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COMPACTNESS OF THE EMBEDDING
OPERATORS FOR ROUGH DOMAINS

VLADIMIR GOL’DSHTEIN AND ALEXANDER G. RAMM

(communicated by J. Pecari¢)

Abstract. New classes of non-smooth bounded domains D, for which the embedding operator
from H'(D) into L?(D) is compact, are introduced. These classes include, in particular, the
domains whose boundary locally are graphs of C— functions, but also contain much larger classes
of domains. Examples of non-smooth domains for which the above embedding is compact are
given. Applications to scattering by rough obstacles are mentioned.

1. Introduction

In this paper we prove some results about compactness of the embedding operator
H'(Q) — L[*(Q) for rough bounded domains, that is, for domains with non-smooth
boundaries which do not satisfy the usual for the embedding theorems conditions,
such as cone condition, Lipschitz domains, and extension domains (Ext-domains).
First, we prove compactness of the embedding operators for “elementary” domains
which can be approximated by Lipschitz domains in the sense described below (see
the paragraph above Lemma 1.2). This class ET of “elementary” domains is larger
then the known classes of domains used in embedding theorems. Let us give some
bibliographical discussion. In [12] a necessary and sufficient condition for compactness
of the embedding operator is given in an abstract setting. A version of this result
is presented in the Appendix. Compactness of the embedding operator for bounded
domains with “segment property” is proved in [1]. In [9] it was shown that the class
of domains with “segment property” coincides with the class C of domains whose
boundaries are locally graphs of continuous functions. Compactness of the embeddings
for the class C was proved in [2]. The reader can found an interesting discussion of
these results in [11]. The class ET is much larger than the class C and includes (in
the two-dimensional case) bounded domains whose boundaries are locally graphs of
piecewise-continuous functions with “jump”-type discontinuity at a finite number of
points. Boundaries of the domains of class ET can have singularities more complicated
than the “jump”-type singularities (see example 3.4).

Using lemma 3.10 for the union of “elementary” domains of the class ET we
extend this result to domains of the class 7 which are finite unions of the “elementary”
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domains. Simple examples demonstrate that boundary of a bounded domain of class T
can have countably many connected components (see example 3.12). This is impossible
for the classes of domains used in embedding theorems earlier (compare, for example,
classes C and E in [9], [11], [3] with our class T').

Our construction can be generalized. First, we construct a class of “elementary”
domains with the compactness property for the embedding operator. Secondly, we
extend this compactness property to finite unions of “elementary” domains. This
scheme is used for quasiisometrical (the class L) and 2— quasiconformal (the class
Q) cases. Our class L includes the Fraenkel class E. Let us explain this. Note that
E in [9] is not the class of extension domains. According to [9], p. 411, any domain Q
of class E is locally C!-diffeomorphic at any boundary point to a domain of class C
and 0Q = 9Q, where Q is the closure of Q. Any domain of our class L is a finite
union of domains that are locally quasiisometrically equivalent at any boundary point
to domains of class ET . The condition 9Q = 9 is not necessary for the domains in
this class. For example, if Q is a disc with an extracted radius, then Q is a domain of
the class L, but 0Q # Q.

Our class Q is much larger then the class L and includes domains with some
“anisotropic” behavior of their boundaries (see section 4.3 for a detailed explanation).

Our results allow one to use the results in [13] and [14] on the existence and
uniqueness of the solutions to the scattering problem in the exterior of rough obstacles
and consider larger class of rough obstacles in scattering theory than it was done earlier.

2. Abstract result

In this section we prove some results which give conditions for the compactness
of an embedding operator, and use these results in a study of compactness of the
embeddings of Sobolev spaces. An abstract necessary and sufficient condition for the
compactness of an embedding operator is proved in [12]. Let H; and H, be Hilbert
spaces and H; C H, . Here the embeddings are understood as the set-theoretical
inclusions and the inequalities |[ul[; > ||ul> are assumed, where |[ul|; := ||ul|s; .
Suppose that T , s € (0,1), is a family of closed subspaces of H, and T, C T, for
s < o. Having in mind applications, we assume also that the closure of the union of
T, for s > 0 equals H, .

In our applications T, = L*(D;), where Dy C D, Dy C Dy for s > 0. We
assume below (see lemma 1.2) that a domain D, for which we study the compactness
of the embedding operator from H'!(D) into L?(D), contains a Lipschitz subdomain
Gy, Dy C Gy C D. Let P be the orthogonal projectiononto T in H,, i : Hl — H; be
the embedding operator, and is; := P;i. Let us state two results. The above assumptions
and notations are not repeated.

PROPOSITION 2.1. Ifthe operator i : Hi — H, is compact, then the operator iy is
compact for any s € (0,1) .

Proof. If i: H, — H, is compact, then i; is a composition of a bounded linear
operator P, and a compact operator i, so i; is compact. [
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The following proposition is used in the proof of proposition 2.4 below.

PROPOSITION 2.2. If the following conditions hold:

1) is is compact for all s € (0, 1), limy_¢ | Psu — u||, = 0, and

2) lull2 < a(s)||ullr + b||Psull2, a(s) > 0, lims_pa(s) =0, b > 1 foranyu €
Hy, where b is independent of s,

then the embedding i : H) — H, is compact.

Proof. Choose a sequence {s,} such that a(s,) < % Denote by P, the
projection Pj, . Let u, be an arbitrary normalized sequence of elements of H, . If i, is
compactthen ||u,||; = 1 implies ||Psu,||2 < 1 and for any m there exists a subsequence
unm and a number n(m) such that ||Py,(tnm — tn m)|2 < % for any n,n; > n(m).
Without loss of generality assume that the sequence u,, ,, is a subsequence of uy, and
n(m) < n(m;) for m < m; . Therefore

1
HPm(un(m),m Un(m,) )”2 < E

for any m and for any m; > m .

For the subsequence u,, := ity (), condition 2) implies ||u,—tm, [|2 < a(sp)||ttm—
U, |l1 + B[P (ttm — Mnu)H2 By the choice of the subsequence {u,} this implies
b — thm, ]2 < (1 + b) for any m . We have proved the convergence of {u,,} in H;.
Because the original sequence ||u,||; = 1 was arbitrary, compactness of the operator i
is proved. [

We apply this abstract result to Sobolev spaces. Below we assume that D C R"
is a bounded domain and {D;}, 0 < s < 1, is a family of subdomains such that
D; C Dy forany s > o and for any s there exists a Lipschitz domain Gs such that
D; C G; C D. A bounded domain is a Lipschitz domain if its boundary is locally graph
of a Lipschitz function. Let H!(D;) denote the set of functions which are restrictions
of the H'(D)-functions to Dj .

LEMMA 2.3. Suppose that {u,} is a bounded sequence in H'(D). Then there
exists a subsequence {uy} of the sequence {u,} which converges in L*(Dy), i.e.
is : HY(Ds) — L*(Dy) is compact for all s € (0,1).

Proof. One takes a Lipschitz domain G, such that Dy C Gy C D. By the
known embedding theorem for Lipschitz domains the embedding H'(G,) — L?*(Gy) is
compact. Since Dy C Gy C D, one obtains the conclusion of the lemma. [

PROPOSITION 2.4. If the following condition holds
lull 2oy < als)llullmp) + bllullzpy), — als) >0, lima(s) =0, b=>1,

forany u € H'(D), then the operator i : H'(D) — L*(D) is compact

By Lemma 2.3 i, : H!(Ds) — L?(Dy) is compact for all s € (0,1). Hence the
claim follows from Proposition 2.2.

In section 3-4 we describe classes of domains for which the conditions of propo-
sition 2.4 are satisfied.
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3. Domains of class T

Below we denote a domain by Q. The main purpose of this section is to prove
compactness of the embedding operators H'(Q) — L?(Q) for domains of the class
T which we describe below. Domains of the class 7' are finite unions of elementary
domains of the class ET whose boundaries are locally graphs of “good” functions: these
domains can be approximated by Lipschitz subdomains in such a way, that conditions of
Proposition 2.4 hold. For example, in the two-dimensional case the function is “good”
if it is piecewise-continuous with discontinuity points of “finite jump” type.

In the first part of this section we describe exactly classes T and ET . In the second
part we derive an auxiliary one-dimensional inequality. This inequality is not new, but
its proof is. It is a version of Agmon’s inequality [1] adopted for our purposes. In the
final part of this section we prove compactness of the embedding operator for domains
of class T using the results of section 2.

3.1. Preliminaries.

Let x € R", x = (x1,%2,...,Xx,) and Q, = [0, 1]" be the standard closed cube in
R". Denote x := (1, X2y ey Xn—1) -

A bounded function f : Q,—1 — R is an admissible function if f is continuous
onaset C{f} C Q,—; suchthat u(Q,_1 \ C(f)) =0, where u is n — 1 -dimensional
Lebesgue measure. Denote by IntA the set of all interior points of a set A. By
0O, + (0,0, ....f (¥')) we denote the set 0 < x, < 1+ (x'),x € Q,—1, and assume
1 +inff > 0.

DEFINITION 3.1. We call U := Int{Q, + (0, ...,0,f (x'))} a standard elementary
domain if the function f is admissible.

Let Qn4 = [h,1 — h]" be a subcube of the standard cube Q,. If U := Int{Q, +
(0,...,0,f(x"))} is an elementary domain then denote

U, = Int{Qn,h + (07 "'7O>f(x/))} .

DEFINITION 3.2. We call a standard elementary domain U a standard elementary
domain of class ET if for any 0 < h < 1/3 there exists a Lipschitz domain 'V, such
that U, C Vy C U. We call U an elementary domain of class ET if it is an image of
a standard elementary domain of class ET under an affine invertible mapping of R"
onto R".

EXAMPLE 3.3. Suppose that f : [0,1] — R is a piecewise-continuous bounded
function with a finite number of discontinuity points xi, xz, .., X; and at any discontinuity
point the function f has right and left limits (i.e. discontinuity points are the “jump”
points). The domain U := Int{Q, + (0, (x))} is a standard elementary domain of the
class ET .

Proof. 1t is obvious that U is a standard elementary domain. Fix 0 < 7 < 1/3.
The open set Wy, = Int(U \ Uy) is a finite union of domains U; = (x;—1,x;) x (1 —
h+f(x),1+f(x)) and domains V; = (x;_1,x;) X (f (x),h+f(x)), i=1,...k+1,
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Xo = a, X;+1 = b. Join any two points (xj—j,1 — h/2 + limch.tlf(x)), (x;, 1 —
h/2+1lim__ - f(x)) by asmooth curve ¢; and any pair (x;—1,//2+ lim_. f (x)),
(xi,h/2 +1lim__ — f(x)) by a smooth curve f; . The set OU \ OW, U (UL, o) U

(UX_, B) is a closed Lipschitz curve that is the boundary of a Lipschitz domain Vj,. By
construction U, C Vj, C U . Therefore U is a standard elementary domain of the class
ET. O

EXAMPLE 3.4. Suppose that f : [0,1] — R is a piecewise-continuous bounded
function with countably many isolated discontinuity points xj, X, .., Xg, ... and at any
discontinuity point the function f has right and left limits (i.e. any discontinuity points
are “jump” points). Suppose also that the sequence {x;} convergesto xo. The domain
U = Int{Q, + (0,f (x))} is a standard elementary domain of class ET .

Proof. Because f is continuous in xo for any 0 < 7 < 1/3 the open set W), =
IntU \ Uy, is a finite union of domains of the same type as in example 3.3. Therefore
the domain U := Int{Q, + (0,f (x))} is a standard elementary domain of the class
ET. O

3.2. One-dimensional inequality.

LEMMA 3.5. If u € H'((—h,h)), then

du
el 22 0,m) — Nell2((=nop)] < \/Eh”E”LZ((—h,h))-

Proof. Since smooth functions are dense in H' ((fh, h)) itis sufficient to prove the
desired estimate only for smooth functions u € H'((—h, h)) . Integrating the inequality

lu(t +h) —u(®)]* < (fﬁh u(s)|ds)* < (fhh du (s )\ds) with respect to ¢ over the
segment [—h, 0] and using the Holder 1nequa11ty we obtain

0 " du du
[ s m —aorar <[ (@ <2 [ 1% 0par

—h
For any normed space X and any x,y € X the following inequality holds

[l = Iy < e =yl
Combining this inequality with the previous one, we obtain

0 0 0
" 2901/2 u(f)2dn) 2| < " WD Pd V2
(e mPan = ([ pu(oPa' 2 < ([ Juto-+ 6) = utoPan)

2h 2dn)'2.
<V / )
Because f o |t + h)|de = fo (t)|dt we have finally

du
2oy = leellzzg—nopl < V2Rl 2
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COROLLARY 3.6. If u € H'((—h, h)), then

h 0 N du
/ lu()|?dr < 2/ \u(r)|2dt+4h2/ | — (1)|?dt,
0 —h _p dt

and

0 h h du
/ |u(t)\2dt<2/ \u(t)|2dt+4h2/ |E(t)|2dt.
0

—h —h
Proof. Using Lemma 3.5, one gets:

h 0 h
WP WD P2 du o120
| woPar< ([ o Pan+ van( [ (GhoEan'

t
0 h
gz/ \u(t)|2dt+4h2/ |d—”(t)\2dt.
—h _n dt

O

PROPOSITION 3.7. If u € H'((a, b)), then
b b—h b
du(t
/ |u(t)\2dt<3/ \u(t)|2dt+4h2/ () 2
a a+h a dt
forany h < b4;“.

Proof. By the previous corollary

b b b—h a+h
[ wopar< [ wwpars [ Cw@f s [ P
a b—h a+h a
b—h b—h a+2h
<2/ \u(t)|2dt+/ |u(t)\2+2/ |u(r)|*dr
b a a

—2h ~+h ~+h

a+h b
du du
+ 412 —(t 2dt+4h2/ —()|Pdt

b—h

b—h b du
< 3/ \u(t)|2dt+4h2/ |— (1)|?d.
a+h a dt

O

3.3. Compactness for elementary domains of class ET .

PROPOSITION 3.8. If U is an elementary domain of the class ET , then the embed-
ding operator i : H'(U) = L*(U) is compact.

Proof. 1t is sufficient to prove this proposition for a standard elementary domain
of class ET .
Fix 7 < % and choose a sequence {u,} C H'(U), ||un||n(y) < 1 forall n.
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Using Proposition 3.7 for almost all x" in the domain of definition Q,_; of an
admissible function f we get

14f (') of (X )+1—h
/ |un (X', 1) 2t < 3/ |un (', )| dt
0 h

S CONY
+4h2/ | (1) P
0

dt

Integrating this inequality over Q,_; we obtain

/|u,,(x)\2dx<3/ |u,,(x)\2dx+4h2/ |Vu,|*dx.
U 7 U

The role of s in Proposition 2.4 is played by the parameter /4, and by this Propo-
sition the embedding operator i is compact. [

3.4. Compactness for domains of class 7.

DEFINITION 3.9. A domain Q belongs to class T ifit is a finite union of elementary
domains of class ET .

First, we prove

LEMMA 3.10. Let Q; and Q, be such domains that embedding operators H 1(91) —
L12(Q)) and H'(Qy) — L*(Qy) are compact, then the embedding operator H'(Q; U
Q,) — L*(Q; UQ,) is also compact.

Proof. Choose a sequence {w,} C H'(Q; U Q), ||walmoue, < 1 for all
n. Let u, := w,|Q and v, := w,|Q>. Then u, € H(Q) , v, € H'(Q,),
lunllerri@n) < 1s vallae,) < 1

Because the embedding operator H'(Q;) — L?(Q;) is compact we can choose
a subsequence {u,, } of the sequence {u,} which convergesin L?(Q,) to a function
up € L*(Q;). Because the second embedding operator H'(Q,) = L*(Q,) is also
compact we can choose a subsequence {v,, } of the sequence {v, } which converges
in L?(Q,) to a function vy € L?(Q,). Itis evident that uy = vy almost everywhere
in Q; N €, and the function wy(x) which is defined as wo(x) := up(x) on Q; and
wo(x) := vo(x) on €, belongs to L?(Q; UQ;).

Hence

HWnkm - WO”LZ(QlUQz) < ||Mnkm - MOHLZ(QI) + ||Vnkm - V0||L2(gzz)~
Therefore [[wy, —— woll2(@,ue, — 0 for m — oo . O

From Proposition 3.8 and Lemma 3.10 the main result of this section follows
immediately:

THEOREM 3.11. If a domain Q belongs to class T then the embedding operator
H'(Q) — L*(Q) is compact.
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The example below demonstrates the difference between class T and the class
of bounded domains whose boundaries are locally graphs of continuous functions ( C -
domains). The boundary of a domain of class T can have countably many connected
components, while this is not possible for C-domains.

EXAMPLE3.12. Take: U := {(x1,x2): 0 < x1 < 1/7,x; sinxll <Xy <Xy sinxllJr
4}, V=(0,1/m) x (-2,0) , Q=UUV.

Domains U and V are elementary domains of class ET. Therefore Q is a domain
of class T . By Theorem 3.11 the embedding operator H'(Q) = L?(Q) is compact.

Let us discuss the structure of Q. The boundary OU is connected and contains
the graph I’y = {(x1,x2) : 0 = x; sinxll of the function f : [0,1] — R, f(x) =
X1 sin i . The graph I'; can be divided on two parts: the “nonnegative” part F)T =
{(x1,x2) C Iy : xo > 0} and “negative part I'; := {(x1,x) C I} : x» < 0}.
The “negative” part I'” C V. Therefore the boundary 0Q of the plane domain
Q does not contain I, and consists of the countably many connected components:
St = ([0, 1/m] x {=2})U({0} x (=2,4))U({2} x (—2,4))UTy, where T, is the graph
of the function g : [0, 1] - R, g(x1) = x; sinxil+4; Si = ([(21_%)”, 2(1_1—1)71] x {0} UL
i=2,...., I C F)T is the graph of the restriction of the function f (x;) = x; sin % to
the segment [(21_%)”, m] :and S = {0,0} is also a point of the boundary 9Q.

Notice that any neighboorhood of the point {0, 0} the boundary 9 has countably
many connected components and therefore can not be presented as a graph of any
continuous function which is a connected set.

Higher-dimensional examples can be constructed using the rotation of
two-dimensional domain Q around x; -axis.

The following corollary is practically convenient for using the main theorem.

COROLLARY 3.13. If a bounded domain U is an extension domain, a domain V
belongs to class T and Q := U UV, then the embedding operator H'(Q) — L*(Q)
is compact.

This corollary follows from Theorem 3.11 and Lemma 3.10.

EXAMPLE 3.14. Let U := U(f,g,x:),r) = {(x ,x,) 1 g(x ) < x4 <f(x)} where
a continuous real-valued functions f, g defined on the closed ball B := B, (x;), r) C
R and H := maxx/eg(f(xl) —g(x')) > 0. Then the embedding operator H'(U) —
L2(U) is compact.

The above claim follows from corollary 3.13. We need only to represent U as

a union of domains of class C and an extension domain (in our case a domain with
Lipschitz boundary).

REMARK. Extension domains can have very rough boundary. In the plane a
bounded domain U has an extension property if and only if it is an image of the
unit disc under quasiconformal homeomorphism ¢ : R> — R* (see [5],[6]). For
example the Hausdorff dimension of an image OU of a unit circle under quasiconformal
homeomorphism ¢ : R* — R? can be any number 1 < a < 2 [4].
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4. Quasiisometrical homeomorphisms and compact embeddings

A large class of bounded domains in R" does not belong to class T but still have
“good” properties like compactness of the embedding H' (Q) = L?(Q). To study these
domains we will introduce a larger and more flexible class of “elementary” domains, i.e.
quasiisometrical images of elementary domains of class ET. Then we extend the main
theorem to the finite unions of quasiisometrical elementary domains. Our proofis based
on the well-known fact that a quasiisometrical homeomorphism ¢ : U — V induces a
bounded composition operator ¢* : H'(V) — H'(U) by the rule ¢*(u) = uo ¢ (see,
for example [6] or [15]).

Recall the definition of a quasiisometrical homeomorphism.

DEFINITION 4.1. Let U and V be two domains in R". A homeomorphism @ :
U — V is O— quasiisometrical (or simply quasiisometrical) if for any point x € U
there exists such a ball B(x,r) C U that

0 'ly—z <lo(y) — o(z)| < Qly — 1 (1)

forany y,z € B(x,r). Here the constant Q > 0 does not depend on the choice of
xeU.

Obviously the inverse homeomorphism ¢~ : V — U isalso Q— quasiisometrical.
Domains U and V are quasiisometrically equivalent if there exists a quasiisometrical
homeomorphism ¢ : U — V.

Any quasiisometrical homeomorphism is a locally bi-Lipschitz, weakly differen-
tiable and differentiable almost everywhere.

Any diffeomorphism ¢ : U — V is quasiisometrical on a subdomain U; C U if
the closure U; of U belongsto U .

Let us demonstrate a practical way to construct a new quasiisometrical homeomor-
phism using a given one. Suppose that Si(x) = kx is a similarity transformation (which
is called below a similarity) of R" with the similarity coefficient k > 0, S, (x) = k1x
is another similarity and ¢ : U — V is a Q— quasiisometrical homeomorphism. Then
a composition Y := S; o ¢ o Sy, is a k1kQ -quasiisometrical homeomorphism.

It is easy to check this claim. Because ¢ : U — V is Q— quasiisometrical for any
point x € U there exists such a ball B(x,r) C U that the inequality 2.2 holds.

Therefore

W) =y = ko) — olkiz)| < kQlkiy — kiz] < kikQly —z|
forany y,z € k; 'B(k; 'x,k; 'r) . By the same reasons
() = (@] > (kikQ) |y —2l.

If k; = k~! then the homeomorphism y is Q— quasiisometrical.
This remark will be used in example 2.2 of a domain with “spiral” boundary which
is quasiisometrically equivalent to a cube. We start with a two-dimensional example.

1

EXAMPLE 4.2. We will construct a domain with “spiral” boundary with the help
of a quasiisometrical homeomorphism. We can start with the triangle 7 := {(s,7) :
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0 < s < 1,s <t < 2s} because T is quasiisometrically equivalent to the unit
square Q> = (0,1) x (0,1). Hence we need to construct only a quasiisometrical
homeomorphism ¢ from T into R”.

Let (p, 0) be polar coordinates in the plane. Define first a mapping ¢ : Ri —
R? as follows: @(s,1) = (p(s,1),0(s,1)), p(s,1) = s, O(s,1) = 2mIn5. Here
R? :={(s5,1)]0 < s < 00,0 < t < 0o} . An inverse mapping can be calculated easily:
0 Yp,0) = (s(p,0),t(p,0)), s(p,0) = p, t(p,0)) = p?e3 . Therefore @ and
@ = @|T are diffeomorphisms.

The image of the ray ¢+ = ks, s > 0,k > 0 is the logarithmic spiral p =
kexp(—5%). Hence the image S := ¢(T) = @o(T) is an “elementary spiral” plane
domain, because OT is a union of two logarithmic spirals p = exp(—%), p =
2exp(—2) and the segment of the circle p =1 .

The domain 7 is a union of countably many subdomains T}, := {(s, ) : e~ ")) <
s<e D g << 25}, n = 1,2,... . On the first domain 7; the diffeomor-
phism ¢; := @|T; is Q— quasiisometrical, because ¢, is the restriction on T} of a
diffeomorphism ¢ defined in R% and T; C R% . We do not calculate the number Q.

If we will prove that any diffeomorphism ¢, := @|T, is the composition ¢, =
S,~n—-1) 0 @1 © Su—1 of similarities S,—u-1), S,~—1 and the Q— quasiisometrical dif-
feomorphism ¢ , then any diffeomorphism ¢, is Q— quasiisometrical, the diffeomor-
phism @ is also Q— quasiisometrical, and the “elementary spiral” domain U = ¢@y(T)
is quasiisometrically equivalent to the unit square.

Let us prove the representation @, = S,—n—1 0 @1 0 Syu—1.

By construction the domain 77 is the image of 7T, under the similarity transfor-
mation S,.—i(s,7) = €"!(s,7). Therefore we need to prove only the representation
@ =S,~n—1 o @oS,— . This representation follows from a direct calculation:

(Sy—-1) 0 QO Su1)(8,8) =S,—w—n(p(e" s, e" 1), 0(e" s, " 1))
t
= (e~ Vp(e" s, e" 1), 0(e" s, " 1)) = (5,27 In - —2n(n—1))
s

= (p(S, t)? Q(S’ t)) = (p(S,t)

REMARK. By a rotation we can construct corresponding higher-dimensional ex-
amples of domains with “spiral” type singularities.

4.1. Domains of class L.

DEFINITION 4.3. A domain U is an elementary domain of class L if it is a quasi-
isometrical image of an elementary domain of class ET .

A domain U is a domain of class L if it is a finite union of elementary domains of
class L.

PROPOSITION 4.4. (see for example [6] or [15]) Let U and V be domains in
R". A quasiisometrical homeomorphism ¢ : U — V induces a bounded composition
operator ¢* : H'(V) = H'(U) by the rule ¢*(u) =uo @.
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Combining this result with Theorem 3.11 and Lemma 3.10 we obtain:

THEOREM 4.5. If a domain Q belongs to class L then the embedding operator
HY(Q) — L*(Q) is compact.

Proof. Let U be an elementary domain of class L. Then there exists an elementary
domain V of class ET and a quasiisometrical homeomorphism ¢ : V — U. By the
previous theorem operators ¢* : H' (V) = H'(U) and (¢~ 1')* : HY(U) — H'(V) are
bounded. By Theorem 3.8 the embedding operator Iy : H'(V) — L*(V) is compact.
The embedding operator I, : H'(U) — L*(U) is the composition (¢~!)* o Iy o ¢*.
Therefore the embedding operator Iy : H'(U) — L*(U) is compact.

Because any domain Q of class L is a finite union of elementary domains of class
L the result follows from Lemma 3.10. [

5. Domains with nonlocal singularities of the boundaries

The previous section focuses on domains which are locally quasiisometrical images
of domains of class T. For the proof of the main result we used the compactness of
embedding operators for domains of class 7 and the boundedness of composition
operators induced by quasiisometrical homeomorphisms.

In this section we use similar arguments for the largest class of homeomorphisms
that induce bounded composition operators of the Sobolev spaces H' .

We recall the main idea for a study of the embedding operators proposed in [8].
Let Q be a domain with “good” boundary, for example, domain of class L, and U bea
domain with “bad” boundary. Suppose that there exists a homeomorphism ¢ : Q — U
such that ¢ induces a bounded composition operator ¢* : H'(U) — H'(Q) by the
rule ¢*(u) = uo @ and ¢! induces a bounded composition operator (¢p~')* :
L*(Q) — L*(U). If the embedding operator Ig : H'(Q) — L*(Q) is compact, then
the embedding operator Iy = (¢~ !)*Iq¢* : H'(Q) = L*(Q) is also compact.

This method was used in [8] for a study of the embedding operators in domains
with “nonlocal” singularities.

5.1. 2-quasi-conformal homeomorphisms.

Composition operators for Sobolev spaces with first generalized derivatives were
studied in detail in [7]. We restrict ourselves to the practically important class of locally
bi-Lipschitz homeomorphisms.

DEFINITION 5.1. A locally bi-Lipschitz homeomorphism ¢ : Q — U is 2-quasi-
conformal if there exists a constant K such that

19" ()11 < K| det ¢’ (x)]

Sor almost all x € Q . The 2-quasi-conformal dilatation K(¢) is a minimal number K
for which the previous inequality holds.
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/ _ /1 00; . . . . .
Here ¢'(x) = (5(x)),i,j = 1,2,..,n, is the Jacobi matrix of the mapping ¢ at
7

the point x and [|¢’(x)|| := />0, g—f]f (x)|? is the norm of the Jacobi matrix.

Obviously any quasiisometrical homeomorphism is 2-quasi-conformal. Composi-
tion of 2-quasi-conformal homeomorphisms is 2-quasi-conformal [8].

Choose two bounded domains Q, U in R" , n > 2 .

THEOREM 5.2. (see [8]) A locally bi-Lipschitz homeomorphism ¢ : Q — U
induces a bounded composition operator ¢* : H'(U) — HY(Q) if and only if ¢ is
2-quasi-conformal.

This result was used in the following version of the so-called “relative” embedding
theorem.

THEOREM 5.3. (see [7]) Suppose that a homeomorphism ¢ : Q — U is 2-quasi-
conformal and | det¢’(x)||zoc(q) < oo . If the embedding operator I : H'(Q) —
L2(Q) is compact then the embedding operator Iy : H'(U) — L*(U) is also compact.

The following corollary helps to use this result practically:

COROLLARY 5.4. Suppose that Q is domain of class L and there exists a 2-
quasi-conformal homeomorphism ¢ : Q — U. If || det¢’(x)|[r @) < 0o, then the
embedding operator Iy : H'(U) — L*(U) is compact.

This corollary follows immediately from the previous theorem and the embedding
theorem for 7— domains.
It allows one to use the method of Section 2 for 2-quasi-conformal case.

5.2. Domains of class Q.

DEFINITION 5.5. A domain U is an elementary domain of class Q if there exist an
elementary domain V of class L and a 2-quasi-conformal homeomorphism ¢ : U — V
such that || det ¢’ (x)|| o0 () < 00.

A domain U is a domain of class Q if'it is a finite union of elementary domains of
class Q.

Combining Corollary 5.4 with the Theorem 4.5 and Lemma 3.10 we obtain

THEOREM 5.6. If a domain Q belongs to class Q then the embedding operator
H'(Q) = L*(Q) is compact.

Proof. Let U be an elementary domain of class Q. Then there exists an elementary
domain V of class L and a 2-quasiisometrical homeomorphism ¢ : V — U such that
|| det ¢’ (x)||roe(@) < co. By Theorem 5.2 operators ¢* : H'(V) — H'(U) and
(p~hH* : H'(U) = H'(V) are bounded. By Corollary 5.4 the embedding operator
Iy : HY(V) — L*(V) is compact. The embedding operator Iy : H'(U) — L*(U)
is equal to the composition (¢~!)* o Iy o ¢*. Therefore the embedding operator
Iy : HY(U) — L*(U) is compact.
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Because any domain Q of class Q is a finite union of elementary domains of class
Q, the result follows from Lemma 3.10. [

Let us demonstrate a simple example of an elementary domain of class Q with
“non local” singularity near the point {0} .

EXAMPLE 5.7. Let Q € R? be the union of rectangles Ty = {x € R* : |x; —
2ok L 27kH2): 0 < xp < 27K} 0 < o and the square Q = (0, 1) x (—1,0). It
is easy to check that the homeomorphism @(x;,x;) = (x|x|@ !, xa|x|# 1} is 2-quasi-
conformal and Q; = @(Q) is the union of rectangles Py = {x € R* : |x; — 27| <
2-2):0 < xp < 27%#21 0 < o and the square Q = (0,1) x (—=1,0) . In [10] a
quasiisometrical homeomorphism y from €, to the unit square is constructed. Hence
the composition ¢ = ¥ o ¢ is a 2-quasi-conformal homeomorphism and by direct
calculation we can check that || det ¢’ (x)|zo0(q) < co. Therefore the domain Q is an
elementary domain of class Q.

A projection of B(0,r) N OQ onto an arbitrary straight line L € R? is not a one-
to-one correspondence for any r and L . Therefore the domain Q is not an elementary
domain of class C.

Higher-dimensional examples can be constructed using rotations.

5.3. Discussion of 2-quasiconformal homeomorphisms and
2-quasi-conformal domains.

Let us give first a geometrical interpretation of 2-quasi-conformality.

Suppose that ¢ : R* — R" is a linear homeomorphism, ¢’ is its matrix and (¢’)”
its adjoint matrix. Denote by A7 < A7 < ... < A? eigenvalues of (¢')7¢’. There exist
two orthogonal bases ey, e, ...,e, and g1, g2, ...,g, such that ¢(e;) = A;g; for every
i=1,2,...,n. Geometrically A; is length of i— th semi-axis of the ellipsoid ¢(B(0, 1))

. The 2-quasi-conformal dilatation K(¢) = #’1&71 .

If ¢ : Q — U is adiffeomorphism then the numbers A, (x) < A,(x)
correspond to the linear homeomorphism d¢ and

=su ()
K(9) = sup L e A 0

If ¢ : Q — U is only locally Lipschitz then

An(X)
K@) esxse?zlp[/ll(x)/lz(x)-~-/ln—1(x)]'

The relations of 2-quasi-conformal homeomorphisms with the traditional classes
can be described as follows:

1) In the two-dimensional case 2-quasi-conformal homeomorphisms are quasi-
conformal. A homeomorphism inverse to a quasi-conformal homeomorphism is also
quasi-conformal. Therefore a homeomorphism inverse to 2-quasi-conformal home-
omorphism is 2-quasi-conformal (for plane domains). Unfortunately, this property
does not hold in the higher-dimensional cases. In [7] an example of 2-quasi-conformal

N
N

A ()




140 VLADIMIR GOL'DSHTEIN AND ALEXANDER G. RAMM

homeomorphism with non-2-quasi-conformal inverse homeomorphism is constructed.
Composition of 2-quasi-conformal homeomorphisms is a 2-quasi-conformal homeo-
morphism.

2) Two-dimensional conformal mappings are 2-quasi-conformal homeomorphisms
with K(¢) =1.

3) Any quasiisometrical homeomorphism is 2-quasi-conformal.

Appendix

In this section an abstract necessary and sufficient condition for the embedding
operator to be compact is given. In our presentation the work [12] is used.

Let H;, j=1,2,3, be Hilbert spaces, H; C H, C H3, the embeddings mean set-
theoretical inclusions and the inequalities |[ul|1 > [Jull2 > [lull3, where [[ul/; := [|u]|; .
This implies the compatibility of the norms:

if ||uy|l3 — 0 and ||u, — u|| — 0 then u =0

Denote by i the embedding operator from H; into H, and by j the embedding
operator from H; into Hj.

PROPOSITION 5.8. The operator i : Hy — H, is compact if and only if the
following conditions hold:

1) j is compact,

and

2) |lull2 < €llully + c(€)||ulls for all € € (0,&), c(e) = const > 0, for all
ueH.

Proof. Necessity: condition 1) is clearly necessary: if i: H; — H, is compact,
and H, C Hs, ||ul|2 > ||u||3, then j: Hy — Hj is compact.

To prove 2), assume the contrary: there exists u, € Hy, |lu,]i = 1, and € €
(0, &) such that

lunll2 > &l[unl[1 + nllanlls
forall n=1,2,....

Since ||uy|l1 = 1 > ||unl|2 , one concludes from previous inequality that ||u,||; — 0
as n — oo and u, — u in H;, — stands for weak convergence. Since i: H, — H;
is compact, it follows that |lu, — u|l, — 0. Since ||u,||3 — O it follows that u = 0
and ||u,||2 — 0. This is a contradiction: by condition 2) the inequality ||u|2 > € >0
holds. The necessity of the conditions 1) and 2) is established.

Sufficiency: if j is compactthen ||u,||; = 1 implies thata subsequence u, (denoted
again u, ) convergesin Hj, thatis ||u,—uy||s — 0 as n,m — oo. Condition 2) implies
[[n = tm||2 < €lltn — tm|1 + c(€) [l — 3.

Fix an arbitrary small 6 > 0. Note that ||u, — u,||; < 2. Choose € = §/4 and
fix it. Then choose n,m so large that c(€)||u, — uml|/3 < 6/2. Then |uy — uw||2 < J.
This implies convergence of u, in H,. The sufficiency is proved. [
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