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Abstract. An extension of the Sidon-Fomin type inequality [5] is made by considering the r -th

derivate of the Dirichlet’s kernel D(r)
k instead of Dk . Namely, two different proofs of the

following inequality

π∫
0

∣∣∣∣∣∣
n∑

k=0

αkD
(r)
k (x)

∣∣∣∣∣∣ dx = O
(
(n + 1)r+1

)
, |αk| � 1 for all k (∗)

are given. Applying the inequality (∗) it’s shown that the new class Sr is a subclass of BV∩Cr ,
r = 0, 1, 2, . . . where Cr is the extension of the Garret-Stanojević class [7] and BV is the class
of null sequences of bounded variation. Also, in this paper an extension of the theorem for
convergence and integrability for cosine series of a [6] is made by considering the class Sr ,
r = 0, 1, 2, . . . instead of S .

1. Introduction and preliminaries

Sidon [5] proved inequality named after him in 1939 year. It is an upper estimate for
the integral norm of a linear combination of trigonometric Dirichlet kernels expressed
in terms of the coefficients. Since the estimate has many applications for instance
in L1 -convergence problems and summation methods with respects to trigonometric
series, newer and newer improvements of the original inequality has been proved by
several authors.

Fomin [1] applying the linear method for summing of Fourier series has given an-
other proof of this inequality. Thus the inequality is called as Sidon-Fomin’s inequality.
Also, S. A. Telyakovskii in [6] has given an elegant proof of Sidon-Fomin’s inequality.

LEMMA 1. ( Sidon-Fomin). Let {αk}n
k=0 be a sequence of real number such that

|αk| � 1 for all k . Then there exists a positive constant M such that for any n � 0 ,∥∥∥∥∥
n∑

k=0

αkDk(x)

∥∥∥∥∥
1

� M(n + 1) ,

where || · || is the L1 -norm.
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Let
a0

2
+

∞∑
n=1

an cos nx (C)

be the cosine series. Several authors have studied the problem of L1 -convergence of
the series (C).

In [6] Telyakovskii defined the following class of L1 -convergence of Fourier
series. A sequence {ak} belongs to the class S , or {ak} ∈ S if ak → 0 as k → ∞
and there exists a monotonically decreasing sequence {Ak} such that

∞∑
k=0

Ak < ∞ and

|Δak| � Ak for all k . The importance of Telyakovskii’s contributions are twofold.
Firstly, he expressed Sidon’s conditions [5] in a succinct equivalent form and secondly,
he showed that the class S is also a class of L1 -convergence. Thus the class S is usualy
called as Sidon-Telyakovskii class.

In the same paper, Telyakovskii proved the following theorem.

THEOREM 1. [6] Let the coefficients of the series (C) satisfy the conditions S . Then
the series is a Fourier series of some f ∈ L1(0, π) and the following inequality holds:

π∫
0

|f (x)| dx � M
∞∑

n=0

An , M > 0 .

Next we define a new class Sr , r = 0, 1, 2, . . . of sequences as follows: {ak} ∈ Sr

if ak → 0 as k → ∞ and there exists a monotonically decreasing sequence {Ak} such

that
∞∑
k=1

krAk < ∞ and |Δak| � Ak for all k . When r = 0 , we denote Sr = S .

We note that by Ak ↓ 0 and

∞∑
k=1

krAk < ∞, follows kr+1Ak = o(1) , k → ∞ . (1)

It is obvious that Sr+1 ⊂ Sr but the converse of that inclusion is false.

EXAMPLE. For n = 1, 2, 3, . . . define Δan =
1

nr+2
, r = 0, 1, 2, 3, . . . . Firstly,

we shall show that {an} /∈ Sr+1 .

Really, an =
∞∑
k=n

Δak =
∞∑
k=n

1
kr+2

→ 0 as n → ∞ .

Let we denote A∗
n = max

i�n
|Δai| . Then A∗

n = |Δan| and A∗
n ↓ 0 as n → ∞ . Let An

is an arbitrary positive sequence such that An ↓ 0 and A∗
n � An .

Then
∞∑

n=1

nr+1An �
∞∑

n=1

nr+1 1
nr+2 =

∞∑
n=1

1
n

is divergent, i.e. {an} /∈ Sr+1 .
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Now, for all n , let An =
1

nr+2
, r = 0, 1, 2, . . . .

Then An ↓ 0 , |Δan| � An and
∞∑

n=1

nrAn =
∞∑

n=1

1
n2

< ∞ , i.e. {an} ∈ Sr .

Garrett and Stanojević [3] introduced the following class C. A null sequence {ak}
belongs to the class C if for every ε > 0 there exists δ > 0 , independent of n and
such that

δ∫
0

∣∣∣∣∣
∞∑
k=n

ΔakDk(x)

∣∣∣∣∣ dx < ε , for all n ,

where Dn is the Dirichlet’s kernel.
Applying the Lemma 1,Garrett, Rees and Stanojević in [2] proved that S ⊆ BV∩C ,

where BV denote the class of null-sequences of bounded variation.
In [7] we defined an extension of the Garrett-Stanojević class as follows, a null

sequence {ak} belongs to the class Cr , r = 0, 1, 2, 3, . . . i.e. {ak} ∈ Cr , if for every
ε > 0 there exists δ > 0 independent of n such that

δ∫
0

∣∣∣∣∣
∞∑
k=n

ΔakD
(r)
k (x)

∣∣∣∣∣ dx < ε , for all n

where D(r)
n is the r -th derivate of the Dirichlet kernel.

In this paper we shall prove the following main results:

THEOREM 2. Let {αk}n
k=0 be a sequence of real numbers such that |αk| � 1 for

all k . Then there exists a constant M > 0 such that for any n � 0 and r = 0, 1, 2, . . .∥∥∥∥∥
n∑

k=0

αkD
(r)
k (x)

∥∥∥∥∥
1

� M(n + 1)r+1 ,

where || · || is the L1 -norm.

THEOREM 3. Let the coeficients of the series (C) satisfy the condition Sr , r =
0, 1, 2, . . . . Then the r -th derivate of the series (C) is a Fourier series of some
f (r) ∈ L1(0, π) and the following relation holds:

π∫
0

∣∣∣f (r)(x)
∣∣∣ dx � M

∞∑
n=1

nrAn , where M > 0 .

THEOREM 4. For each r = 0, 1, 2, . . . the following embedding relation holds:
Sr ⊆ BV ∩ Cr .
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2. Lemmas

For the proofs of the our new results, we need the following lemmas.

LEMMA 2. [4] Let r be a nonnegative integer and x ∈ (0, π] . Then

D(r)
n (x) =

r−1∑
k=0

(
n + 1

2

)k
sin
[(

n + 1
2

)
x + kπ

2

]
(
sin(x/2)

)r+1−k ϕk(x) +

(
n + 1

2

)r
sin
[(

n + 1
2

)
x + rπ

2

]
2 sin(x/2)

,

where the same ϕk denotes various analytical function of x independent of n .

LEMMA 3. [8] If Tn(x) is a trigonometrical polynomial of order n , then ||T(r)
n || �

nr||Tn|| . This is S. Bernstein’s inequality in the L1(0, π) -metric (see [8] , Vol. 2 , p. 11 ).

LEMMA 4. Let {αj}k
j=0 be a sequence of real numbers. Then the following relation

holds for ν = 0, 1, 2, . . . , r and r = 0, 1, 2, . . .

Uk =

π∫
π/(k+1)

∣∣∣∣∣∣
k∑

j=0

αj

(
j + 1

2

)ν
sin
[(

j + 1
2

)
x + νπ

2

]
(
sin(x/2)

)r+1−ν

∣∣∣∣∣∣ dx

= O

⎛
⎜⎝(k + 1)r+ 1

2−ν

⎛
⎝ k∑

j=0

α2
j (j + 1)2ν

⎞
⎠

1/2
⎞
⎟⎠ .

Proof. Applying first Cauchy-Bunjakovskii inequality, yields,

Uk �
[ π∫
π

k+1

dx(
sin(x/2)

)2(r+1−ν)

]1/2{ π∫
π

k+1

[ k∑
j=0

αj

(
j +

1
2

)ν
sin
[(

j +
1
2

)
x +

νπ
2

]]2
dx
}1/2

.

Since

π∫
π

k+1

dx(
sin(x/2)

)2(r+1−ν) � π2(r+1−ν)
π∫

π
k+1

dx
x2(r+1−ν) � π(k + 1)2(r+1−ν)−1

2(r + 1 − ν) − 1

� π(k + 1)2(r+1−ν)−1 ,

we have:

Uk �
√
π
[
(k + 1)2(r+1−ν)−1

]1/2
{ π∫

0

[ k∑
j=0

αj

(
j +

1
2

)ν
sin
[(

j +
1
2

)
x +

νπ
2

]]2
dx
}1/2

�
√

2π
[
(k + 1)2(r+1−ν)−1

]1/2{ 2π∫
0

[ k∑
j=0

αj

(
j +

1
2

)ν
sin
[
(2j + 1)t +

νπ
2

]]2
dt
}1/2

.
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Then, applying the Parseval’s equality, we obtain:

Uk �
√

2π
[
(k + 1)2(r+1−ν)−1

]1/2[ k∑
j=0

α2
j (j + 1)2ν

]1/2
,

i.e.

Uk = O
(
(k + 1)r+ 1

2−ν
( k∑

j=0

α2
j (j + 1)2ν

)1/2)
.

3. Proofs of the main results

3.1. First proof of the Theorem 2.

We have:

π∫
0

∣∣∣∣∣
n∑

i=0

αi D
(r)
i (x)

∣∣∣∣∣ dx =

π/(n+1)∫
0

+

π∫
π/(n+1)

= In + Jn .

Applying the inequality D(r)
n (x) = O(nr+1) , we have:

In �
n∑

i=0

|αi|ir+1 π
n + 1

� β(n + 1)r+1 , where β > 0 .

Applying the Lemma 2, let us estimate the second integral:

Jn �
π∫

π/(n+1)

∣∣∣∣∣∣
n∑

j=0

αj

(
r−1∑
ν=0

(
j + 1

2

)ν
sin
[(

j + 1
2

)
x + νπ

2

]
(
sin(x/2)

)r+1−ν ϕν(x)

)∣∣∣∣∣∣ dx

+

π∫
π/(n+1)

∣∣∣∣∣∣
n∑

j=0

αj

(
j + 1

2

)r
sin
[(

j + 1
2

)
x + rπ

2

]
2 sin(x/2)

∣∣∣∣∣∣ dx = λn + μn .

Since ϕν are bounded, we have:

π∫
π/(n+1)

∣∣∣∣∣∣
n∑

j=0

αj

(
j + 1

2

)ν
sin
[(

j + 1
2

)
x + νπ

2

]
(
sin(x/2)

)r+1−ν ϕν

∣∣∣∣∣∣ dx � K Un ,

where Un is the integral as in the Lemma 4, and K is a positive constant.
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Applying the Lemma 4, to the last integral, we obtain:

π∫
π/(n+1)

∣∣∣∣∣∣
n∑

j=0

αj

(
j + 1

2

)ν
sin
[(

j + 1
2

)
x + νπ

2

]
(
sin(x/2)

)r+1−ν ϕν(x)

∣∣∣∣∣∣ dx

= O

⎛
⎜⎝(n + 1)r+ 1

2−ν

⎛
⎝ n∑

j=0

α2
j (j + 1)2ν

⎞
⎠

1/2
⎞
⎟⎠

= O
(
(n + 1)r+ 1

2−ν(n + 1)ν+
1
2

)
= O

(
(n + 1)r+1

)
.

Since r is finite value, we have λn = O
(
(n+1)r+1

)
. Similarly, we can get μn =

O
(
(n+1)r+1

)
. Hence Jn = O

(
(n + 1)r+1

)
. Finally the our inequality is satisfied,

where M is a positive constant.

3.2. Second proof of the Theorem 2.

We note that
n∑

k=0

αkDk(x) is a cosine trigonometric polynomial of order n .

Applying first Bernstein’s inequality, then Sidon-Fomin’s inequality yields:∥∥∥∥∥
n∑

k=0

αkD
(r)
k (x)

∥∥∥∥∥ � (n + 1)r
∥∥∑n

k=0 αkDk(x)
∥∥ � M(n + 1)r+1 , where M > 0 .

3.3. Proof of the Theorem 3.

We have:

n∑
k=1

|Δ(krak)| �
n∑

k=1

|(k + 1)r+1ak − krak+1| +
n∑

k=1

|krak+1 − krak|

=
n∑

k=1

|Δ(kr)ak+1| +
n∑

k=1

kr|Δak|

= O

(
n∑

k=1

kr−1|ak+1|
)

+ O

(
n∑

k=1

krAk

)
.

Applying Abel’s transformation, we have:

n∑
k=1

kr−1|ak+1| =
n−1∑
k=1

Δ|ak+1|
k∑

j=1

jr−1 + |an+1|
n∑

j=1

jr−1

�
n−1∑
k=1

|Δak+1|kr + |an+1|nr
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�
n−1∑
k=1

krAk+1 +
∞∑

k=n+1

kr|Δak|

�
n−1∑
k=1

krAk +
∞∑

k=n+1

krAk .

Letting n → ∞ , we get
∞∑
k=1

|Δ(krak)| < ∞ , i.e. lim
n→∞S(r)

n (x) = f (r)(x) . It is well-

known that

f (x) =
∞∑
k=0

ΔakDk(x) . (2)

From inequality |D(r)
n (x)| = O

(
nr

x

)
(see [4]), we have that series

∞∑
k=0

ΔakD
(r)
k (x) is

uniformly convergent on any compact subset of (0, π) . Thus the representation (2)

implies that f (r)(x) =
∞∑
k=0

ΔakD
(r)
k (x) .

From Theorem 2 and from the formulae (1), we obtain:

AN

π∫
0

∣∣∣∣∣∣
N∑

j=0

Δaj

Aj
D(r)

j (x)

∣∣∣∣∣∣ dx = O
(
(N + 1)r+1AN

)
= o(1) N → ∞ . (3)

Again applying the Abel’s transformation, (3) and Theorem 2, we get:

π∫
0

|f (r)(x)| dx � lim
N→∞

N−1∑
k=0

(ΔAk)

π∫
0

∣∣∣∣∣∣
k∑

j=0

Δaj

Aj
D(r)

j (x)

∣∣∣∣∣∣ dx

= O(1) lim
N→∞

N−1∑
k=0

(ΔAk)(k + 1)r+1

= O(1) lim
N→∞

{
N∑

k=0

[
(k + 1)r+1 − kr+1

]
Ak − (N + 1)r+1An

}

= O(1)

( ∞∑
k=0

krAk

)
,

since (N + 1)r+1AN = o(1) , N → ∞ .

3.4. Proof of the Theorem 4.

It is obvious that Sr ⊂ S ⊂ BV .
Thus it suffices to show that

π∫
0

∣∣∣∣∣
∞∑
k=n

Δak D(r)
k (x)

∣∣∣∣∣ dx = o(1), n → ∞ .
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Applying the Abel’s trandformation, we have:

π∫
0

∣∣∣∣∣
∞∑
k=n

Δak D(r)
k (x)

∣∣∣∣∣ dx �
∞∑
k=n

(ΔAk)

π∫
0

∣∣∣∣∣∣
k∑

j=0

Δaj

Aj
D(r)

j (x)

∣∣∣∣∣∣ dx+An

π∫
0

∣∣∣∣∣∣
n−1∑
j=0

Δaj

Aj
D(r)

j (x)

∣∣∣∣∣∣ dx .

Since

∣∣∣∣Δaj

Aj

∣∣∣∣ � 1 , applying the Theorem 2 and (1), we get:

π∫
0

∣∣∣∣∣
∞∑
k=n

ΔanD
(r)
k (x)

∣∣∣∣∣ dx � O(1)

[
lim

N→∞

N−1∑
k=n

(ΔAk)(k + 1)r+1 + Ann
r+1

]

= O(1) lim
N→∞

{
N∑

k=n

[
(k + 1)r+1 − kr+1

]
Ak − (N + 1)r+1AN

}
+ O

(
nr+1An

)

= O

( ∞∑
k=n

krAk

)
+ o(1) = o(1) , n → ∞ .
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