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TWO-POINT OSTROWSKI INEQUALITY

M. MATIC AND J. PECARIC

(communicated by Z. Pdles)

Abstract. A generalization of a classical Ostrowski inequality is proved. As a consequence, an
improvement of a recent result of Barnett and Dragomir is given.

1. Introduction

In 1938, A. Ostrowski proved the following integral inequality [3]:

THEOREM 1. Let f : [a,b] — R is continuous on [a,b] and differentiable on
(a,b). If the derivative f’ is bounded on (a,b), that is

I lloe = up If' ()] < o0,
P(X) -

t€(a,b
1 b
t)dt
[ 10
Sforall x € [a,b].

Note that (1) can be given in the equivalent form

}Ax)—bla/f(r)dt

For a further details on Ostrowski inequality and its generalizations see [2, Chapter
XV].
Recently, N. S. Barnett and S. S. Dragomir [1] proved the following result:

then

= 1 PR
< lzﬁ-wl (b=a)llf'll (1)

7Cl2 7x2
Il @)

THEOREM 2. If f : [a,b] — R is absolutely continuous on [a,b] and if [c,d] C
[a,b], then
1/ 1
m/ﬂ f(l‘)dl‘*ﬂ/C f(S)dS

2
b—a d-c 1 c+d a+b| d-c ,
< — — .
\{ 4 * 2 Jrb—a{ 2 2 ‘ 2 ]}Hf”‘x’

Mathematics subject classification (2000): 26D15.
Key words and phrases: Integral inequalities, Ostrowski inequality.

3)

© ey, Zagreb 215

Paper MIA-04-20



216 M. MATIC AND J. PECARIC

Note that for ¢ = d = x we can assume —— def (s)ds = f (x), as alimit case, so
that (3) reduces to the Ostrowski inequality (1).
As a main result in this paper we prove a new inequality which gives estimate

for |7 [Pf(r)dr — 7= [f (s)ds
inequality can be regarded as a natural generalization of Ostrowski inequality (1) and we
call it two-point Ostrowski inequality. We show that this two-point Ostrowski inequality
is sharp in the sense that there exists a function for which the equality is attained. This
is not true for the inequality (3) in which < should be replaced by < . Also, we
establish our main result for a class of Lipschitzian functions rather than for a class of
functions with bounded first derivatives.

tighter than the estimate given by (3). This new

2. Main result

First we note that the assumption on differentiability of f and boundedness of f’
on (a,b) can be replaced by a weaker assumption that f is M -Lipschitzian on [a, ],
that is

lf(t) _f(s)| éM‘t—S|, Vt7s € [a7b]7

and (1) (equivalently (2)) with [|f’||. replaced by M remains valid (see [2, p.470]).
Consequently the inequality (3) with ||f’|| _ replaced by a constant M > 0 is valid for
any function f : [a,b] — R which is M -Lipschitzian on [a,b]. This is easily seen by
reviewing the proof of (3) in [1] since (3) has been obtained there by a direct application
of Ostrowski inequality (1).

Now we state and prove our main result.

THEOREM 3. Let a,b,c,d € R, are such that
a<c<d<b, c—a+b—-d>0.

(i) If f : [a,b] — R is M -Lipschitzian on [a,b], with some constant M > 0,

then
_m/fmf——/f

(i) If fo : [a,b] — R is defined as

fo([) = ‘t7S0‘7 re [a7b}7

c—a) +(b—d)?
2(c—a+b—d)

4)

where
bc — ad

c—a+b-d’
then fo is 1-Lipschitzian on [a,b] and we have

bﬁ/ﬁdh——/hds

S0 =

(c—a)*+ (b—d)?

T 2fc—a+b-d) (6)
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Proof. By the substitution
_b- a. _ bc — ad
d-c d—c

1 b 1 d b—a bc — ad
ba/af(t)dt_dc/cf<dcs d—c )ds.

1 b 1 d

SNIEE R

, S € e, d]

we get

Therefore,

d—c
1 d b—a bc —ad
dfc/c f(dcs_ dc>_f(s)
M /db—a be — ad

s — —s
d—c ). |d—c d—c
M dNe—a+b—d _bc—ad

d—c J, d—c d—c

M(c—a+b—d) [*

= @07 / |s — so| ds, (7)

where s is given by (5). Further, we have
d—c

c—a+b—-d

ds

N

N

ds

so—c= (c—a)=0

and P
—c
—so=———(b—d) >0,
d = 50 c—a+b—d( )20

which implies that sy € [c,d] and

d S0 d
/ |s — so|ds = / (50 — s)ds + / (s — so)ds
c c S0

_ ! [(s0 — )+ (d— so)z]

2
(d—c)?
2(c—a+b—d)

Substituting this in (7) we get (4).
Obviously we have
fo(t) = fols)| = |1 = sl
when ¢,s € [a, so] or t,s € [sg,b], while for 7 € [a,s¢] and s € [so,b] we have

fo(t) = fols)| = 250 — 1 —s| <[t —s].

> [(c—a)* + (b—a)*]. (8)
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This shows rhat fj is 1-Lipschitzian on [a, b]. Further, from (8) we get

1 d—c
= | Al = s (o= r 0=dP]. O
By a similar calculation we have
b—a b—a
A= T g b= b= d)
and
1 b (So - 61)2 + (b - S0)2
bfa/a folr)dr = 2(b—a)
b—a
— %07a+bidy[@—af+mb—@ﬂ. (10)

Now it is evident from (9) and (10) that

b d c—q) a2
bia/u folt)dt = ﬁ/c fols)ds = (2(6‘—)6;;(:—5)) ’

which gives (6). O

REMARK 1. As we already noted, for ¢ = d = x we can assume —— fcdf (s)ds =
S (x) so that (4) reduces to the Ostrowski inequality

(x—a)* + (b—x)*

ST 0 —a)

M

b
[ s

for M -Lipschitzian function f on [a, b]. On the other side, the condition
c—a+b—-d>0

is equivalent to the requirement that ¢ # a or d # b. If ¢ = a and d = b, then the
left-hand side of (4) is equal to zero, while the right-hand side of (4) can be regarded
as zero in the case ¢ = a and d = b, since

(c—a)*+ (b—d)?
c—a+b—d

L<c—a+b—d.
Note that this is not the case with (3) whose right-hand side is equal to (b — a) ||f’||
when ¢ =a and d = b.

As we noted above, both inequalities (3) and (4) can be regarded as generaliza-
tions of Ostrowski inequality (1). The following Corollary shows that our two-point
Ostrowski inequality (4) gives much tighter estimate than the estimate given by (3).

COROLLARY 1. Let a,b,c,d € R, are such that

a<c<d<b, c—a+b—-d>0.
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Define i, B2, B3 and By as

b—a d—c 1 [le+d a+b| d-—c]?
ﬁl4+2+b—a{22’2]’
Bi(b—c)z—&-(d—a)z
T 2b—c+d—a) '

By — (d—c)* (d—a)(c—a)+ (b—d)(b—c)

3(b—a) 2(b—a) ’
By = (c—a)*+ (b —ad)?

YT 2c—a+tb—d)

If f : la,b] — R is M -Lipschitzian on [a,b], with some constant M > 0, then

1 b 1 d

Proof. The first inequality in (11) was proved in Theorem 3. To prove the rest it
is sufficint to prove that 3 — 84 > 0, B, — B3 > 0 and B, — 3, > O.
By an easy calculation we get

< BaM < BsM < oM < BiM. (11)

[33764:;1:2 {d_c+(c—a)(b—d)]

3 c—a+b—d

and evidently 85 — B4 > 0, under given assumptions. Similarly, by suitable rearrange-
ment of the expressions for 8, and f;, we easily get

Nl

Since 0 < Z:Z < 1land 0 < % < 1, we conclude that 3, — 5 > 0. Finally, it is

easy to see that B; can be rewritten as

B1:2(b1—a) [(b—c)2+(d—a)2—\c—l—d—a—b”,
so that
d—c
ﬁl_ﬁz:Z(b—a)(b—a+dfc) [(d—a)+(b—c)>—|(d—a)> — (b—c)]]
d—c

= Bl —atd—q Minld—ab—al.

From the above expression it is obvious that ; — 8, > 0, under given assumptions. [
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3. Concluding remarks

Let a,b,c,d € R, are such that
a<c<d<b, c—a+b—-d>0

and let By, B>, B3 and PB4 be defined as in Corollary 1. If f is differentiable and f’
is bounded on (a, b), then the inequalities given by (11) hold with

M=l = sup [F(0)].

t€(a,b)

Especially we have

1 b 1 d
b—a/a f(t)dtfﬁ/c f(S)dS

which shows that the estimate given by (4) is actually much tighter than the estimate
given by (3).
Further, as a consequence of Corollary 1 we have the following two inequalities:

1 b 1 d
m/af(f)df—ﬂ/cf(s)ds

1 b 1 d

The inequality (12) can be proved independently by a slight modification of the original
proof for (3) from [1].

Similarly, the inequality (13) can be proved by a direct application of the Ostrowski
inequality, but in a slight different way than that of Barnett and Dragomir from [1].
Namely we have

SBallf Nl <Brllf Nl »

<B2If"ll (12)

and

S / Fodi - S / f5)as
dic /L_d lﬁ /abf(f)dt—f(X)] dx‘
s dic/cd

Now, applying Ostrowski inequality in the form given by (2) to the expressin

b
ﬁ / FO)dr — f(x)] d. (14)

b
[ s
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and then integrating, it is easy to get (13) from (14). Moreover, using Ostrowski
inequality in the form given by (1) we can get the inequality (13) in the equivalent form

it ot o

P (e— wb) (4 wb
< %+3((c§7c3)2+( gb)(j)z ) (b —a)[lf'llo
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