2x) (2.13)

forall x € V'\ {0}.
From (2.4), (2.7), (2.9) and (2.11), we have

121 (8x)=3f (6x) — 2f (4x) + (ZX)H
< 2[|f (6x) + f (4x) — 2g(5x) — 2g(x)||
+ 2| (8x) + f (2x) — 2g(5x) — 28(3x)||
+ [If (6x) + £ (0) — 4g(3x)[| + [If (2x) + 1 (0) — 4g(x)
< 20(5x,x) 4+ 2¢(5x,3x) + @(3x, 3x) + @(x, x) (2.14)

forall x € V'\ {0}. From (2.13) and (2.14), we get

If (6x) — 4f (4x) + 7f (2x) — 4f (0)]] <2¢(5x,3x) + 2¢(5x,x) + 2¢(4x, 4x)
+ 4(4x, 2x) + @(3x,3x) + 20(2x, 2x) + @(x, x)
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forall x € V\ {0}. From (2.12) and (2.15), we get
12f (4x) — 8f (2x) + 6f (0)|| <2¢(5x,3x) + 2¢(5x, x) + 2¢(4x, 4x) + 4¢(4x, 2x)
+20(3x,3x) +20(3x,x) + 20(2x,2x) + 2¢(x, x)
forall x € V\ {0}. Hence we have

1) -0 - L2 L) 03 F) ¥ oG 5) + 90029 + 2009

[

95 3) +9(3.3) + 006 x) +9(5,3)
4 (2.16)

+

forall x € V'\ {0}.
Replacing x by 2"x and dividing by 4" in (2.16), we have

f(2%) —f(0)  f(2""'x) —f(0) I < o2 32" )+ (2" F,2"-5)
= gn+1

N Q2" - 2x,2" - 2x) + 22" - 2x,2" - X)
4n+1

PR ) e 32y
4n+1

L P@x2 ) o2 3,2 Y)
4n+l

4n 4n+1

forall n € N and x € V'\ {0}. Induction argument implies

1@ ©-LE0T O < 63 2 1 63 2 1 g2 20) + 20025,
)

272
_.3x 3x. ., 3x x
220 )

(P(77 7)+§0(77 5)

X X
-, =

+¢(x, x)+¢(

forall n € N and x € V\ {0} . Hence
f@D 1) @) —f(0), @52 F) T o252 5)

” n o m-+n g n
4 4 4
G(2" - 2x,2" - 2x) + 2¢(2" - 2x,2" - x)
+
4n
IS A DR ICAR L)
4n
N (2" -x,2"-x) + §(2" - 3,2" - 3)
4n

forall m, n € N and x € V\ {0}. This shows that {W} is a Cauchy sequence

for x € V\ {0} and thus converges.
Therefore we can define Q : V — X such that
2"x) —f(0
O(x) = lim w for xe V.

n—oo
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Replacing x by 2"x and dividing by 4"*! in (2.4), we have

FEH) —f0)  g@w) L2 g2y, 2m)

H 4n+1 4n ” = 4n+l1 (2'18)
for all x € V. Taking the limit in (2.18) as n — oo, we get
ony) — L0
Q(x) = lim g(X)Tz for x e V.
Taking the limit in (2.17) as n to oo, we obtain
_ 5x 3x _5x x - ~
_,3x 3x _3x x N X X
(0(77 7) + (0(77 5) + ¢(x,x) + @(57 5)
(2.19)
forall x € V\ {0}. From (2.4) and (2.19), we easily get
f(0) L - ~ - y
l5) T — ) < 1(0(5%.35) + p(52.x) + p(ax,4) + 20(4x,29)
+0(35.39) + (35, + §(2x.26) + 9(x.) + LY

forall x € V'\ {0}. From (2.1) and the definition of Q, we easily obtain

Q(x+y)+0(x—y) —20(x) —20(y) =0

forall x, y € V. Taking the limit in (2.17) and (2.26) as n to co, we obtain (2.2). If
Q' is another quadratic function satisfying (2.2), then
02"y) f(2%)  f(O), f(2%) f(0) Q")
— 0 < — — _
low ~ @) < 222 SED  JON (& O 2@,
P2 ) 25 + 9 252 2)
h 2. 4n-1
L AR £ G2 R) + 52 5.2 3)
2. 4n—1
(2" x,2" - x) + (2" -5,2" - 3)
2 4n1

+

forall n € N and x € V \ {0}. Therefore we have
Q(x) = Q'(x) forall x€ V.

For the case that ¢ satisfies the condition (a’), the proof is analogous to the case (a).
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COROLLARY 2.1. Let p # 2, 6 > 0 be real numbers. Suppose that the functions
f,8:V — X satisfy

If (x4 y) +f (x —y) = 28(x) = 2| < O(Ix[” + [IylI") forall x,y € V\{0}.
Then there exists exactly one quadratic function Q : V — X such that

2(5P +2- 4P +2-30 4220 +2)

I ()~ 0) ~ 00 < e ol
et - L3 - ot « CEEELLITHTZTLZ Do

forall x € V\ {0}. The function Q is given by (2.3).

THEOREM 2.2. Let ¢ : V x V — [0,00) be a mapping such that

Z z+1('0 X2y (b)
i=0
or
- i X y 5
)= Y Holgr ) <o )
i=0

forall x, y € V. Suppose that the functions f,g : V — X satisfy

If (x+y) +f(x—y) —2g(x) —28()|| < @(x,y) forall x,y€eV. (2.20)

Then there exists exactly one quadratic function Q : V — X such that
I (x) = £ (0) — Q)| <
le(x) — &(0) — Q)| <

forall x € V. The function Q is given by (2.3).

(x,x) +20(x,0) + $(0,0)

~ ~ ~ (2.21)
@(2x,0) + @(x,x) + = (0, 0)

l\)|>—‘ 'Sz

1
2

Proof. If @ satisfies the condition (b’), we easily know the fact that
¢(0,0) =0.

Suppose that ¢ satisfies the condition (b). Let x be an arbitrary fixed element of V.
From (2.20), we have

79 g0l < S000,0), e.2)
I ()~ 80— £(0)] < 50(x,0), (223)

Ly (2.24)

13020 +7(0) - gl < 5
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From (2.22), (2.23) and (2.24), we get

IF (9~ £ (0) = 3 (2) £ (O] < I (x) — 2(x) — 5(0)]
FISE @) +70) -~ 5@l + 15— g0
< 3006 + 30(0) + 10(0,0).

Induction argument implies

n—1 i
1 " ©(2'x,2'x) + 2¢(2'x,0) + ¢(0,0)
If () =£(0) = 27 (F (2") <> yoe
i=0
< @(x,x) +2¢(x,0) + ¢(0,0).
(2.25)
From (2.25), we can easily show that {1047,10)} is a Cauchy sequence and thus

converges. From this, we can define Q : V — X such that
2"x) — £ (0 2"
00 — i LED 1O e
n—o0 4n n—oo 4%
Replacing x by 2"x and dividing by 4" in (2.23) we get
(2"x 0)
— £ (2" My AN
I/ @) — 222 — 70 < 22
for all n € N. Taking the limit in (2.26), we have
2}1
0(x) = tim 8%

n—oo  4n

From (2.20), (2.27) and the definition of Q, we get
O(x+y)+0x—y) = 0(x) - Q(y) = 0.
Replacing x by 2x and dividing by 4 in (2.23), we have
1 1
11 (20) — 220 ~ 50 < g0(2x,0).

From (2.22), (2.23), (2.24) and (2.28), we get
I8 — (0) ~ (6(2) — £(O))] < 711 (2) ~ £(23) — £(O)]
FIZ07@) +70) ~ g0l + 5]
1

< 50(2%,0) + 30(vx) + 50(0,0).

By the similar method as in (2.25), we have

1, 1. i 1.
lg(x) = £(0) = 77 (8(2"0) = 8(0)]| < 50(2x,0) + @(x,x) + 9(0,0)
forall n € N. From (2.25) and (2.29), we obtain (2.21).

10
2

(2.26)

(2.27)

(2.28)

-0

(2.29)
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COROLLARY 2.2. Let p < 2, 0 > 0 be real numbers. Let y : V — [0,00) be a
mapping such that y(x) = ||x||P for x # 0. Suppose that the functions f,g: V — X

satisfy
If (x +y) +f(x =) —2g(x) = 2g)[| < O(w(x) + w(y)) forall x,y€V.

Then there exists exactly one quadratic function Q : V — X such that

IF ()~ (0) ~ QW) < oo wlo) + ()

2’ +4)0 0
nmnmmg@wsgaégﬁwm+§w@
forall x € V. The function Q is given by (2.3).

COROLLARY 2.3. Let p > O(p # 2), 6 > 0 be real numbers. Suppose that the
Sfunctions f,g 1V — X satisfy

If (x +y) +f (x =) —2g(x) = 2gW)I| < O(|Ix[IP + [[y]|") forall x,yeV.

Then there exists exactly one quadratic function Q : V — X such that

460 »
I ()~ (0) = Q) < gy

(2 +4)6
lg(x) —g(0) — Q(x)[| < m

[x[1”

forall x € V. The function Q is given by (2.3).

3. Stability of the inequality (1.2).

In this section, we prove the stability of the Pexiderized quadratic inequality (1.2).

THEOREM 3.1 (EVEN FUNCTION). Let @ be the mapping as in Theorem 2.1. Sup-
pose that the even functions f,g,h,k : V — X satisfy

If (e 4+ ) + glx —y) = 2h(x) = 2k()[| < @(x,y) forall x,y € V\{0}. (3.1)

Then there exists exactly one quadratic function Q : V — X such that
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forall x € V\ {0}, where

X X X X

(575)‘*‘@(57—5)}-

The function Q is given by

1 .. 5x 3x _.3x 5x 5% x _.Xx 5x
M; (x) —E[(P(77 —7) + @(77 7) + 90(77 —5) + @(57 7)
+ @(2)(7 72)6) + @(2)(7 2x) + 2@(2)(7 7)6) + 2@()(7 2x)
_.3x  3x . 3x 3x _3x  x . x 3x
- X X X x
+ 000 —x) + 000 x) + 05, —5) + 05, 7)
+ ¢

o) = fim L2 _ jipy 820

n— o0 n—oo  4n

forall x € V if ¢ satisfies (a), and

X X

0(x) = lim 4'(7(51) ~£(0)) = lim 4"(g(3) ~ £(0))
forall x € V if @ satisfies (a’).
Proof. From (3.1), we can easily obtain
I (e =) + glx +y) = 2h(x) = 2k(=y)[| < ( *) and
If (e +) +g(=x+y) = 2h(y) - 2k(x)[ < @
forall x,y € V\ {0}. Let

2U(x) =f (x) + g(x) and 2V (x) = h(x) + k(x)

(32)
(3.3)

(3.4)

forall x € V. Because f, g, h, k are even functions, from (3.2) and (3.3), we obtain

JUG+9) + Ul =) = 2V() = 2V0)]| < 3005 ) + 500,

for all x,y € V\ {0}. By Theorem 2.1 and (3.4), there exists exactly one quadratic

function Q : V — X such that

”f(X) ;g(X) _f(0) ;8(0) oWl

1 5x  3x _.3x 5x _5x 0 «x _.x 5Sx
5[@(7 *7) + (0(77 ?) + (0(77 *5) + (0(57 7)
@(2x, —2x) + G(2x,2x) 4+ 2¢(2x, —x) + 2 (x, 2x)

(3; —32—x)+¢(%%)+@(%,—§)+¢(§%)
B(x,—x) + Bx.x) + B(5,—3) + 6(5. 5)]
) +5(0) M1(2x)

4

'ez

_|_
_|_
+

h(x) + k(x) f(0
2 4

-0 <

(3.5)
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forall x € V\ {0} and

o) = tim L2y YE)

n—oo  4n n—oo 47

(3.6)

forall x € V. Since f, g, h, k are even functions, replacing y by x on the both sides
of (3.1), we have

1 (2x) + (0) = 2A(x) = 2k(x)]| < @(x, %) (3.7)
forall x € V'\ {0}. Similarly we have
17 (0) + &(2x) — 2h(x) — 2k(x)]| < @(x, —x) (3.8)

forall x € V'\ {0}. From (3.7) and (3.8), we get

I (2x) —f(0) — g(2x) + g(0)[| < [If (2%) + £(0) — 2h(x) — 2k(x)
+ 1F(0) + g(2x) — 2h(x) — 2k(x)]|
< (p(x’ x) + (p(x7 7)() (39)

forall x € V \ {0}. Replacing x by 2"~!x and dividing by 4" in (3.9), we have

(p(2n71x7 2n71x) + (p(2n71x7 72;171)()
4n

f(2'%) —f(0)  g(2"x) —g(0)

|| 4n 4"

| <

forall n € N and x € V'\ {0}. From this and (3.6), we obtain

nll)n;o f(i:x) = nli>n<;lo g(i:x) =Q(x) forall xe V.
From (3.5) and (3.9), we get
I ()~ £0) - 0|
< P TOFEO o) 4 L) —£0) - s) +500)]

< M (x)
forall x € V\ {0}. Similarly we get
l2(x) — g(0) — Q(x)| < M (x)
forall x € V'\ {0}. By the similar method, we obtain the remaining results.

COROLLARY 3.1 (EVEN FUNCTION). Let p # 2, 0 > 0 be real numbers. Suppose
that the even functions f,g,h, k: V — X satisfy

If (x+y)+g(x—y) —2h(x) = 2k(y)|| < O(||x[|P+[[y||") forall x,y € V\{0}. (3.10)
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Then there exists exactly one quadratic function Q : V — X such that

2.5 +4- 4P 443 4 4.20+4 2
If () = 1(0) - 0 < ( S + 20l

250 44 4P 4 4.3 +4.20 44 2
) —5(0) = QW < (S Sl and
()+k() _ f(0) +(0) 5P 4240 4230422242 1
[ 2 ol < ( B +3)0lP

forall x € V\ {0}. The function Q is given by

o) = tim L) _ jipy 820 A2 o K2
n—oo 4n n— oo n n— o0 n n—oo 41
forall x eV if p <2 and
e X g X
0(x) = lim (7 (35) ~ £(0)) = lim 4'(s(3;) — &(0))

forall x eV ifp>2.

Proof. Applying Theorem 3.1, we can easily prove the results in the corollary

except the fact that
h(2" k(2"
( 4nx) = lim (2%)

n—oo 4"

O(x) = lim
forall x € V if p < 2. Replacing x, y by 2"x, x, respectively and dividing by 4" in
(3.10), we have
1 n n n 2np + 1 9

S+ 109 + 52"~ 109) - 202 — 2k < e @y

forall x € V\ {0} and n € N. From (3.7), (3.9), (3.10) and (3.11), we get

:luzh(zﬂx) — 2h(x) = 2(4" — 1)Q()||

4,1[|| —f (2" + 1)x) — g((2" = 1)x) + 2h(2"x) + 2k(x)]|

1 (2) + (0) = 28(x) = 2k(0)| + I (2" + 1)9) = £ (0) = (2" + 10|
g2 = 1x) = 8(0) = (2" = 10| + | ~f (2x) +/(0) + 40|
P T g

< M
( 4}1 + 4}1

forall x € V\ {0} and n € N, where M = 2'51’*4'4;,?:;3;*)2'2“12. Taking the limit,

we have n(on
fim (2"

n—oo 41

= 0(x)

forall xe V.



ON THE HYERS-ULAM-RASSIAS STABILITY OF A PEXIDERIZED QUADRATIC INEQUALITY 105

Remark. Define the even functions f,g, i,k : R — R by f(x) = 0,g(x) =
0,h(x) =L and k = —L forall x € R\ {0}, f(0) = g(0) = h(0) = k(0) = 0, where
L is a positive real number. Then f, g, h, k are satisfy (3.10) for arbitrary positive real
number L. From Theorem 3.1, Q(x) = 0 for all x € R but we cannot find any fixed
M, M’ such that

[h(x) — h(0) — Q(x)|| < MO||x|| + M forall x € R\ {0}
for arbitrary positive real number L.

THEOREM 3.2 (EVEN FUNCTION ). Let @ be the mapping as in Theorem 2.2.
Suppose that the even functions f,g,h,k:V — X satisfy

If (x +y) + gx —y) — 2h(x) = 2k(y)[| < @(x,y) forall x,y € V. (3.12)

Then there exists exactly one quadratic function Q : V — X such that

I () =f(0) = O(x)

18(x) — &(0) — O(x)
1h(x) = h(0) = Q)| < M3(x) + S[@(x,0) + ¢(0,0)] and

1k(x) = k(0) = Q)| < M5 (x) + 5[0(0,x) + ¢(0,0)]

forall x € V, where

| ~ ~ - ~ X x X X
M;(x) = 5[0(x, %) +26(0,x) +26(x, 0)+¢(x, —x) +20(0,0) +0(3, 5) +¢(5, —5)].
The function Q is given by

2" 2" h(2" k(2"

00) = tim T2 _ jy 82 _ yyy 22D _ (4nx)

forall x € V if ¢ satisfies (b), and
0(x) = lim 4'(f(3;) —£(0)) = lim 4'(g(5;) — 5(0))
= lim 4"(h(=) — h(0)) = lim 4"(k(=) — k(0))

n— o0 omn n— o0 on
forall x € V if @ satisfies (b’).

Proof. Since f, g, h,k are the even functions, from (3.12), we can easily obtain

[If (x) + 8(x) = 2h(x) = 2k(0)[| < @(x,0) (3.13)
1 (2x) + £(0) — 2(x) — 2k(x)]| < @(x, %) (3.14)
If () + &(x) — 2h( ) = 2k(x)|| < ¢(0,x) (3.15)
17 (0) + 8(2x) — 2h(x) — 2k(x)[| < @(x, —x) (3.16)
17 (0) + &(0) — 2h(0) — 2k(0)[| < ¢(0,0) (3.17)
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forall x € V. From (3.13), (3.14) and (3.15), we get
If (2x) = 2f (x) — 28(x) + g(0) +2h(0) 2k(O)[ < 1l (2x) + g(0) — 2h(x) — 2k(x)||
2h(

+ |lf(X) 8(x) = 2(0) = 2k(x) || + [l (x) + g(x) — 2h(x) — 2k(0)||
o (x,x) + @(0,x) + ¢(x,0) (3.18)
forall x € V. From (3.13), (3.15) and (3.16), we get
18(2%) = 2f (x) — 28(x) +£(0) + 2(0) + 2k(0) || < [If (0) + &(2%) — 2A(x) — 2k(x)||
+ I () + g(x) = 2(x) = 2k(0)[| + [If (x) + g(x) — 2A(0) — 2k(x)
+ ¢(0,x) (3.19)

< 9(x, —x) + ¢(x,0)
forall x € V. From (3.17), (3.18) and (3.19), we get
05 +810) ~/0) 5000 - 6129+ 505~/ 0) =80
<f (2x) = 2 (%) — 28(x) + £(0) + 2h(0) + 2k(0) |
+ llg(2x) = 2f (x) — 2¢(x) +(0) + 2h(0) + 2k(0) |
+2[£(0) + ¢(0) — 2(0) — 2k(0) |
< o(x,x) +2¢0(0,x) + 2¢(x,0) + @(x, —x) + 2¢(0,0)
for all x € V. Induction argument implies

17 2) + 80 1 0) — gt0) - LZV SO 2T O 2 600)

< @(x,x) +2¢(0,x) + 2¢(x,0) + @(x, —x) + 29(0,0)
(3.20)

forall n € N and x € V. From (3.20), we can easily show that {£{ (22) +5(2" ?) ~/0-50)y
is a Cauchy sequence and thus converges. Define O : V — X by

200 — tim £ 8C0) £ (0) 50

n—oo 4n

If (x) + 8(x)=f (0) — g(0) — 20(x)
g O(x X) + 2@(0,X) + 2@()(7 0) + (Z)(X, 7)() + 2@(()’ 0)
(3.21)

for all x € V. From (3.20) and the definiton of Q, we have

forall x € V. From (3.14), (3.16) and (3.21), we get
127 (x)=2£ (0) — 20(x)]| < IIf (x) + g(x) — £ (0) — 8(0) — 20(¥)|
+ If (x) + 8(0) = 24(3) = 2k(3) | + IIF (0) + g(x) — 28(3) = 2K(3)
< 2M;(x)
forall x € V. Replacing x by 2"x and dividing by 4" in (3.13), we have

f(2'x) + g(2"x) 2h(2”x) + 2k(0) 0(2"x,0)
u < E

(3.22)
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forall n € N and x € V. Taking the limit in (3.22), we have

h(2")

4n

O(x) = lim

for all x € V. By the similar method, we obtain the remainder of the proof.

COROLLARY 3.2 (EVEN FUNCTION ). Let p < 2, 0 > 0 be real numbers. Let y
be the mapping as in Corollary 2.2. Suppose that the even functions f, g, h,k:V — X

satisfy
If (x +y) + g(x —y) = 2h(x) = 2k(y)[| < O(w(x) + w(y)) forall x,y€ V.

Then there exists exactly one quadratic function Q : V — X such that

I (&) = 0) = Wl < (5 + 55)0W () + 500(0),

I8(3) = 8(0) ~ QI < (5 + 5—5,)0¥(x) + 50w(0)

I5(x) — h(0) ~ QI < (5 + 25+ 5—5)0W () + ¢ 0¥ (0) and
() = K(O) — QI < (5 + 55 + 5—5)0W(x) + 0w (0)

forall x € V. The function Q is given by the equation in Corollary 3.1.

COROLLARY 3.3 (EVEN FUNCTIONS). Let p > O(p # 2), 6 > 0 be real numbers.
Suppose that the even functions f,g,h,k: V — X satisfy

If (c+y) + 8(x —y) = 2h(x) = 2k(y)[| < O(|x[” + [I¥l]") forall x,y € V.

Then there exists exactly one quadratic function Q : V — X such that

IF) ~£(0) = QI < (35 + 5Ol

(o) = £(0) = QW) < (35 + )6l

) = (0) = QW] < (5 + 5 + g7 )Ll and
() = (0) = Q9| < (5 + 5 + r=)Olll”

forall x € V. The function Q is given by the equation in Corollary 3.1.

The following lemma is easily obtained from Theorem 2.2 and Theorem 3.2 in
[17].
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LEMMA 3.1. Let ¢ : V\ {0} x V\ {0} — [0,00) be a mapping such that

Z l+1qo3x3y < oo forall x,y € V\ {0}, (c)
i=0
or
A i X y s
O(x.y) = _3'0(357, 357) < oo forall x,y € V\{0}. ()
i=0

Let f,g,h:V — X be mappings such that

If (x +y) — g(x) = h()| < @(x,y)

forall x, y € V\ {0}. Then there exists a unique mapping T : V — X such that

T(x+y)=Tx)+T(y) foral x,yeV

and
X —x —X x X x —x —x
_ _ <O(Z. — A— = 5 Z H— =
. —X 3x L 3x —x . 3x 3x
forall x € V\ {0}. The function T : V — X is given by
T(x) = lim,,_,oof(;—:x) if @ satisfies (c)
lim, oo 3"[f (57) —f(0)] if @ satisfies (c’)

forall x € V.

THEOREM 3.3 (ODD FUNCTION). Let @ : V\{0} x V\ {0} — [0, 00) be a mapping
as in Lemma 3.1. Suppose that the odd functions f,g,h,k: V — X satisfy

If (e 4+ ) + gl =) = 2h(x) = 2k() || < @(x,y) forall x,y € V\{0}. (3.23)

Then there exist two unique additive mappings T,T' : V. — X such that

If (x) = T(x)]| < Ma(x,x), 3.24
lg(x) = T'(x)|| < Ma(x, —x), 3.25

(o) — T(x) +2T’(x) I < M;(2x, 2x) +4M2(2x, —2x)
4 9 +4<0(x> —X)7 (3.26)

() — T(x) —2T’(x) < M;(2x, 2x) +4M2(2x, —2x)
L ) + ol —x) (3.27)

4
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forall x € V\ {0}, where

X =y —x )y XYy A X Y
Ms(x,y) :(P(Q T)JF(P(? §)+¢(2’§)+2@(777)
A;x3y . 3x =y ., 3x 3y

+(P(2 77) (0(777) (0(77?)~

The functions T, T' are given by

T(x) = lim f(;x)7 T'(x) = lim g(;x) if @ satisfies (c),
T(x) = lim 3"f(37"x), T'(x) = lim 3"g(37"x) if @ satisfies (c’)

forall x € V. Furthermore, the following properties hold:

lim PG _ %(T(x) LT, lim KO

oo 3 e "3

lim 3"h(37"x) = %(T(x) + T'(x)),lim 3"k(37"x) = %(T(x) —T'(x)) if @ satisfies (c’)

n—oo n—o0

forall x € V.

= %(T(x) —T'(x)) if @ satisfies (c),

Proof. Let ¢ satisfy the condition (c). Since f,g,h,k are odd functions, from
(3.23), we can easily obtain

If (x —y) + g(x +y) — 2h(x )+2k( i
If (x +y) — glx —y) = 2h(y) — 2k(x)||

forall x,y € V\ {0}. From (3.23) and (3.29), we obtain
121 (x +y) = 2h(x) = 2h(y) — 2k(x) = 2k(y)[| < @(x,y) + @(¥, %) (3.30)
forall x,y € V\ {0}. Define U,W : V — X by

< ox—y), (3.28)
<oy, x) (3.29)

U(x) =2f(x) and W(x) = 2h(x) + 2k(x) for x € V.
From (3.30) and the definition of U and W, we know that

[U(x+y) = W(x) = W) < o(x,y) + o(y,x)

for all x,y € V'\ {0}. Applying Lemma 3.1, there exists a unique additive mapping
T :V — X satisfying (3.24) and

fim LG

n—o00 3n

=T(x) forall xe V.

By the similar method as the above, there exists a unique additive mapping 77 : V — X
satisfying (3.25) and

3}’!
im £ _ () forall xe v,

n—oo 3n
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From (3.23) and (3.28), we have

If (c+3) +F(x—y) + glx +y) + 8(x —y) = 4h(x)[| < @(x,y) + @(x, —y)
x,y € V\ {0}. Replacing y by x and dividing by 4 in the above inequality, we have

"JM —h(x)| < %[q)(x,x) + @ (x, )] (3.31)

forall n € N and x,y € V\ {0}. From (3.24), (3.25) and (3.31), we get

)~ LT,

4 4 4

< %(Mz(Zx, 2x) + My (2x, —2x)) + %((p(x7 x) + @(x, —x))

<|

— ()|

forall x € V \ {0}. From the above inequality, we easily obtain

lim W3 _ l(T(x) +T'(x)) forall xe V.

n—o00 3n 2

Similarly we can obtain (3.27) and

. k@B™x) 1
1 = —
nl?olo 3n 2

The remainder of the proof is easily obtained by the similar method.

(T(x) — T'(x)) forall xe V.

COROLLARY 3.4 (ODD FUNCTION). Let p # 1, 0 > 0 be real numbers. Suppose
that the odd functions f, g, h, k:V — X satisfy

I (e 4y)+8(x—y) =2h(x) =2k(y)[| < O([|x[I"+[Iy]|") forall x,y € V\{0}. (3.23)
Then there exist two unique additive mappings T,T' : V — X such that

40(3+3), .
I ) = T < S5t I

46(3 437
) =~ T < Gt Il

T(x) + T (x) 6423

— P
T(x) — T (x) 6+2-3
k(x) — < 1 p
k() — =252 < (gpr + DOl

forall x € V\ {0}. The functions T, T' are given by the equation as in Theorem 3.3.
REMARK. In Corollary 3.4, we can easily obtain the following properties:
T=T if f=gorf =horg=nh,
T'=0 if h=k,
T=T =0 if f=gandh=k,
T=T =0 if f=handg==¢k.
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The following lemma is easily obtained from Theorem 2.2 and Theorem 3.2 in

[18].
LEMMA 3.2. Let ¢ : V x V — [0,00) be a mapping such that
x - 1 i i
P(x,) :zzzi+1(p(2x 2'y) < oo forall x,y €V, (d)
i=0

or
N = 1 X y s
(p('x7y) ::Zz(P(F,F)<OOfOVGH x>y€V' (d)

i=0
Let f,g,h: V — X be mappings such that

If (x+y) — 8(x) = ()] < @(x,y)
forall x,y € V. Then there exists a unique additive mapping T : V — X such that
1T (x) = f (x) +£(0)

| <@
1T(x) — g(x) +8(0)]| < P(x, —x
|T(x) — h(x) +h(0)]| <

(0,x) + @(x, x) + M,
(x,0) + @(2x, —x) + M,
(0,x) + ¢(—x,2x) + M

)
)

forall x € V, where M = ||f (0) — g(0) — h(0)||. The function T is given by
)

h(2"
= lim (2nx) forall x €V

if @ satisfies the condition (d),

lim,, o0 2"[f (27"x) = £ (0)]
T(x) =< limy_o0 2"[g(27"x) — g(0)] forall xeV
lim,,_, o0 2"[R(27"x) — R(0)]

if @ satisfies the condition (d’).

THEOREM 3.4 (ODD FUNCTION). Let ¢ : V x V — [0,00) be a mapping as in
Lemma 3.2. Suppose that the odd functions f, g, h, k:V — X satisfy

If (c+y) + &(x =) = 2h(x) = 2k(Y) || < @(x,y) forall x,y € V.
Then there exist two unique additive mappings T,T' : V — X such that

I () = T < Ma(x, x),
lg(x) = T' ()| < Ma(x, —x)

1h(x) = S(T(x) + T'(x)) || < Ms(x),

[[kx) —

N = N —

(T(x) = T' ()| < M5(x)



112 KIL-WOUNG JUN AND YANG-HI LEE

forall x € V, where

M4(x,y) = ([)(x, 0) + (b(()?y) + (b(x7y)7
Ms(x) = 7100, ) +26(x,0) + §(2x, ~x) + ()
+ ¢(O7x) + ¢(_x7 2x) + ¢(x7 x) + (b(2x>x)
+ ¢(_x7 _x) + ¢(07 _x) + ¢(_x7 —2)6)].

The functions T, T' are given by

7o) = tim 225 () = fim

n— o0 mn n— o0

g(;x) if @ satisfies (d),

T(x) = lim 2"f(27"x), T'(x) = lim 2"g(27"x) if ¢ satisfies (d’)

n—oo oo

forall x € V.

Proof. Applying Lemma 3.2, we can obtain two unique additive mappings T, T" :
V — X such that

IF ()~ TC < M),
lg(x) — 7'(3)] < My, ),
I5(3) + k(o) = T < 5 (605 —0) + 6(x,0) + p(2x, )
+ @(—x,x) + ¢(0,x) + ¢(—x,2x)], (3.32)
I(3) — k(x) = ()] < 3165,%) + B, 0) + G(20,)
9, —2) + B(0, ~x) + (v, ~20)

(3.33)

for all x € V by the similar method as in Theorem 3.3. From (3.32) and (3.33), we get

1) — 5 (T) + /()] < M),
Jk(x) — 5(70) ~ T’ ()| < Ms()

for all x € V. The remainder of the proof is analogous to the proof of Theorem 3.3.

COROLLARY 3.5 (ODD FUNCTION). Let p # 1, 0 > 0 be real numbers. Let
Yy V — [0,00) be a mapping such that y(x) = ||x||? for x # 0 and y(0) = 0 if
p > 1. Suppose that the odd functions f,g,h,k: V — X satisfy

If (x +y) + g(x —y) = 2h(x) = 2k(y)[| < O(w(x) + w(y)) forall x,y€ V.
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Then there exist two unique additive mappings T,T' : V — X such that

vuw—nwn<gmzﬁﬂv+zwmw,

o) = T < i ol + 200,

) = (1) + Tl < 22l + wio)o
! (4420

k(x) — =(T(x) = T’ < 27 x|P
k@) = 3T = T < S Il + w()o
forall x € V. The functions T, T’ are given by
2”
T(x) = 1im 22

2"
. T'(x) = lim 8 nx) if p<1,

n— o0 on n—oo 2
T(x) = lim 2"f(27"x), T'(x) = lim 2"g(27"x) ifp > 1

forall x € V.

Now we prove the stability of the general Pexiderized quadratic equation.

THEOREM 3.5. Let @ : V\ {0} x V\ {0} — X be a mapping satisfying one of the
conditions in Theorem 2.1 and one of the conditions in Theorem 3.3. Suppose that the
functions f,g,h,k:V — X satisfy

If (x+y) +g(x —y) = 2h(x) = 2k(y)|| < @(x,y) forall x,y € V\{0}. (3.34)

Then there exist exactly one quadratic function Q : V — X and two unique additive
functions T,T' : V — X such that

IF (6) — £ (0)—0(x) — ()| < ML M) Male ) + Mo =)

wwﬁmgwmm<M“”M“”+%“x“M“*@
1) ;k(x) £(0) I 80) iy - T(2x) | < Mm@ +8M1(—2x)
L Ma(2x,20) + M (2x, ~20) + 342(fo, 2x) + My (—2x, —2x)
| 9055) 006 ) o) + 0o =)

Sforall x € V\ {0}, where M,(x) is as in Theorem 3.1 and M>(x,y) is as in Theorem
3.3.

The function Q is given by

lim, oo L (i:” = lim,— oo (izﬂ if @ satisfies (a)

O(x) = § lim, oo 5 (F (37) +£ (—5) — 2/ (0))
= lim,— oo %( () +&(—27) —28(0)) if @ satisfies (a’)
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forall x € V and the functions T, T' are given by

: [E")—f(=3") ; ;
T(x) = lim,— o 7 if @ satisfies (c)
lim, .o 3"(f (57) —f(0)) if @ satisfies (c’),

T/()C) _ lim, o0 % if @ satisfies (c)
lim, . 3"(g(5%) — &(0)) if @ satisfies (c’),
T()C) + T ()C) o hmn—>oo M lf Q satisﬁes (C)
2 B lim, oo 3 (h(;—n) h(—37)) if @ satisfies (c’),
T(x) -1 (x) o lim, # if @ satisfies (c)
20 L timeoe T(k(2) —k(—2))  if @ satisfies (c”)

forall x € V.

Proof. Assume that ¢ satisfies the condition (a) in Theorem 2.1 and the condition
(c) in Theorem 3.3. Let f1, g1, k1, k1 be even parts and f>, g2, ho, k> be odd parts of
f, &, h, k, respectively. From(3.34), we get

1f1(x 4+ y)+g1(x =) = 2hi(x) — 2k ()|
< Sl (4 2) + gle =) — 20() — 240)|

1
+ 5 I (mx = y) +g(=x+y) = 2h(=x) = 2k(-y)ll
< (p(x7 y) + (p(—x, _y)
= 2
forall x, y € V\ {0}. By Theorem 3.1, there exists exactly one quadratic function
0 : V — X such that

110 ~£(0) - 0o < MM (3.39)

forall x € V'\ {0}. From (3.34), we similarly get

(e 3) +a(r—3) ~2a() 2k < LEDELEED) o e v (o).

Applying Theorem 3.3, there exists a unique additive mapping 7 : V — X such that
M, (x7 x) + Mz(*X, *X)

1200 - T < ! (336)
forall x € V'\ {0}. From (3.35) and (3.36), we get

If () =£(0) = Q(x) = T(x)|
< f1(x) =7 (0) = Q)| + [If2(x) — T(x)]
M (x) + M;(—x) N My (x, —x) + Mz (—x, —x)
2 2

< (3.37)
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forall x € V'\ {0}. Replacing x by 2"x and dividing 4" in (3.37), we get

(L) L0 €O IO ) - £ (0) - 0l + Iale) T
< M;(2"x) + My (—2"x) N M5 (2"x,2"x) + Ma(—2"x, —2"x)
h 2-4n 2. 4n

for all x € V. Taking the limit in the above inequality as n — oo, we get

Jim L™

n— o0 4n

= 0(x)

forall x € V\ {0}.
By the similar method, we obtain the remaining results.

COROLLARY 3.6. Let p # 1,2, 8 > 0 be real numbers. Suppose that the functions
f,g hk:V — X satisfy

If (x+y)+g(x—y) =2h(x) = 2k(y)[| < O(||x[|”+[[y[|") forall x,y € V\{0}. (3.34)

Then there exist exactly one quadratic function Q : V — X and two unique additive
Sunctions T,T' : V — X such that

If (@) ~£(0) - 0W) - T
RIS I e L SN SNEICRS )
S 2[4 — | T T
Ix) ~ 8(0) ~ 00) ~ 7'(3)]
BNE R L S N A o S AN C )
S 2[4 — 20| > " 23— 3]
T(x

—o -
SV 4242042 3 642.3P
< +35+ ]
204 — 27| EEEY

)8 ][x[l”

)8 [x[|”

0l|x”

forall x e V\ {0}.
From Theorem 3.2 and Theorem 3.4, we can easily obtain the following theorem.

THEOREM 3.6. Let ¢ : V x V — X be a mapping satisfying one of the conditions
in Theorem 3.2 and one of the conditions in Theorem 3.4. Suppose that the functions
f,g hk:V — X satisfy

If (x+y) +8(x —y) = 2h(x) = 2k(y)|| < @(x,y) forall x,y € V.

Then there exist exactly one quadratic function Q : V — X and two unique additive
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functions T,T' : V — X such that

M5 (x) + M3(—x) + M4 (x,x) + Ma(—x, —x)

2 )
M5 (x) + M3(—x) + M4 (x, —x) + Ma(—x,x)

2 9
I(x) ~ h(0) — 0x) — 3 (T(x) + T'(x)) | < ML FILED F M50 + Ms( =)

+ q)(x7 0) + 2(p(0, 0) + q)(_x7 O)

If () =f(0) = Q(x) = T <
18(x) — 8(0) = Q(x) = T'(x)|| <

and
4 )
JK(x) ~ k(0) ~ 0(x) ~ 3 (T(2) ~ T'W)] < Ma(x) + My (=) ;Ms@c) + Ms(—x)
n 0(0,x) +2¢(0,0) + (0, —x)
4

forall x € V where Ms(x) is as in Theorem 3.2 and M4(x,y), Ms(x) are as in Theorem
3.4. The function Q is given by

im0 L&Y = fim, ., 22 if @ satisfies (b)

O(x) = { limu—oo L (£) +/(—%) — 2/ (0))
= lim, oo £ (g(3) + g(—2) —28(0))  if @ satisfies (b’)

and the functions T, T' are given by

T(x) = lim,,— oo ‘%7 if @ satisfies (d)
lim, o0 2"(f (27"x) — £ (0)), if @ satisfies (d’),

T(x) = lim,— 00 %, if @ satisfies (d)
lim, o0 2" (g(27"x) — g(0)), if @ satisfies (d’)

COROLLARY 3.7. Let p # 1,2, 6 > 0 be real numbers. Let v : V — [0,00) be
a mapping such that y(x) = ||x||? for x # 0 and y(0) =0 if p > 1. Suppose that
the functions f, g, h, k:V — X satisfy

If (x+y) + 8(x —y) = 2h(x) = 2k(y)|| < O(w(x) + y(y)) forall x,y€V.

Then there exist exactly one quadratic function Q : V — X and two unique additive
functions T,T' : V — X such that

I ()~ £ (0) ~ Q) ~ T < (1 + M)OJl” + 5 0w (0),

I(x) — £(0) ~ 0() ~ T’ < (M + M| + 5 0w (0).
I(x) — h(0) — 0(x) ~ 3(T(x) + T’ (| < (5 + M+ M)6xlP + 20y(0) and

[K(x) — k(0) — 0(x) ~ 3 (T(x) = T'W)I| < (5 + M + M)6x]? + 26w (0)
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forall x € V where M = % + |4_42p| , My = \21’4—2| and M, = é;rzl" The functions
O, T, T' are given by
lim, oo 129 — fim, ., 22 if p<2
0(x) = { lim,—oo £ (F(27"x) + £ (—27"x) — 2 (0))
lim, oo 47( ( ) g(—27"x) —2g(0)) if 2 <p,
X) =
lim, 2"*1(f(2*’1x) —f(=27"x)), ifl<p
D ifp<l1
limy o0 2"~ (g(27"x) — g(=27"x)), if 1<p

The following corollary, which is due to S. M. Jung [15], can be easily obtained
from Corollary 3.7.

COROLLARY 3.8. Suppose that the functions f,g,h,k: V — X satisfy
fx+y)+glx—y) —2h(x) — 2k(y) =0 forall x,y€V.

Then there exist exactly one quadratic function Q : V — X and two unique additive
Sunctions T,T' : V — X such that

f(x) = Q)+ T(x) +(0)
8(x) = Q(x) + T'(x) + g(0)

h(x) = 0(x) + 5(T(x) +T'(x)) + h(0)
Kx) = 000) + 5(T() — T/ () + K(0)
forall x € V.
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