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ON AN INEQUALITY FOR THE ENTROPY
OF A PROBABILITY DISTRIBUTION

CVETAN JARDAS, JOSIP PECARIC, RAJKO ROKI AND NIKOLA SARAPA

(communicated by I. Pinelis)

Abstract. Inthis paper we prove that Alzer’s inequality for the entropy of a probability distribution
(see [3]) is valid with reverse sign of the inequality.

Introduction

Let (pr > 0, k = 0,1,2,...) be a discrete probability distribution (finite or
countable infinite). The Shannon entropy of this distribution is defined by

H=-=> pilogp;.
k

The quantity H is a measure of information of the distribution (py,k =0,1,2,...)
and it plays a key role in information theory. For this reason in many applications of
discrete probability distributions, it is important to find lower and upper bounds for the
entropy H . Some basic properties of entropies of probability distributions can be found
in [5].

J.—P. Allouche, M. Mendes France and G. Tenenbaum [2] have proved the following
result:

THEOREM A. Let (pi,k > 0) be a countable infinite probability distribution such
that

(oo}

A = sup(p,’! Z Pr) < 00.

n20 k=n+1
Then
H<F(4),
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Ak

where F(x) = (x4 1)log(x + 1) — xlogx, x > 0, with equality if py = m

(k> 0).

H. Alzer [3] tried to give an improvement of the above inequality, i.e. he has
considered the following inequality:

H+Z A pn = Pus1)(log Py — log Pyyt) < F(R), (%)
n=0

oo
where H, A and F(A) are defined as in Theorem A, and P, = Zpk. However, this
k=n
inequality is not true, and a correction of the second term on the left-hand side of ()
was given in [4].
In this paper we can prove that the reverse inequality in () is valid. It is an
unexpected result because Alzer had used in his “proof” of (* ) two inequalities which,
in fact, had opposite signs.

Results

We first prove the following result (we suppose that all series in the next theorem
converge ), which gives some further extensions of results in [2] and [4]:

THEOREM 1. Let A > 0 and a, >0 (n=0,1,2,...) be real numbers and let

A,,:Zak <oo(n=0,1,2,...). Then, forall p, 0 < p <1 or p > 2, we have
k=n

M8

plA+ 1P =277 (A — Aan)al ' +

n=0
HA+ 1P =AY " dh < (O an) < (1)
n=0 n=0
pZ w1 = Aa) (A = AL + [+ 1 = A7) Yl
n=0

Forall p,1 < p < 2, the opposite inequalities hold in (1). Equalities hold in (1)
A n
ifandonlyifan:ao(/l_’_l) (n=0,1,2,...).

Proof. Let ¢ > 0 be a fixed real number and p € (0, 1) or p € (2,00). Then the
function

fx)=(@x+c)f -,

is strictly convex on (0, 400) . Therefore, for all x,y > 0 we have

FO)+ @@=y ) <fE) <FO)+ & —2)f ). (2)
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Setting in (2)
x=A,1, y=Aa, and ¢ = a,,

and using the fact that A, + a, = A,(n =0,1,2,...) it follows

(2 1 = A7)y 4 pldnss = AR+ 177 =20 < (3)

SAL— AP <A+ 1) = A)ah + p(Anit — Aan) (AL — AP,

Summing up inequalities in (3) forall n =0, 1,2,... leads to (1) since
o0 o0 )4
S a) = 4= (Yo )
n=0 n=0

If p € (1,2) the function f is strictly concave, so we have opposite inequalities
in (2) and in the same way we get opposite inequalities in (1).

Since equalities hold in (2) if and only if x = y, and since all series in (1) converge,
we conclude that equalities hold in (1) if and only if A, = Aa,, forall n > 0 and it

)" forall n>0. O

is easy to verify that this is equivalent to a, = ag ( T

REMARK 1. Let 0 < p < 1. If we suppose in Theorem 1 that in addition we have

n+1 Z ak <A Ay, n= Oa 17 2 (4)

k=n+1

then the first expression on the left-hand side of the first inequality in (1) is non-negative,

hence
[(A+1P -2 dh < (Zan> . (5)

n=0 n=0
This inequality has been proved in [2].
A n
REMARK 2. It is easy to check that (4) implies A, < (m) Ay (neN) and
A n
therefore a, < (m) Ao (n € N). Since Ay is finite by (4), we conclude that

Za’; and ZAﬁ are convergent series for all p > 0. Also, if (4) holds, then for all
n=0 n=0

o0 o0
p > 0 we have ZAnHaﬁ’l <A Zaﬁ < 00.
n=0

REMARK 3. It is easy to check that for p = 1 and p = 2 equalities hold in (1).

Now, using inequalities of Theorem 1, similarly as in Remark 1 we obtain a
generalization of (5):
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COROLLARY 1. Let A >0 and a, >0 (n=0,1,2,...) be real numbers.

(i) Suppose that (4) holds. If 0 < p < 1, then (5) holds. If p > 1, then we have
the opposite inequality in (5).

(ii) Suppose that A,1 > Aa, (n=0,1,2,...). If 0 < p < 1, then we have the
opposite inequality in (5). If p > 1, then (5) holds.

The following theorem is a consequence of Theorem 1.

THEOREM 2. Let (p, > 0,n > 0) be a probability distribution such that

sup(pn_anH) <A < oo, (6)
n>0

o0
where P, = E pi(n > 0). Then, the Shannon entropy
k=n

o0
H=- Zl’n log pa,
n=0

of (pu,n = 0) exists and we have

H+ [log(A + 1) —1ogA] Y “(Ap — Pa1) < F(A) < (7)
n=0
SH+ Z(Apn - Pn+1)(10an - 10an+1)7
n=0

where F(x) = (x + 1)log(x + 1) — xlogx (x > 0). Equalities hold in (7) if p, =
A}’l
ENT

Proof. We can use Theorem 1 for @, = p, and A, = P,(n =0,1,2,...). Set

a = a(p)=[A+1-211> ph,
n=0

b= bp)=plA+1)"" =AY (Pt = Apa)Ph

n=0

Then, if 1 < p < 2, it follows from Theorem 1:

a+b> (gpn>p=1. (8)

The condition (6) implies Ap, — P,+1 = 0, for all n > 0, so using Remark 2
we conclude that the series in definition of a and b are uniformly convergent for
p € [1,2) and that the derivatives of these series are equal to the sums of the derivatives
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of corresponding terms. Therefore, we have 1i1}1+a(p) =1, 1i1}1+b(p) = 0. It follows
= =

easily from (8)

1
l—p

1 1
log(1 — b
7 og( )+p71

log ipﬁ < log[(A + 1)? — A”7]. 9)
n=0

The quantity H(p) = 1= log Zpﬁ is the Rényi’s entropy of order p (p # 1) of
n=0
the distribution (p,,n > 0) (see [6]).

In limiting case p — 1+, the left-hand side of (9) gives — E pnlogp, = H,
n=0
while the right-hand side of (9) becomes

o0

log(A + 1) —1og A] > "(Puy1 — Apa) + F(A).

n=0

Together, it is the first inequality in (7).
Let us prove the second inequality in (7). Set

c=c(p)=pY (Puy1 — Apa) (P71 =PI,
n=0

Using Remark 2 we conclude linll+c(p) =0. If 1 <p <2, it follows from
[)*}

Theorem 1:
o p
at+c< (Zm) =1, (10)
n=0

and therefore

1
l—p

1 1
log(1 —

logipﬁ > log[(A + 1)P — A7]. (11)
n=0

As we have already seen, in limiting case p — 1+, the left-hand side of (11)
gives H, while the right-hand side of (11) becomes

o0

> (Pui1 — Apy)(log P, — log Pui1) + F(A).
n=0

Together, it is the second inequality in (7).

A{n
(A + 1)ntl
0,1,2,...) is equivalent to Ap, = P,y; (n = 0,1,2,...), so (7) becomes H =
F(A). O

REMARK 4. It is easy to check that the condition (6) implies that the series in
definition of a, b and c in the proof of Theorem 2 are uniformly convergent for

The last statement follows easily from the fact that p, = (n =
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p € [po, 1] for each fixed py, 0 < pg < 1. Thus, we can get inequalities (7) by use of
inequalities (1) for 0 < p < 1 and by taking limits p — 1—.

REMARK 5. In fact, the first inequality in (7) was proved by Dar6ezy in [4], while
the second is () but with reverse sign.
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