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ESTIMATIONS IN HOLDER’S TYPE INEQUALITIES

SAICHI IZUMINO AND MASARU TOMINAGA

(communicated by S. Saitoh)

Abstract. Using a technique due to Ozeki, we give an upper bound of

()" (8)" =2 3 aen

for A >0, for p > 1, g > 1 satisfying 1/p+ 1/g =1, and for n- tuples a = (ay,...,an)
and b = (by,...,by) of positive numbers under certain conditions. This yields a complement
of Holder’s inequality. The estimation with a parameter A enables us to unify the discussions
on difference and ratio inequalities derived from Holder’s inequality.

1. Introduction

The Holder’s inequality is one of the most important inequalities in analysis: If
a=(ay,...,ay,) and b = (by,...,b,) are n- tuples of nonnegative numbers, then for
any p > 1, ¢ > 1 satisfying 1/p+1/g=1,

()" (o) = Yan

Recently, using Ozeki’s method, the first author [5] obtained an upper bound of

Sy(a,b) = (Zai)l/” (sz) Vg (Zakbk) (1.1)

under the conditions

my < ar < My, my <by <My, (k=1,2,...,n),
O0<m <M; and 0<my < M,, (12)

and moreover in [6] the estimation was shown to be the best possible.

Consider S,(a,b) as a function defined on the product [my, M;]" x [ma, M>]".
Then

(i) Sy(a,b) is a separately convex function with respect to a and b, so that
its maximum is attained at an extreme point, that is, a vertex of the corresponding
2n -dimensional cube [8].
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164 SAICHI IZUMINO AND MASARU TOMINAGA

(ii) Let ¢ = (¢yy...,¢,) and ¢ = (¢y,...,C,) be the rearrangements of ¢ =

(c1,...,¢y) in decreasing order and in increasing order, respectively. Then > c_zkEk
(= > arb;) <> arby [4, p. 261], so that

SP(Q7E) (= Sp(a7b)) > Sp(a>b)'

Hence the maximum of S,(a, b) is attained at a point such that ¢ and b are monotone
in mutually opposite orders.
We note that the use of Ozeki’s method is to apply Ozeki’s properties (i) and (ii).
In [10], (cf. [7], [9, p. 121]) Ozeki himself presented a complementary Cauchy’s

inequality:
2 52
E a,% E b% — ( E akbk) < ?(Mle —m1m2)2

based on the fact that the left-hand side possesses the properties (i) and (ii).
In this paper we discuss the estimation of the following difference

%MQLM::(E:a@L@(E:%)UquEZamk (1.3)

with a parameter A > 0, and obtain an upper bound nMM,F(A) (F(A) is defined in
Lemma3.1) of S, ; (a, b) , which yields acomplement of Holder’s inequality. The upper
bound nM;M,F(A) is shown the best possible, in some reasonable sense, by applying
Sion’s minimax theorem ([1], [12]). As applications, we derive some inequalities which
are givenby p = g = 2 or my /M, — 1. Furthermore, taking A satisfying F(A) =0,
we obtain a ratio inequality (reverse Holder’s inequality) which is equivalent to the one
given by S. A. Gheorghiu [3].

2. Preliminaries

In this section we state some useful facts, and define some constants for our
discussion.

LEMMA 2.1. Let u,w,u and v be positive numbers. Then

Uputf L\YP 71\ V4
uPwd (—) (—) uu + vw 2.1
i) (oy) v 1)
and the equality holds for
puu = gvw. (2.2)
Proof. The Young’s inequality says that
wlrwta < 2 2 (2.3)
2

Hence we have

1 1/p 1 1/q 1 1/p 1 1/q
ul/Pwl/a = (—) (—) (puu) /7 (gvw)'/1 < <—) ( ) (mu + vw).

P qv pu qv
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Since the equality in (2.3) holds for u = w, the equality in (2.1) holds for puu =
gvw. O

LEMMA 2.2. Let a = (ay,...,a,) and b = (by,...,b,) be n-tuples of real
numbers satisfying (1.2). Then for any A > 0, the maximum of Sy (a,b) is attained
at a point (@), b)) € [my, My]" x [my, My)" such that

N n—s t n—t

. ———— A — e
a(”:(Ml,...,Ml,ml,...,ml) and bm:(mz,...,mz,Mz,...,Mz)7 (2.4)
where s and t are integers satisfying 0 < s <n and 0 <t < n.

Proof. Let
| al= (Za,ﬁ) v and (a,b) = Zakbk.

Spala,b) =[l allpll b [ly =A{a,b)

is a separately convex function with respect to a and b, and
Sp.a. (a, E) (= Sp.a (@,b)) > Sp.a. (a, D).

Hence S, ; (a,b) has Ozeki’s properties (i) and (ii) as well as S,(a,b), so that its
maximum is attained at an extreme point. Note that e = (e,...,e,) is an extreme
point of [m,M]" if and only if ¢, = m or M for each k. Since we may confine
ourselves to the case that a is of decreasing order and b is of increasing order, we can
obtain the maximum of S,,; (@, b) for a and b of the formin (2.4). O

Then

Now we define several constants. Let 0 < a < 1, 0 < f < 1, and let
1/p 1/q
1—of 1-p4 K K
=% K= BT nd K= <—°‘) (—B) . (2.5)
1-B P q

NP s\ V4
-~ Ky -~ Kp - K [ Kq Kp
Ko = ol Kp = Ba/p and K= ol/aBi/p <_ < p ) ( q - (26)

Then since 1/p 4+ 1/q = 1, we see that K is a weighted geometric mean of I%‘ and

Furthermore, put

% , and that K is that of Ka and % . By the mean-value theorem there exist real
numbers 0, and Og such that
a<O,<1, B<Op<l, K,=pO, ' and Kg=q0i .  (27)

Hence we have

K K,
ot < ?‘" <1, pric 7" <1 and o'1Br <0 /l0P =K <1. (2.8)
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Furthermore, since p/g =p — 1 and gq/p = g — 1, we have

K K N
<=2 <o 1<=Lp' and 1<R<aVip=ilr, (2.9)
p q

LEMMA23. LetO<a<1,0<fB <1 and A >0. Then
(1) The equation (of T > 0)

(1— o)A — K1) = (1 - B)(A — Kt~ '/P) (2.10)
has a unique positive solution, which we denote by T = 7. . Define a constant c, by
e =(1—a)A — K/ (: (1-B)A — K’L'*_l/p)) . (2.11)

Then K < A ifandonly if ¢; > 0.
(2) The equation

(1—a) (Kt —BA) = (1 — B)(KT~ P — ad) (2.12)

is equivalent to (2.10), that is, it has the same solution T = T, as a unique one. Define
the constant ¢, by

& = (- a)Ke'" = BA) (= (1= B)(Ke. " —ah)). (2.13)
Then A < K ifand only if &, > 0.
Proof. Put
L(t) = (1 —a)(A — KTV7) — (1 — B)(A — KT~V/P). (2.14)
Then L(7) is strictly decreasing on (0, 00), and rlirEoL(T) = 400, ‘rll>nolo L(1) = —o0.

Hence the equation L(7) = 0, or equivalently, (2.10) has a unique positive solution

7, . Next note that the signs of (1 — or)(A — K7/%) and (1 — B)(A — K7,~/P) are the
same, or the both are zero. Hence, if ¢;, > 0,thenfrom 1 —o >0 and 1 —f3 > 0 we
seethat A — K727 > 0 and A — K7, "7 > 0, thatis, (K/A)" < 7. < (A/K). This
implies K < A. On the other hand, if ¢; < 0, then by the same method, we obtain
K > A . To see (2), we note that the equation (2.12) is obtained by subtracting the both
sides of (2.10) respectively from (1 — &)(1 — B)A. The remaining fact is obtained
similarly as in (1). O

We need the following theorem ([1], [12]) later to guarantee the best possibility of
our estimation of (1.3) (cf. (3.1)) in some sense.

THEOREM S . (Sion’s minimax theorem) Let f be a real-valued function defined
on the product X X Y of X and Y, each of which is a subset in a respective topological
vector space. Assume that
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(1) X is compact convex and Y is convex.
(2) Forall tin Y, f(-,7) is quasiconcave on X, i.e., for A € R (= (—o00,00)),

{mzeX,f(z,7) 2 A}

is convex or empty in X.
(3) Forall z in X, f(z,-) is quasiconvexon Y, i.e., for A € R,

{ntelf(zt) <A}

is convex or empty in Y.

(4) Forall Tin Y, f(-,7) is upper semicontinuous on X andforall zin X, f(z,-) is
lower semicontinuous on Y .
Then

inf supf (z,7) = supinf f (z, T
TEY zex €X 7€

3. Main results

Our problem is calculating an upper bound of S, (a,b) under the assumption
(1.2). By Lemma 2.2 the problem is reduced to that of computing the maximum of
S, (a,b) among points (a'*),b®) € [my,M;)" x [ma,M5)" given in (2.4). In this
section we really compute an upper bound of S, (@), b)), which is not always the
maximum, but the best possible in a reasonable sense (see Remark 3.3).

LEMMA 3.1.  Let a® and b be n-tuples given in Lemma 2.2 (2.4). Put
o=m /M, B=m/M, T, = q—ga P and 15 = qK"‘Bq Then for any A > 0

§=S8,(a", by < nMMyF (1), (3.1)

where F(L) = F(A; o, B,p) is the constant defined as follows.
Casel: 0<t<s<n

1-2 ifO</l<min{K°‘ 2}

14 1 (K _ i Ko (— minfKe

g t (D) — 114 lfK( min{ 7% })< <K
F(O) =4 &GV + 55 — 112 if (= min{?; ,7’3})<

B(1—A4) ing/l,r*<rg

(é+$f )Aicl(l_lap+l_lﬁq 1) U‘Kgﬂ’arﬂgr*g’ro{

o(l—A) if K <A, Ty < Ty

(3.2)
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Casell: 0<s<t<n

B(1—A4) fO<A<K 1.<1p
(ﬁJFK_lﬁ_l)’l_Ci(ﬁJ“#_l) fO<A<K 1<t <1
all — 1) fO<A<K 1<t

FO) =0 (& + (%) - a)pi if K <2< Ex(= ma(&e, 2
5y + &~ o iR <2 < (= max{fe, )
af(l - 1) if max{Ke 7P} < 2.

(3.3)

Proof. Without loss of generality we may assume M; = M, = 1, so that m; = o
and my = 3.
Casel: Let 0 <t <s<n,andlet

N t s— n—s
r—/t‘\r—/‘\ r—M\/—/;\r—/‘\
a =(1,...,1,1,... 1, a), bY=(B,....8,1,....1,71,...,1).

Then
S={s+(n—9} (it + (n— )} — {iB+ (s — 1) + (n—s)a} A.
Putting x =n — s and y = ¢, we have
s = Skl (3.4)
= (n—x+x0")P(Bly+n—y)"— (By+n—x—y+ox)i
= {n— (1=} {n— (1= B} + {(1 - o)x+ (1 = By — n}A
forintegers x,y, x >0, y>0and x+y < n
We set
A:={(xy);x>20,y>0,x+y<n}.
Then we wish to determine the maximum of § over the integer points of A, a subset
of A. However, it will be very involved. Therefore we shall consider S over the whole
points of A instead. That is, we shall determine
max S := max {S[x,y]; (x,y) € A}.
To this end, we want to introduce a subsidiary function (defined later) of S[x,y].
First replace u, w, u and v in Lemma 2.1 by
— (I —a?)x, n— (1 — By, Hona 2 foru; >0, vi >0,
K Kﬁ

respectively. Then from (2.1), we have

{n—(1- o@x}”ﬁ {”j (1— )y} (3.5)
< (K2 ! (52) ! B (-0 ¢ = B>}

) B ) e () en(®) ]
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Hence, if we put 7 = ’é—i , then it follows from (3.4) and (3.5) that

1/q =1/p
T T
S<nK|—

" (Koc i Kp

) — A+ (1—a)(A—Kt/Nx+(1—B)(A—Kt /")y, (3.6)

for integers x,y, (x,y) €A.
Now we denote by Ty (x,y; T) the right-hand side of (3.6) as a subsidiary function for
S[x,y], and put
¢(7) = max T)(x,y;t) fort>0.
(x,y)EA

Then we shall calculate the minimum ¢ of ¢(7), thatis,

¢ =min ¢() = min [max, T (x,¥:7) (3.7)

asanupperbound F(A) of S = S[x,y], in place of max S[x, y| itself. Since T} .(x,y) =
T (x,y; T) is an affine function on the triangle A, it attains its maximum ¢(7) at one
of the vertices (n,0), (0,n) and (0,0) of A, i.e.,

o(7) = (m?xA Ty «(x,y) = max{Ty (n,0), T .(0,n), T1(0,0)}. (3.8)
x,y)€

For convenience sake we define several functions. Let

1/q —1/p
Gy (1) = 20 :K(TK— i ) A4 (1— a)(A - KeV)
" @ B (3.9)
aPTI/q T*I/P
_K( X, + K )a?t,
TicOm) (T _1/
H)(1)= 22—+~ =K K—+ z —A+({1-=B)A —Kt'P)
" o b (3.10)
/e pag=lr
_K(K_a+ - )—m,
_ T3:(0,0) e lp
and let

2.(t) =Gy(1) = Li(1) = (1 — ) (A — KTV/9),
h(7) = Hi(7) = (1) = (1 = B)(A — Kz~ '/7).

Then we have easily the following facts.

— Ko

=%

for (0 <)t < 74, increasing for 7, < T and hence mi(r)l Gi(1) =G (1e) = (1 —-A).
>

(i) G (7) = 0 has auniquesolution 7 = 1, o, moreover G, (1) is decreasing

(ii) H) (t) = 0 has a unique solution 7 = 73 = % B?, moreover H) (T) is decreasing
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for (0 <)t < 13, increasing for 73 < 7 and hence migH,l(T) =H;(15) =B(1—-1).
>

(iii) 75 (t) = 0 has a unique solution 7 = 7; = % , moreover I, (7) is decreasing for

(0 <)t < 77, increasing for 7; < T and hence mi(r)l[x(r) =hL(ny)=1-4.
>
(iv) ga(7) is strictly decreasing and limog;t(r) = (1 —a)A, lim g)(r) = —oc0, and
T—+ T— 00

hence the equation g; (7) = 0 has a unique solution 7, = (%)7.

(v) hy(7) is strictly increasing and lin+10 hy(t) = —o0, lim hy(t) = (1 — B)A, and
T— T— 00

hence the equation h; (7) = 0 has a unique solution 7, = (5X)7.

Note that (3.8) can be rewritten as follows:
¢(t) = nmax{Gy (1), H, (1),1,(7)}.

We denote by ¢y the minimum ¢/n of the function ¢(7)/n. Recall that the equation
Gy (1) = H) (1), i.e., go(T) = h;(7) has a unique solution 7, from Lemma 2.3(1),
and that the constant ¢ is defined (in (2.11)) as

e =(1—a)(A — K29 (: (1-B)(A —K’L’,:l/p)) .

Now in order to compute ¢, we divide Case I again into two cases according to c¢; > 0
and ¢ <O0.

[[-1] Let ¢, > 0. Then K < A as an equivalent condition from Lemma 2.3(1).
In this case, at least one of g, (7) and &, (7) is nonnegative (for any 7 > 0), for if not,
then A — K7'/9 < 0 and A — Kt~'/7 < 0, which implies that (£)? < v < (¥)”,
or A < K, a contradiction. Hence, either G, (t) or H,(7) is not smaller than I (7).
Furthemore, since L(7) = g, (1) — ha(t) = G (1) — H,(7) > 0 or < 0 according to
0 <7< 7, or T, < 7 (from the proof of Lemma 2.3 (1)), we have

¢(t) = nmax{G, (1), H, (1)} = { Zf;igg ii 2*<<T§ T (3.12)

Note that 75 = ZKTZB‘? < Z%a”’ = T, . Now by a simple computation or by tracing

the graphs of G (t) and H, (7), we can obtain the minimum ¢y of ¢(7)/n as follows:

G (1) if 7, < T
do= < Gi(t) (=Hy(t.)) if 18 <7 < 1o (3.13)
Hx(Tﬁ) if 7. < 3.

We now want to express ¢ in terms of A, o, 8, Ko, Kg and 7, (or ¢y ). If 75 < 7, <
Ta , then by the definition of ¢, , we have

Kri/q:/l—lcla and KT*_I/”:/'L—I 5
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so that, from (3 9) (or (
Gi(z.)

K(
1 1 1
(& K—ﬁl>’““(m*1——ﬁql)'

If 7o < Ty, then ¢g = G1(74) = a(1 —A) from (i). If 7. < 75, then ¢o = H, (18) =
B(1 — A) from (ii). Hence, puttig F(A) = ¢y in each subcase, we have the later half
(the case K < A ) of (3.2).

[[-2] Let ¢, < 0. Then (0 <)A < K as an equivalent condition from Lemma
2.3(1). Recall that from (iv) and (v) ga(7) = G (7)—1;(7) and hy(7) = H) (1)—1)(7)
are strictly decreasing and strictry increasing, respectively, and 7, = (%)q and 7, =
(X)7 are unique solutions of g;(7) = 0 and h,(7) = 0, respectively. Hence from

A < K we can see that T, < Tp, and furthermore that
nGy(t) f 0< 1< 1,

o(t) =1 nl(t) if,<T<T (3.14)
nH)(t) if 7, < 7.

T.) (= Hj (14))

3. 10)) we have
1/f1 /P

) —A+(1-a)r -k

By an elementary computation or by tracing the graphs of G, (1), Hx(t) and I; (1),
we can obtain the minimum ¢y of ¢(7)/n as follows:

=< L) frp<u<m (3.15)

(

L(t,) if 7 <1
(

IA(Th) if Th < T .

Now we want to express ¢ in terms of K,, Kg, K and A . Firstlet 7; < 7,(< 7).

Then we have
7 qKo/pKp Ko \?
—=———=|—1] <1
T, (A/K)4 pA

Hence, as an equivalent condition to 7; < T,(< T,), we have I;—O‘ < A, or more

precisely
K K, K
— (: min{—a,—ﬁ}) <A <K,
p JZ)

because K lies between I;—U‘ and %ﬁ as a weighted geometric mean of them (cf. (2.5)).
In this case, from (3.11) we have

1/q —1/p q
_ Y R T BEP SN .0 R
(ZJO—I;L(Tg)—K<Ka+ K;;) A_{KQ+KB (A) 1}1.

Secondly let (Tg <)7, < 7. Then similarly as before, we have I%ﬁ < A, or more
precisely
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as an equivalent condition to 7, < 7;. In this case, from (3.11) we have

1/q —1/p p
_ I ) -t (K 1
([)()—I)L(Th)—K<Ka+ K; > )L—{Ka ()t) JrKﬁ 1A,

Finally let 7, < 7; < 73, Then by the above argument, we observe that

(0 <A < min{%,%} (£K)

as an equivalent condition to 7, < 7; < 7;. In this case, from (iii) we have
¢0 = IA(T[) =1—-A.

Now, putting F(A) = ¢ in each subcase, we obtain the first half (0 < A < K) of
(3.2).
Case II: Let 0 < s <t < n,andlet
t—s n—t - “
—N——_ A — —— ——
a¥ =(1,....1, .. a)a,...,a), b=(B,....8,B,....8,1,...,1).
Then

S={s+n—- s)ap}l/p {(n—1)+ tﬁ‘f}l/q —{sB+@—s)0f+(n—1t)a} A.

s

Putting x = s and y = n — ¢, we have

S =S8,y = {na? 4+ (1 —a)x}'/P{nB9+ (1 — p2)y}'/a (3.16)
—{B(l—a)x+ ol — B)y +nof}Ar

for integers x,y, x >0, y>0and x+y < n.
As in Case I, by using (2.1) of Lemma 2.1, we have

{no? + (1 — o )x}' 7 {np? + (1 — po)y}'/e (3.17)

ﬁqfl/p

<K { S+ B (1= axetlo o (1= Bye i}

Hence it follows from (3.16) and (3.17) that

s <nk (L2 + ) — napa (3.18)

H(1— o) (KT — BA)x + (1 — B)(KT~1/7 — ad)y

for integers x,y, (x,y) €A.

Similarly as in Case I, we denote by T} (x,y;7) the right-hand side of (3.18) as a
subsidiary function for S[x,y] and put

¢(7) = max Ty (x,y;7) fort > 0.
(xy)€A
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Then we shall calculate the minimum ¢ of q~>(r) , that s,

N: i s = i T ;
¢ = min¢(7) min max, 2 (%, 55 7)

instead of max S[x, y], as an upper bound F(A) of S. Since T +(x,y) = Ty (x,y, 7) is
an affine function on A, it attains its maximum ¢(7) at one of the vertices (n,0), (0, n)
and (0,0) of A asinCasel, i.e.,

‘5(7) = (R?é‘A T)L,r(xa y) = maX{T)L,r(”a 0), T)L,r(oa n), T)L,r(oa 0)}. (3.19)

Here we define the following functions as Case I. Let
GA(T) = Thf(n,())/n,
I:IA(T) = TLT(O,H)/H,

7 ~ apq:l/q qT—l/p
(1) =T:(0,0)/n= K< e + B %
o

) —aBA,  (320)
and let

5.(1)=Gy(1) — L (1) = (1 —a)(KT'7 — BA),
hy(7) = Hy(1) — L (1) = (1= B) (KT '/ — ad).

Then we easily see the following facts.

(vi) ga(7) is strictly increasing and Tl_i)nﬁog,x(r) =—-(1-0a)pAr, Tlirrolo 8:(7) = o0,
and hence the equation g, (7) = 0 has a unique solution 7; = (%)‘1 ,
(vii) hy (1) is strictly decreasing and rlinloil’l(r) = o0, Tll)rgo h(t) = —a(l — B)A,
and hence the equation %, (7) = 0 has a unique solution 7, = (£-)7.
(viii) Z; (7) = 0 has a unique solution 7 = 7; = Zg,{,i; , moreover I, () is decreasing

for (0 <)t < 17, increasing for 7; < T and hence mi(r)lfx(r) =L(t) =aBf(l1-2).
>
Note that (3.19) can be rewritten as follows:
¢(7) = nmax {G(z), Hy.(1),[(1)} .

We denote by ¢y the minimum ¢ /n of the function ¢(7)/n. Recall that the equation
G (1) = H, (1), ie., g.(t) = hy (1) has a unique solution 7, from Lemma 2.3(2),
and that the constant ¢, is defined (cf. (2.13)) as

& = (1- a)(Ke.!/ = 2) (= (1= B)(Kz. """ —ar)).

Now in order to compute ¢y , we divide Case Il again into two cases according to & > 0
and ¢, <O0.

[I-1] Let &, > 0. Then (0 <)A < K as an equivalent condition from Lemma
2.3(2). In this case we can see that at least one of g, (7) and £, (7) is nonnegative (for
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any 7 > 0), i.e., either G, (t) or H,(7) is not smaller than [ (7). Furthermore, we
can see that G, (1) = Tj ¢(n,0)/n = Hy (1) and H, (1) = T, :(0,n)/n = G, (1), so
that

$(1) = nmax {Gy (1), Hy (1)} = nmax {G, (), Hy ()} (= ¢(1)). (3.21)

Hence we can reduce the further discussion to one in Case [I-1]. Consequently, we
obtain the same value ¢ as the minimum ¢ of ¢(7) = max {T) <(x,y); (x,y) € A}.

[I-2] Let & < 0. Then K < A as an equivalent condition from Lemma 2.3(2).
In this case, by (vi) and (vii), we can see that 7, = ()7 < (%)‘1 = T3, and that

nG,(t) (=nHy (1)) if 0 <1< 75
o(1) = { nl(7) if 5, <T<1 (3.22)
nH; (1) (=nG, (1)) if 1; < 7.

By an elementary calculation, or by tracing the graphs of G;(7), H;(t) and I,(7),
we can see that the minimum ¢y of ¢(7)/n is given as follows:

Li(t) if ;<77
b= L(y) ifg<t<1 (3.23)
IN)L(T;I) if (7 < T -
Now we want to express (130 in terms of K, Kg, K, o, B and A . First let
(1, <)73 < 77. Then we have

w (AR wpas
T qBiKe/poKs Ko
Hence as an equivalent condition to 7; < 7;, we have A < %(: I%), or more

precisely

. K K, K
K</l<—a<:max{—a,—ﬁ}>,
p P 4

because K lies between K& and *2 asa weighted geometric mean of them (cf. (2.6)).
In this case, from (3.20) we have

- ~ D }/q q jl/ﬁ
b =1I(z) :K(“K’; 4P ’};B ) — aBA (3.24)
+

Next let 7; < 7;,(< 73). Then similarly as before, we have A <
precisely
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as an equivalent condition to 7; < ;. In this case, from (3.20) we have

ol /4 B"Ti;l/p

¢ =L(5) = K( =+ X5 > —api (3.25)

= {& (5 & - Bjor

Finally let 7; < 7; < 73. Then by the above argument, we observe that

K, K o
A >max{&,—ﬁ} (= K)
2

as an equivalent condition to 7; < 7; < ;. In this case, from (viii) we have
b = L(t7) = aB(l — A). (3.26)

Putting F(A) = ¢ in each subcase of Case II, we obtain (3.3). This completes the
proof. [

Now applying Theorem S, we prove the following fact which shows that nM 1M F(A),
the right side of (3.1) in Lemma 3.1 is the best bound in a reasonable sense.

LEMMA 3.2.  With the same notations as in Lemma 3.1 (with the assumption
Ml :Mz =1 added),

_ | maxgyeaSlx,y]  (Casel)
)= { max .y ea S, y]  (CaselI). (3.27)

Proof. We begin with Case I. By (3.7)

F(A) = mi Ty (x,y; 7).
(4) min max, 2 (X, 55 T)

From (3.6) we have
Sk y] < To(x, 35 7)
and from (2.2) we can see that the equality holds for

b gKeln— (L)
Y Ty pKg{n — (1 — a”)x}

(> 0), (3.28)

and so
S,y = Th (%, y: Tey) = min T (x, y; 7).

Hence what we have to show is

min max T, (x,y;T) = max minT) (x,y;T). 3.29
R 05 T L) = i i T 3 ) (29
Let z = (x,y) € A and write T)(z,7) = Ta(x,y;7). Then the function T} (z, 7)
defined on A x Rt (R* = (0,00)) satisfies all assumptions of Theorem S. In fact,
first we see that the assumptions (1) and (4) hold, because A is a compact convex set
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in the plane and T (-, ) is continuous on A x RT. Next we see that the assumptions
(2) and (3) hold: For any 7 € R*, T, (-, 7) is an affine function, hence quasiconcave
function on A. Furthermore, T) (z, T) can be rewritten as follows:

Ty (z,7) = ATV + BT7'P 4 C,

A= Kﬁa{n — (1)} (> 0),

B={n—(1- ) (>0)
B
C=(1—a)y+(1—B)Ax—nk (>0).

Hence we can check that T} (z,-) is a quasiconvex function on R™ . Consequently, we
obtain the desired identity (3.29).

For Case II, by the similar argument as in Case I we can also obtain the corre-
sponding identity in (3.27). This completes the proof. [

REMARK 3.3. Say, in Case I, let 1y and (xo,y0) be points such that ¢(1) =
mingo ¢(7) and Slxo,yo] = max.,eaS[x,y| respectively. (Say, 10 = ©. if A >
K,tp < T < Ty by (3.13).) Then the minimax relation (3.29) ensures (with the
assumption My = M, = 1) that

T,.(x,y; %) < T3(x0, 05 T0) = S[xo, yo] = ¢(0)
=nF(A) < Ty(x0,y0;T) for (x,y) €A, T>0.

The point ((x0,¥0), To) is called a saddle point of T) (x,y; T) with respect to A x R
[13, p. 72].

From the above lemma nF () is the best upper bound of S[x,y| (for Casel) on
the whole set A. However, the domain of S|x,y| is the integer points of A in itself.
Hence if (xo,yo0) is precisely an integer point in A then nF(A) is really the best bound
of S[x,y]. This justifies that we call nF(A) the best bound in a reasonable sense.

In order to obtain a refined form of Lemma 3.1 we prepare

LEMMA 3.4. Under the same notations as in Lemma 3.1, if K < A < K, then
8 < T < Ty

Proof. Let L(A,T) = L(7) (cf. (2.14)), that is,
LA, 1) = (1 —a)(A — K1) — (1 — B)(A — KT~ '/P).
Then first, putting A = K, we have
L(K,1) =0, (3.30)

and moreover
8 < 1< 14. (3.31)



ESTIMATIONS IN HOLDER’S TYPE INEQUALITIES 177

Indeed, we have by (2.7)

qKq Koz/P -1 <[3 >q
5= 18 pga _ 2alPge _gr-1g. (P )
P pKg Kgp/q « P\ 6

and similarly 1 < 7. Since L(K, ) is a strictly decreasing function in 7, we see,
from the facts (3.30) and (3.31), that

L(K,73) >0 and L(K,1,) <O. (3.32)

Next, putting A = K, we have

> B
LK,—)=0
& E)=o
and moreover
8 < g < Tgy-
Hence similarly as (3.32) we have
L(K,7) >0 and L(K, 1) <O. (3.33)

Now note that any A € [K, K] is written as A = uK + (1 — u)K for some u € [0, 1],
and that L(A, T) is an affine function with respect to A . Hence we have

L(A,7) =L(uK + (1 —w)K, 1) = uL(K,7) + (1 — u)L(K, 1),
so that by (3.32) and (3.33) we have
L(A,18) = uL(K, 78) + (1 — n)L(K, 78) > 0.
Similarly we have L(A,7,) < 0. Hence there exists a unique 7y € [7g, T,] such that

L(A, 1) = 0,

and this solution 7y is nothing but 7,. [
Now we show our main result as a refined form of Lemma 3.1.

THEOREM3.5. Let a = (ay,...,a,) and b = (by,...,b,) be n-tuples of positive
numbers satisfying (1.2). Then with the same notations as in Lemma 3.1,

Sy (a,b) = (Z alk’) v (Z bg) Y, S ab < nMMoFo(A),  (3.34)
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where Fo(A) = Fo(A; a, B, p) is defined by

1—-2 lf0</1<m1n{K°‘ 7ﬁ}
{0+ 7 — 1}2 lf L (= min{ & ,%})<A<K
(et (2 -1 £ (= min{fe, ) <4 <k
Foa)={ (& +&—DA—alg + m—1) lng <k

o . 2o 2
(G + ()7 - 2 R << o= maxghe, 2y
RS s R <2< 2 maxi S, Sy
ap(1~2) i max(f, %) <2

(3.35)

Furthermore, the constant nM\M>Fo(A) is the best bound of Sy, 5 (a,b) in a reasonable
sense as stated in Remark 3.3.

Proof. Firstlet K <A < K . Then we have T < Tx < Tg from Lemma 3.4, and
0(1) = ¢(7) = nmax{G, (1), Hs(7)} from (3.12) and (3.21). Hence by the argument
in the proof of Lemma 3.1 the upper bound Fo(A)(= F(A)) of S, (a,b) is given by

90 = d = G(.) (= H(z.)).
Nextlet 0 < A < K. Then from (3.14) and (3.21) (since A < K)

nG (1) f0<7< 7 {nG,l(T) if 0<7<1,

0(1) =< nl(t) ifr,<t<mw  and (1) = nHy (7) if 7, < 7.

nH, (t) if 7, < 7,
Note that the function L(7) (defined by (2.14)) is strictly decreasing and L(t;) <
L(t.) = 0 < L(1,), so that we have 7, < 7. < 7,. Now, comparing ¢(7) and ¢(7),
we can see that ¢(7) > ¢(7). So by a simple computation (or by tracing the graph of
¢(7) ), we can obtain its minimum ¢y = Fo(A) as follows (identical to (3.15)):

L(t) if w <7,
=< L) frp,<u<m (3.36)
IA(Th) if Th < T .

Finally let K < A . Then from (3.22) and (3.12) (since K < 1)
nG,(7) if0<7< 1 .
d(r) =< nh(1) fg<t<Ts and  ¢(7) = { HZA(T) ?i O<7<%
nHy (1) if ;<71 nHy(7) if 7. < 7.
Here note 7, < 7. < T;. Then, comparing ¢(7) and ¢(7), we can see that ¢(7) >
¢(t). So, similarly as in the previous case we can obtain ¢ = Fy(A) as follows
(identical to (3.23)):
7 (Tg) if 7, <17
do=1 L(y) fp<7<71 (3.37)
L(m) if 17 < 5.

Expressing ¢y or @o in each case in terms of o, B, Ko, Kp and A, we obtain (3.35).
This completes the proof. [
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THEOREM 3.6. Let Fo(A) be the constant defined in Theorem 3.5. Then Fo(A)
is a strictly decreasing continuous function on [K, K|, and the equation Fo(A) = 0 has
a unique solution (denoted by A = Ay) in the interval.

Proof. Firstif 0 < A < K(< 1), then by (3.36) Fy(A) coincides with one of
I)(t,), I.(t) and I (1), and they are all positive because (by (iii))

min{7; (t,), [ (%), i (1)} = Li(m) =1 — A >0,

so that Fo(A) > 0. Nextif (1 <)K < A, then by (3.37) Fy(1) coincides with one of
I)(t3), I)(7,) and I, (1), and they are all negative. In fact, from (2.7) and (3.24)

q q
o= (8) -efpne {4 (5o}

SHCRACEESE

Similarly, from (2.7) and (3.25)

- 1 (KN’ P9 A
IA(T%)—{K—a <I) +K—BB}(X < 0.
Furthermore, from (3.26) I, (7;) = off(1 —A) < 0. Hence Fy(A) < 0. Now it

suffices to see that Fy(A) is strictly decreasing or Fj(A) < 0 for A € (K,K). By
(3.9) or (3.10) the function Fy(A) is expressed on [K, K] as follows:

Fo(A) = ¢ = Gi(7) (= Ha(7))
O{pTi/q T**I/I’
_K< X, + K > — QA.

Here 7, is the unique solution of the equation (2.10) depending on A € [K, K]. Write
7. = T(A) and Fy(A) = F*(7(A)) = F*(A, T). Then we have by (2.10)

K l_ldT K _L_ldT
l—o)(1-=t ') =1-B)(1+= =
(- F)=a-p (145,
so that 1
it v (B-a)
— 1-B,"
K+ 5E)
Hence we have
d OF*(A,7)dt = OF*(A,T)
i o) ot ar | ox
— a_plféil_i_i _1 T 51 dT —
- Kagq Kg \ p dA
all—o" '), pli—ap™!)
+
- " <o

1—a 1-B
q T+ p
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This completes the proof. [

REMARK 3.7. (1) By a more precise calculation we can see that Fo(A) is a
strictly decreasing continuous function on (0, 00).
(2) For the unique solution A = Ay of the equation Fo(A) = 0, the corresponding
solution T = 1, = 1(A) of (2.10) is in [1g, To| from Lemma 3.4 .

4. Applications to difference inequalities

Recently the following theorem was given in [5].

THEOREM I . Under the same assumption as in Theorem 3.5

A= (3 ai)l/p > bg)l/q — 3 ki < nMMFy, (4.1)

where Fo = K%—l—%ﬁ—l—q(ﬁ—&—ﬁ—l),andcl is givenby A = 1 in
(2.11).

In particular, the following inequalities hold.
(i) If B — 1, then

(Z—ai)l/pzak <M F{ (= }qlaap]' (42)
n n q \p(l—0a) 1—or
(ii) If p=q =2, then

(Z a,f)l/z (Z bﬁ) 12 3 abi < "Mlez(l(i;—)O(‘?)jﬁ)' (4.3)
(iii) If p=q =2 and B — 1, then

. (4.4)

S

n 4(M1 erl)

Furthermore, it was shown in [6] that the constant nM;M,F, in (4.1) is best
possible in a reasonable sense as stated in Remark 3.3. If we put A = 1 in Theorem
3.5, then since K < 1 < K we obtain (4.1) (with Fy = Fy(1)) at once.

Now as an extension of (4.2), concerning the difference of the p-th power mean
and the positive scalar multiple of the usual arithmetic mean of an n-tuple, we have the
following theorem:

THEOREM4.1. Let a = (ay,...,a,) bean n-tuple satisfying the same assumption
as in Theorem 3.5. Then for any A > 0

N\ 1/p
Al(A) = (%) 4% < MF (M), (4.5)
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where Fy(A) is defined by

1A ifo<A<fe
_p 1971 P o o
ne =y {7} - <A<y (46)
o(l—24) if ar’*lp <A.
Proof. We shall obtain all facts, putting M, =1 and my = by =b, =---=b, =

B — 1 in Theorem 3.5. (Instead we could give a direct proof, starting from (3.4) with
B = 1.) From the inequality (3.34) or the one devided by n in the both sides, we can
obtain (4.5), letting B — 1 and writing Fi(A) = limg_,; Fo(4, ct, B, p). To see that
F1(2) is given by (4.6), first note that Kg/q,Kg/q — 1 (cf. (2.8), (2.9)), so that we
have

{Ka KB} Ky {Ka f(B} Ky
in{k —,— »— — and maxq—,— » — —.
P 4 P P 4 P

1/p
K — <&) and K — ( >
p or—!
(3.3

Hence we see that the seven cases with respect to A in
following five cases:

. . 1/p 1/p 1/p
D) 0<A <X (i) B <2 < (I;—"‘) . (iii) (I;—“) <A< (aPKiﬂp) .
(iv) (Of—p) <A< e and (v) i <A
For each of the cases (i) and (v ) we obtain the desired F;(A) immediately. For the
remaining cases (ii), (iii) and (iv) we obtain a common

1 1—ar 7" a-ar
Ao = ar) e

In fact, write y the right-hand side of the above identity for brevity, then for both (ii)
and (iv) we can obtain the same v as the limit of the corresponding Fy(4, o, B,p) in

/p
(3.35). For (iii), since the equation (2.10) becomes (1 — a)(A — (%"‘) ti/a)y =0,
so that

Furthermore,

are reduced to the

A a A4
w {<Ka/p>l/p} = Walp) @7

by continuity of the solution and c¢; — 0. Hence we have

e 7(1—/3)(/1—1@:1/”)%1 Ko\
T 7 q{l (%)

Now it follows that

1 1 1 1
(K—Q+K—B1>’“”<m+wl)
11 1 Ko\

- (E*&Q"&{"(J) }“”'
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This completes the proof. [

REMARK 4.2. The constant M F(A) defined in Theorem 4.1 is the best bound
of the difference A;(A) in a reasonable sense as stated in Remark 3.3, that is, for the

1—(Xa
if xo = (”O?p) n is an integer then A1 (A) = A|(A, a) attains

case%"g/l\

MlFl(A) at

apla

n—xp X0
—N— —
= (Ml,...,Ml,ml,...,ml).
Here the integer x = xy is obtained from the relation (cf. (3.28), (4.7))

qKo{n — (1 — %)y} _ Al
pKp{n— (1 —or)x}  (Ka/p)?="
that is, from
nkg Ad

p{n— (1 —or)x} — (Ka/p)i~!
For the other cases 0 < A < I;D‘ and —; D‘lp < A, Ai(A) attains MiF\(A) at

a= (My,...,My) and (my,...,m), respectively.

Next for p = g = 2, Theorem 3.5 implies the following theorem:

THEOREM 4.3. Let a = (ay,...,a,) and b = (by,...,b,) be n-tuples sat-

1.2 Put {ml mz} ﬁ { } 1+0‘)1/2(1+3>1/2 d
lsfyzng( ). Put o = min{ 3, 37 maxyg, 7= 5,V = f an

¥y = 1/2[31/2 Write ¢’ the constant of (2.11) with respect to p = q = 2. Then for any

A>0

Ay(A) = (Z ak) . (Z b,%) o > ab <nMiMyFy (), (4.8)

where F»(A) is a constant defined by

1—2 ifo<A< e
(5% — i) A "fHTa<7L<V
N 1—af)A 1—o?p? . =
Fa3) = 3 il —a{alm} v < <7 (4.9)
o o o
(5F — 1fa) BA lf3’<k\zoc
aB(1—2) if e < g

In particular, if A = 1 then we have the inequality (4.3) in Theorem 1.

Proof. Let p = g =2 in Theorem 3.5 (3.34). Then the condition o« < 8 implies

K K
Ko — Lo o 148 _ qﬁ so that we have mm{ =, qﬁ

s : - } = L2 Similarly, we have

max{% f} = 12”‘ Moreover, K = vy and K = . Now using these facts, we
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can obtain (4.8) and (4.9) by an elementary calculation. In particular, if A = 1 then
Yy <1< 7, sothat

1/2 1/2 1— Otﬁ , 1— 062[32
(Sa)" (£0) - Lan <o tse { = )
Since the equation (2.10) becomes

(1-o)(1 -yt = (1-p)1 -y '),
we have the solution 7 = 7, = (1 + f8)/(1 + o). Hence we have
¢ =(-a)(1—yi) = 20— )1 - ),

from which we obtain the inequality (4.3) in TheoremI. [J

In the above theorem, if A = 1, then a saddle point (Remark 3.3) of T (x,y;7)
(and also T (x,y; 7)) is given as follows (see. [5, Theorem 3.1]):

1+28+ af 14+2a+ af 1+
(0, y0), %0) = ((2(1 Ta)(1+p) 201+ o)1 +ﬁ)”) g oc) '

Putting p = 2 in Theorem 4.1, or letting § — 1 in Theorem 4.3, we have

COROLLARY 4.4. Under the same assumption as in Theorem 4.1,

2\ 1/2
m(i)i= (E2) 2 Z% G, (4.10)
n n
where F3(A) is a constant defined by
1-2 if0O<A<
Fy(A) = 9 — ik 52 <A <5

a(l—24)  ifE2<a.

In particular, if A = 1 then we obtain the inequality (4.4) in Theorem I.

5. Applications to ratio inequalities

In this section we shall show some ratio inequalities which are induced by putting
Fo(A) = 0. It was shown in Theorem 3.6 and Remark 3.7 that the equation Fyp(1) =0
has a unique solution A = Ay € [K, K], and that the corresponding T = 7. = 7(Ao)
lies in [7g, 74| . First of all, we shall give the explicit expressions of the constants Ag
and 7(Ag) interms of p, g, a and B. In preparation, we cite the following result due
to Gheorghiu [3] (or reverse Holder’s inequality [9, p.685]):
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THEOREM G . Under the same assumption as in Theorem 3.5,

(>4) v (> 0) Y, S b, (5.1)

where
1 — arp?

A= prqla(B — ap)/r(e — ar B’

ot (- B)(1— a)(B — ap?)
T— (= p)(a—wp)

Then concerning A; and 73, we have the following lemma:

T =

LEMMAS.1. Under the same assumption as before, the following properties hold :
(i) K<A<K.
(ii) T = Ty is the (unique) solution of (2.10) for A = Ay, and 178 < Ty < Tq.
(iii) Fo(As) =0, thatis, A = A4 is the (unique) solution of the equation Fy(A) = 0.
Hence we see that A; and Ay are identical from Theorem 3.6, and that 7; = ()
from Lemma 2.3. Consequently we would have proved Theorem G.

Proof of Lemma 5.1. For (i), first to see A; < K, putting y; = B9~!, we have
from convexity of the function f (1) = # (¢t > 0),

1 — arpe 717(ay1)l’<lfoc”
l—api-! 1—ay 1—o’

because 0 < ay; < o < 1. Similarly, we have
1 —o?p? < 1—p
l—or1B 1B

o1 1—arBt "7 1-arpr "1
b= Qg {p(l - aﬁ"‘l)} {q(l - Oﬂ"‘ﬁ)}

S al/qlﬁl/” {pzl_—a;) }W {qtl_—ﬁg) }l/q -k

To see K < )Lﬂ , putting y» = % , we have similarly as before,

Hence

1—orp? g7 — o _yf—ap> 1— o

B — o _#—a p—o  1-a

because > > 1> o > 0. We also have
1 —o?p? S 1—pe
a—of 7 1-B"
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Hence
A’ { l_aqu }I/P{ l_aqu }l/([ { 1 — o }I/P{ I_Bq }l/q K
*~ 1p(B— ap) q(o — o?P) p(1—a) q(1—B)

For (ii), computing the both sides of (2.10) for A = A; and 7 = 73 directly, we
obtain

(1-0)(k — Kg") = ;= (1 - B)(2 — K1, '),
where
¢ = (1-a)(1—p)— (a—o?)(B - B7)
pl/pql/q(ﬁ — aﬁq)l/p(a — apﬁ)l/q
Another property 7g < T; < Ty is now clear from Lemma 3.4.
For (iii), by Theorem 3.5 and (i), we can show

1 1 1 1

which implies the assertion (iii) from Theorem 3.6. [

Now we define By(a, b,p) by
1 1
()" (6"
> aby

Then fom Lemma 5.1 and Theorem 3.5 we have the following fact with respect to
Gheorghiu’s inequality (5.1).

BO(a>b7p) =

THEOREM 5.2.  Under the same assumption as in Theorem 3.5, Ao(= Ay) is the
best bound of the ratio By(a, b, p) in a reasonable sense as stated in Remark 3.3. More
precisely if there exists an integer point (x,y) in A such that

qKo{n— (1 -7y} _
pKp{n — (1 — or)x}

then Bo(a,b,p) attains Ay .

T and x-+y=n,

In fact (say, for Case I), we have by Remark 3.3

/e U
i i
Ty, (x,y; ;) = nK (— + ) — niy

K, Kp

+ (1= a)(A — Kgx + (1 - B)(As — K7, )y
_ (=) =p) — (x—o")(B - B
= plrga(B — af) e (o — ar BV (x+y—n) (<0),

so that the maximum of 7}, (x, y; 7;) is obtained whenever x +y = n.
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Now for the ratio of the p-th power mean by the usual arithmetric mean of an
n-tuple, we have the following corollary:

COROLLARY 5.3. Under the same assumption as in Theorem 4.1,
P\YP L 1/g
a n 1—of
Z k) < (: Al)
> ay pl/qu/‘I(l — a)l/P(a — al’)l/q

Proof. In Theorem 5.2 or Theorem G, we have only to put M; = 1 and m; = 3,
andlet f — 1. O

Bl(a) = (

(5.3)

Here we note that the constant A; coincides with the p-th root of the constant
given by Ky Fan [2].

Next, putting p = g = 2 in Theorem 5.2 or Theorem G, we obtain the following
Pélya-Szegé inequality ([11], [9, p. 684]):

COROLLARY 5.4. Under the same assumption as in Theorem 3.5,

(Ca) (26D _ 1+aB
S agby = 20126172

By(a,b) := (5.4)

In particular, we obtain the following result due to Kantorovich from the above
corollary, or from Corollary 5.3 for p = 2.

COROLLARY 5.5. Under the same assumption as in Corollary 5.3,

1/2
‘ (nZa,%) 1+«
Bila) = S < (5.5)
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