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INTERSECTION PROPERTIES FOR CONES OF MONOTONE
AND CONVEX FUNCTIONS IN SCALE OF LIPSCHITZ SPACES

INNA KozLoVv

(communicated by V. Burenkov)

Abstract. The basic results of the real interpolation method is known to be valid for couples
(Xo N Q,X1 N Q) under the condition that the cone Q has the so-called intersection property
with respect to the couple (Xp, X1 ) . In this paper we study this property for the cones of monotone
and convex functions with respect to the couple of Lipschitz (Nikol’skii-Besov) spaces.

1. Introduction

Many important problems in harmonic analysis, PDE and approximation theory
require interpolation of operators preserving a convex cone structure (positivity, mono-
tonicity, convexity etc). The only robust interpolation method in this case is the real
interpolation method, since all others are hardly rely on the linear structure of underly-
ing data. It was noted by Y. Sagher ([12], [13]) that the basic results of the real method
are valid under the condition named below the cone intersection property, see Defini-
tion 1.1. In this paper we study this property and its modification for cones of univariate
monotone and convex functions with respect to the scale of Lipschitz (Nikol’skii-Besov)
spaces. In all previous works on this problem (see references below) the underlying
spaces were always taken to be lattices.

Let Y be a linear space over the field of reals. Suppose that X C Y is a linear
subspace and that Q C Y isacone. Anormon XN Q isamap ||| of XNQ to
[0,00) satisfying the properties usually required for a norm on a linear space, except
that the formula ||Ax|| = |A|[|x|| is only required to hold for A > 0.

Hereafter we shall use the basic notions of interpolation space theory, see [2] or [4].

DEFINITION 1.1. A cone Q has the intersection property (/P ) with respect to a
Banach couple X = (Xp, X;) if forall 7 >0

Xo+tX1)NO=XoNQO)+tX;NQ) (1.1)
where the norms are equivalent up to constants independent of 7.

Mathematics subject classification (2000): 46B70.

Key words and phrases: Intersection property, real interpolation method, Lipschitz (Nikol’skii-Besov)
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Here the norm of (Xo + £X;) N Q is taken to be simply the restriction to Q of the
natural norm (K -functional) on X + #X; and the norm on (Xo N Q) +#(X; N Q) is
taken to be

K(f, ;XN Q) = inf{[[follx, + tlf1llx, : £ =fo+f1.fi € XiN O},
i.e., it is the K -functional of the couple of cones X N Q := (Xo N Q,X; N Q).

Hence the intersection property (1.1) is equivalent to the two-sided inequality

K(f,;XNQ)~K(f,;X), (f € Q,1>0). (1.2)

Here F ~ G means that C1F < G < C,F for some constants 0 < C,C; < o0
independent of the arguments of F, G. In particular, (1.2) holds uniformly with respect
to >0 and f € Q. We also use the notation F < G(G > F) if F < C,G for some
constant C; > 0 independent of the arguments of F,G.

If Q satisfies the intersection property then it also satisfies:

(XoN O, XiNQ)gg=0N(X0,X1)pq (0<O0<1,1<gq<00) (1.3)

with equivalence of the norms.
Let us recall that the norm of the cone on the left is determined by

(Kt X00)\ dr
W lsroncan, = ([ (FLLF02) 4)"

DEFINITION 1.2. The cone Q has the weak intersection property ( WIP) with
respect to a Banach couple (or seminormed couple) X = (Xo, X;) if (1.3) holds with
equivalence of norms.

As it was mentioned, cones satisfying (1.3) were first introduced and studied by
Y. Sagher ([12], [13]). He called them “Marcinkiewicz cones”. He also gave some
interesting applications of his results to harmonic analysis. The intersection property
for the cone of concave nondecreasing nonnegative functions on R, was studied by 1.
Asekritova [1]. She proved that it has the 7P with respect to a couple of weighted Lo,
spaces where the weights are quasi-concave on R, . Recently J. Cerda and J. Martin
[5] have obtained a similar result for the cone of non-negative non-increasing functions
on Ry withrespectto (L,,L,;) and also with respect to couples of Lorentz spaces.

To illustrate the role of the intersection property we introduce the following results,
a version of Holmstedt’s formula, which also be used below. Unfortunately, we cannot
apply Holmstedt’s proof ([8]) directly to the case of a couple of cones X¢ := (Xp N
0,X; N Q) because we have to avoid taking differences of two functions from a cone.
Nevertheless, we can use the following version of the reiteration theorem in our setting.
In order to formulate the results we set

EQ(fv S) = K(fv S, (XQ)QOJIO’ (XQ)GMIJ)'
PROPOSITION 1. Suppose that for fixed 6; € (0,1) and q; € [1,00| the isomor-
phism
(XonQ, XN Qo = (XO7X1)9i,qi no (1.4)
holds for i = 0,1. Forall f € >.(X9):=XoNQ+XiNQ and j=0,1 let
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z/ “9K(f,5,XoNQ,X; NQ)% )1/%
0

and
oo

R0 = ([I5K (5. % 1 050 @) s,

t
Then

KO(f,1*) ~ PS(1) + I RE(1). (1.5)
Here 0y < 6, and A := 6; — 6,.

Proof. We adapt Holmstedt’s proof to to our case of a couple of cones. The

inequality

PE(1) + *RP(1) < CKO(f. 1)

is proved as in [8], pp. 180-182.
To obtain the converse inequality we choose for f € > (X?) and for 7 > 0 a
decomposition f =g, +h, € XoNO+X1NQAO, g €XoNQ, h € X; N QO such that

lgllx, + tlllx, <2K(f,1,X0N 0, X1 N Q). (1.6)
With this choice we have
RO, < lglwoy, , +*Illgo,
= (T[ ~%K(g,,5,X0N O, X1 ﬂQ)}qo%)l/q°+ (1.7)
+14( f [s~OK(h,5,Xo N Q, X1 N Q)7 &)V,
0
To estimate the right hand side of (1.7) we have to apply (1.4):
RO, 1) < C{([T5 K (g5, Xo, X)) 0I5 K (b5, Xo, X0)) )1}
0 0

t
C{(f gt7s>X07Xl)]qo%)l/qo + ( [S_GUK(gT>S7 XO7X1)]110%)1/110

0
t [ee]
([ 15~ K (e 5, Xo, X1 )0+ 24 ([l 0K (e, s, Xo, X0))1 ) Ve
0 1
(1.8)
For the first term we obtain, by the triangle inequality,
t t
f BoK (g1, 5, X0, X))| 90 & ds l/qo < ( f BOK(f7S,XO,X1)]qO%)1/qO+
o 0 (1.9)
+([Is~ K (h;, s, X0, X, )]0 L&) /a0,
0

Since for every cone Q

K(f,S,XO,Xl) < K(f,S,XO N Q>X1 N Q)7
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it follows that .

ds
(15K Xo X)) < P00

0
According to the choice of &, (see (1.6)) the latter integral in (1.9) is bounded by

t
11X, 0 ! = 1 11Xy
f sl [, ] )0 = € (Ilh x, 1)~
< 2CK(f,1,X0NQ, X1 N Q)™ (1.10)

<G K(fJ,X()ﬂtQ,XlﬂQ) fs*BOds.
%
Since the function r+ — K(f,#,Xo N Q,X; N Q) is concave, w <

w , if s < t. Therefore the right hand side of the above inequality does

not exceed
t

sz[ “hK(f,5,XoN 0, X1 N Q)L < G([[s~®K(f,s5,Xo N Q, X1 N Q)7 L) /a0

I

7
t
< G([ls™%K(f,5,X0N 0, X1 N Q)0 &) /a0 = C;PL(1).
0

(1.11)
(The first inequality in (1.11) follows from Holder’s inequality).
The second term of (1.8) is estimated by similar arguments

oo
(f[ BOK(gtaS7X0,X1) quA " < ( f BOng”X rodb)l/qo
4 t

< 2( [S_QOK(f>t7 XoNQ, X1 N Q)}qo%)l/qo < CK(f7 LXoNQ, X1 N Q)t_eo

< C([Is~™K(f,s5,Xo N Q, X, N Q)0 &) /a0 — CPY(1)

S e b

(1.12)
The remaining two terms of (1.8) are treated analogously. Summing the four
estimates we obtain the required inequality
KO(f,1*) < C(P§(1) + I RY (1))
completing the proof of the theorem.

The following result is easily proved by an adaptation of the previous proof.

PROPOSITION 2. Suppose that for fixed 0 € (0,1) and q € [1,0] the following
isomorphism
(XN Q. X1 N Q)og = (Xo,X1)0.g N O
holds. Then

K(f.1 XMXmazm/[%vs%mme@

t

ds)l/q
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Let us now define the main cones which are studied in this paper.

DEFINITION 1.3. M is the cone of nonnegative nondecreasing functions defined
on [0,1) .

DEFINITION 1.4. C is the cone of nonnegative nondecreasing convex functions
defined on [0,1).

We shall let HY denote the (seminormed) Lipschitz(Nikol’skii-Besov) space
which is defined as follows:

DEFINITION 1.5. For o > 0 we write r = [a] + 1. The space HY(0,1),
1 < p < oo consists of all functions f € L,(0, 1) for which the seminorm

Flige = sup(r®o,(f 1))
>0
is finite.
Here w, denotes the modulus of smoothness of order r, i.e.

wr(f7 Z [O> 1])1’ = wr(f7 t)Lp(O,l) = wr(f7 t)P ‘= sup ||A;Lf(.)||Lp(1rh>

0<h<r

where AZf(x) = Y. ((—=1)"7'(})f (x + ih) is the r™ order difference of f, and

Ly =1[0,1—rh], t €[0,1];and w.(f,1), :== ,(f, 1),,if t > L.
In turn, the norm of the (normed) space H,* is defined by

1 g == I lag + IF e,

In section 2, we prove the following result.

THEOREM 1.
(i) If 0 <a< % and 1 < p < oo then M has the IP with respect to the
couple (L,,H).
(ii) If a > %, 1<p<ooorifa>0, p=oco then M does not have neither
the WIP nor the IP with respect to the couple (L, Hy).

In section 3 we study the /P for the cone of convex functions C and prove the
following theorem.

THEOREM 2.
(i) The cone C := C has the IP with respect to (Ly,HY), p € [1,00], if
O<a<l.
(ii) C does not have the WIP with respect to (LP,H;;‘), if a>1.

Note that the more restrictive assumptions on ¢ in the first theorem related to the
fact that smoothness of functions in M is, roughly speaking, 1 while that of functions
in C equals 2.

Other results about the /P with respect to these couples and couples of L, -spaces
and the application relates to reverse embeddings for Lipschitz(Nikol’skii-Besov) spaces
are obtained in [9)].
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2. Proof of Theorem 1
Recall first the following result (see [3]):
Foreach f € Ly[0,1] and p € [1, ]
K(f.t,L,, W) = (1", [0,1]),, (2.13)

where the constants of equivalence depend only on r.

To prove (i) apply the reverse embedding theorem of Herz [7]

Lyoo "M C H;}
where 0 < o < 117’ a=1/p—1/q,p < q < oo. Thenwehave foreach f € HNM:
K(f,t,L, "\M,HY "M) < CiK(f, 1, L, "M, L; oo "1M).

Now we estimate the right hand side using the fact that the cone of monotone
functions has the IP with respect to couples of Lorentz spaces ([5], [6]), that is,

K(f,t,L,"M,L;oc "M) < GK(f,1,Ly, Ly ).
Combining these two inequalities with the Peetre embedding theorem ([11]):
H) C Lyoo
with above mentioned ¢, p, g we, at least, obtain
K(f,t,L, "\M,H M) < C3K(f,1,L,,Hy)

foreach f € H; " M. This proves the IP for a < I/pand 1 <p < oco.

(ii) Let us,first, show that the cone M does not have any intersection property with
respect to (Lp,Hg‘),when oo>1/pand 1 <p < oo.

We begin with the case o = 1/p. Assume, on the contrary, that

L[l OK (1 1,L, O ML HY A M)
o y et (2.14)
< C[Of[t K(f,1,Ly, Hy'")]1¢ )4
for some positive C.
To obtain a contradiction we require the formula
‘T ~ Wn+ (f:sl/(nﬂ))
K(f,1,Ly, HI"™) =~ FSUp _ aut T 0.15)
= rsup,,, 2l S0,
szt K

for0< a<1,neNU{0} and n+ a > 0. This result is a direct consequence of
(2.13), Holmstedt’s theorem ([2], p.53, Corollary 3.6.2) and following from them the
isomorphism H}** = (L,, Wi*!) nia

1 0
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Take the function
0 ifo< ;

x< €
f(x)'_{l ife<x<l.

Let us consider first the case p > 1. Since

) ifs < el/r;
wl(f7sp)P:{ \/p ifS)el/p,

using the formula (2.15) with n = 0 implies for 1 < p < co:
t if 1 < e/r;
71/p = ’
K<f’t7Lp’HP ) = { EI/P lft > El/p
Hence

l/p
[l‘_eK(f,lL HI/P) th = f —thdt+ f Gel/p}q%
el/p
_ ;e‘y(l 6)
6(1—0)q

Now let us consider the K -functional with constraints:

K(f,t,L, "M, Hy”” n M)

. 1
= inf{IIf — gll, +rlgl o | g € H,/” NM,f — g € M}.

Itis clear, that g in (2.19) has to be 0 for 0 < x < € and a constant, say 0 <
fore <x < 1:
) 0 if0<x<eg
X)) =
& b oife<x<l,

where 0 < b < 1.
In this case

‘g|H,l,p:b
and
If —gll, = (1 =b)(1 — €)'/
So we get
K(fyt, L, "M, HY" nM) = St (1= b)(1 =)' 4 1b)
t ifr < (1—¢)l/r;
— : 1 o
= min{(1 — €)'/7,1)} = { (1— " otherwise.
Hence

o (1—e)'/?
p— .1 -
JI K (f,1, L, "M, Hy” nM)]ad — of [O0ad 4

(=}

® q01—
(1 —e)?r f/ g = 0(1i9)q(1 —e)r 7
(1—e)l/p

287

(2.16)

(2.17)

(2.18)

(2.19)
b<1

(2.20)

(2.21)
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From (2.18) and (2.22) follows that if € is sufficiently small we obtain a contra-
diction to the assumption (2.14).

The same conclusion can be drawn for o¢ = 117 when p = 1. Infact, in this case the
function f defined in (2.16) satisfies w,(f, ), = min{2h, €} and so U‘|H11 = 2. Sim-
ilarly the function g defined in (2.20) satisfies |g;1 = 2b. Using the decomposition
S =0+f fort<eandf = —xpoq+ Xpo,) for > €, we obtain that

K(f,t,Li,H}) < 2min{z,¢}.
By a similar argument to above we have
- . B B
K(f,t,LiNM, H, HM)_ogz}il{(l b)(1 —€) + 2bt} (2.23)
> (1 +b)min{z, 1 — €} > min{z, 1 — €}.

Thus the inequalities (2.18) and (2.22) also hold when p = 1 and again we obtain
a contradiction to (2.14) for sufficiently small €.
We now consider a counter-example for the WIP for p < co and a > 1/p. Let

0 ifo<x<1/2;
f()':{l if1/2<x</1. (2.24)
For o < 1 we shall use the fact that
wi(f,s), = min(s'/7 271/7) 0 <5 < 0. (2.25)
For oo > 1 we shall use the fact that
@y (f, )1 = min(2s, %), 0<s<o0. (2.26)

We have from these two estimates and the inequality wy(f,s), < 257 w;(f,s),.
0 <j < k, that for arbitrary k > 2 and 1 <p < o0

wi(f,s), < min(s/?,271P) 0 < 5 < o0. (2.27)

From here and (2.15) with appropriate n we estimate the K - functional for
l1<p<ooandal a>0:

K(f,t,Ly, HY) < min(r7@,271/P).

Hence for 6 < p—la
-9k L, H T 00 2.28
[t (f7t7 Py p)] P < oo. ( )
0

1 .
From (2.25) and (2.26) it follows that f € H} ,and f ¢ H%,if % <o <1 for

p>1and1<a<2f0rp:1.ButHI‘j‘CH£ if oo > f and therefore f ¢ HY for
everya>ll,.
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Now estimate below the K -functional with constraints for o« > %

K(f,1,L, "M, HY N M)
= inf{[lf — gllz, +118luclg € HY "M,f — g € M} (2.29)
> inf{[[f —gllz, \gEHI‘,"ﬂM,f —geM}.

Every g such that g € M, and f — g € M must have the form g = Bxo,1/2) +
YX21) With B = 0. If also g € H;‘, with & > 1/p then by the embedding
theorem (see, for instance, [10], Section 6.3) g € C[0,1] and therefore y = f = 0.

Consequently

. 1
K(f.t,L, "M, H* N M) > (E)W'

Since for each 6 € (0,1) and q € [1, 0]
[ o _org At
(K<f’t7Lp ﬂM7Hp ﬂM)[ )qT = 00,
0

we deduce, using (2.28) that the WIP does not hold.

It remains to consider a counterexample for p = oo . Let an integer b > 2 and C,
be a Cantor type seton [0, 1] constructed as follows. In the classical Cantor construction
we will remove the middle interval of length (1 — 2)|I| from each interval appearing
at each step of the construction. (If we choose b = 3 then C, will be the usual Cantor
set C3 ). So, we have

Cyp = [0,1]\ D(ck,dk),
k=1

where the right endpoints of the intervals (cx, d;) are numbers of the form

a
de=>" o (2.30)

with a, assumes only the values b — 1 and 0 and ay, # 0. Now we define a Cantor-
Lebesgue type function u : [0,1] — [0,1]. Every point ¢ of C, can be uniquely

represented as t = “'}’)—Ef) , where a,(t) € {0,1,...,b — 1}. Define now the one-to-
n=1

one correspondence ¢, : C, — C3 by
. G, (1
)= 50
n=1

where a,(t) := 0 if a,(t) = 0 and a,(¢) := 2 if a,(t) = b — 1. Extend ¢, to each
adjacent interval (cg,dy) continuously as a linear function. The extended function @,
is a monotone bijection of [0, 1] and therefore, it is continuous. Set now

up = 1o Gy,
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where u is the classical Cantor function. Then uj, is continuous on [0, 1] and at every
t € [c, di] with di determined by (2.30) we have

(2.31)

Show that u, € Hx®?. The case b = 3 is considered in [14]. For the sake of
completeness we outline the proof for arbitrary b.
Nii
Choose t; < t, such that t; = dy,, i = 1,2 with k; # ko, where dy, = Z—Z R
n=1
', € {0,b — 1} and suppose that a} = a2 forevery 1 < n <'s,and al,| # a*,,.
Then

|M(l2) — M(l‘l)‘ < C|l2 — ll‘B (232)
where f8 = log, 2. In fact,
1 1
5T T 5
0< u(ty) —u(ty)  u(dy,) — u(dy) <C > n;;ﬂ 2 C(ﬁ)sﬂ 2
S (—n)P (d, —di )P~ 7 (5 — ;2]%”)13 S 2 [1—551P
nz=s+

This proves (2.32) for such #; and ;. But since the points of the form dj are a
dense subset of C, it follows that (2.32) holds for all #;,7, € C,. Next, suppose that
f1,t, are arbitrary pointsin |J [cr, di]. So, #1 € [ck,, dy,] and 12 € [cp,, dp,] . If ki =k

k=1
obviously (2.32) holds. Otherwise suppose without loss of generality that dy, < ¢, .

Then, since K € Cp,
u(t2) — u(ty)| = |u(cr,) — u(dy,)| < Clew, — dy [P < Cly — 1P

Finally, since | [cx, di] is dense in [0, 1], we deduce (2.32) forall 71,1, € [0, 1]. This
k=1

precisely means that u € Hgo , where B =log,2.

It is easy also to see that u does not belong to H% , for any o > log, 2. Since
H% C HY whenever 0 < y < «, it suffices to consider the case « < 1. But, for
such o < 1 we have

u(bjll) B M(O) —a b n
ngz(b 1)1 (2)—>OO

as n — 0.
If we have the WIP for (Lo, H%) for some 0 < o then there exists a constant
C so that

(K(f,t,Loc "M, HL N M)t~ 9)7&
. (2.33)

COf(K(f,t,Loo,Hg;)t—e)q%.

N ©—3
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Let u be as above with b chosen so that u € Hgo NM for some f§ < o
(0<PB<1l)and u ¢ HE . Then for f = u and arbitrary k > 1 we have

(f,1,10,1)) 1., < C(k)wi(f,1,[0,1])1., < C(k)min(P, 1).
Hence, similarly to the case p < co, we get
K(f,1, Loo, %) < min(r, 1),
and so the right hand side of (2.33) is finite for all 6 € (0,1), g € (0, 00] such that

0 < g.
On the other hand,
K(f,t,Lo "M, H% N M)
. (2.34)
= inf{|[f — gllLoc +1l8lne | & € Gr},
where

Gr:={g€HL NM,f —g € M}.
IfgeMandf —geM,thenfor 0 <t <15, <1

0< glt) —g(t) <f() —f(tn) < Clta—1,)P

where C is independent of g. Besides, 0 < g < f < 1. Thus, according to the
Arzela-Ascoli theorem, Gy is precompact in C[0, 1]. Since Gy is clearly closed in
C[0,1] it is compact in C[0, 1]. Therefore there exists a function go € G¢ such that

inf {|If —glle.} = IIf — gollL., - Then we have
gGGf

inf — t > inf —
I~ 8l + gl } > inf (I~ gl

2.35
= |If — gollzeo- ( )

Since f —go € M, the function g¢ has to be constant on each interval of constancy
of f. But gy cannot equal f a.e., since then f € H% contradicting the condition
f ¢ H%, o > B above.

Thus Hf — 8OHLoo > 0.

Then we get from (2.35) that

K(f,t,Loo "MLHZ, OM) 2 |If = goflee >0

so that

T . dt
/(K(f,t, Lo NM,H% N M)f")q7 -
0

and we have a contradiction with (2.33).

REMARK. M does not also have the WIP with respect to (Lo, W) for r > 1.
As a counter-example for this couple we let f be the classical Cantor function. Then
f €LoNM. Let g € W,_NM be a “good” approximation for the K -functional with
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constraints and f — g € M. This forces g to be constant on each interval of constancy
of f. Thus g =0 ae. on [0, 1]. Since g € W', it is absolutely continuous and so it
is constant. But this means that

(2.36)

N =

Since
K(fa t7 Lo<>7 W;o) ~ wi’(fa tl/r)OO < Zrilwl(]ﬁtl/r)oo (237)

and f is continuous, this K -functional tends to 0 as ¢ tends to 0. This proves that

the cone of monotone functions M does not have the IP with respect to (Lo, WZ,).

Applying the L% (%) norm to both sides of (2.37) and choosing 0 := (log;2)/r we

t
have
supt K (f,t, Lo, Woy) < 2" " supt 0w (f, )00 = 2" '|f

>0 >0

Since f € H?, supt K (f 1, Loo, Wi) < o0.
>0

On the other hand, by (2.36),

-logz 2.
Hoo

. 1
supt K (f,t,Loc "M, W, N M) > Esupt_e = 0.

>0 >0

Thus, the cone M also does not have the WIP with respect to (Lo, W) .

3. Proof of Theorem 2

(i). If f € L, N C, then the left derivative f’ exists at every point of and is also
a non decreasing function. Set for r < 1

,(x):{f(x) fOo<x<1—1r

3.38
T(x) ifl—r<x<1, (3:38)

where T(x) :=Ti(x,x,) :=f(lL—1)+f.(1—t)(x— 1 +71).
We shall show that for t < 1
If = &elly0) + gl 0.0) < Can(f,1)p. (3.39)

It is readily seen that both g, and f — g, belong to C. Thus from (3.38) and
(3.39) will follow that

K(f,t,L,NC,W, N C) < |If = gilli,01) + (gl 0.0) + gz 0.1)
< Clan(f,0p + Ifll,00) (O<z<1).

Since the right-hand side is equivalent to K(f,¢,L,, WI}), we get for ¢+ < 1 that
K(f,t,L,nC,W,NC) < CK(f,1,L,,W,).
For t > 1

(3.40)

K(f,t,L, N C, W, NC) < [|f 0. < K(Ff o1, L, Wy).
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This means that C has the IP with respect to (L, Wpl). From here we conclude that
C has the IP with respect to (L, (L, W))a.00) = (Lp, Hy') with 0 < o < 1. In fact,
applying the Proposition 2 and the Holmstedt’s formula, see Corollary 3.6.2 (b) of [2]
p- 53 we get

K(f,t, L,NC, (Ly, W})go00 NC)
<o ( s =9K(f,5,L, N C, W N C)J7L)!/a

t
oo

SR s Ly, W) )V < CKF 1, Ly (L Wy )aroo)
(3.41)
Thus it remains to prove (3.39). According to (3.38) we have for f € L, N C
If =&l = If = Tll,a—ey < I =F (=Dl 0-r)-
But
If —f (=)l a-n1) < CE(f;[L —1,1])1,
and the right-hand side does not clearly exceed Caw;(f,1),. So we get
If = &illL,01) < Con(f,1)p.
To estimate the second term in (3.39), write using definition (3.38)
tHg;”Lp(O,l) < fo/||L,,(o,17t) +lfL(1 = Ly (1—1,1)- (3.42)
Since f € C, we get forevery x € (1 —¢,1 — %)
AL (f,x)
"1 —¢ < / < 2
R
Thus
L= Dllya-eny <2FVPUAF) L 01— (3.43)
<2 WP (f, %)Lp(o,l) <22y (f, )1, (0.1)-

It remains to estimate the first term in (3.42). Since f is convex, for every
x €[0,1 —1] we have

Then we get, since f/ = f/ a.e., that

t
W zp01-0 < 2041 (F)llz, 010 < 201(f, E)LP(O,1)~

Thus part (i) of the theorem is proved.

(ii) Prove now that C does not have the WIP (and therefore, also does not have
the IP) with respect to (L,, H)"®) with o > 0. First, assume that o < 1/p (this
excludes the case p = c0).
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Suppose, on the contrary, that for every f € H;“" NC, 06 (0,1)and g > 1
HK(f7 '7Lp 0M27H;+(X N C)HL(?(#) < CHK(f7 '7Lp7H[1)+a)||L2(%) (344)

for some absolute constant C > 0.
We shall show that the function

f((x):_{o ifO<x

x—e ife<x

(3.45)

for some suitable € € (0,1/2) gives the desired counterexample to (3.44).
Applying Holmstedt’s formula (2.15) to the case H)'® = (L,, W3)o0o with
6 := 5% < 1, we have

. o (!
K(fs>t7Lp>H;+a) <1 sup M <t sup ﬂ
|

1 1
s>ti+a s>tTa

But a direct calculation of modulus of continuity for the step-function f! (cf.
(2.17)) gives
wi(f.,s), = min{s"/? '/7}.

Hence )
te'/lr=aifr L et

K(f.,t,L,, H7 %) < C
(fE? b p> p )\ tﬁel/p7 1ft> €1+057

1
and for T < 0<1
K (fe, ~,LP,H},+°‘)||L3<% < Cyeltl/p=0+a) (3.46)

Now we shall estimate the modified K -functional from below. To this end we
denote by G(f.) the set

G(f) :={g € Hy** NC|fc— g€ C}.
From the definition of the function f, it follows that each g € G(f,) has the form

0 ifo<x<e
= (3.47)

80 =\ p_e) ife<x<l,

for some b € [0, 1]. Thus, by definition of the modified K -functional and by equiva-
lence of the norms of Lipschitz(Nikol’skii-Besov) spaces (see e.g. [10], 4.2.4, p.159),
we have

K(ff> 1, Lp N C>H;+a N C) ~ bél[%)fl]{ufs - gb”Lp(O,l) + t‘g“l‘lg} (348)

We can easily calculate the norm and the seminorm on the right:

(1=Db)(1—e)ttlr
Hfs —8bHLp(0,1) = (p+ 1)1/p )
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/ _ (Ul(g;,,s)p _ pl/p—a
|8b|Hg‘ = i'ig e be :

Thus the required K -functional equals

(1 —b)(1 —¢)t+l/p (1 —¢)ltip

inf the'/P=*} = min{ ~———— te'/P7*}.
bg[%),l]{ TG + the } = min{ I € }
Hence
||K(f€, t7 Lp n C,H;+a N C)”Lg(g) 2 C2€(1/P*OC>0 (349)

for some absolute constant C, > 0. Applying (3.46) and (3.49) to estimate the terms
of inequality (3.44) we then have

(1/p=00 ¢y 1+1/p=0(1+0) (; <0<l
I+a

and consequently
0D+ < 05 < o

which is impossible if € — 0.

It remains to consider the case o > 1/p. Introduce the function fy defined by

f()'_{o if0 < x<1/2; (3.50)
T xS 12 if12<x< 1 '
Since for k > 2

(o, s)p < 22 (f], 5), = 25 2smin{s'/P, 271/P} (3.51)

the function f, belongs to I-'I;H/ ”. On the other hand, f, does not belong to H}** with
o > 1/p. Actually, by the embedding theorem ([10], Section 6.3) H}**  C'[0,1] if
o > 1/p whereas f{ is discontinuous.

Let us now estimate the K -functional of f using Holmstedt’s formula (2.15) and
(3.51). We get

. (Dk(fo S)
1+ ~ )P
K(f€7t,Lp7Hp O{) ~t Su[l) slT g Ct SUI?

s>ti+a s>ti+a

min{s'/? 2-1/r}

SOC

Here k is the smallest integer more than 1 4 o. Then, similarly to the previous

case we get for 5 < 0 < llilép that
1K (fo, "LPaH;Jra)”Lg(%) < 00. (3.52)

On the other hand,

K(fo,1,L, NC,H,"*NC) = geig(fm{\lfo = 8lly0n) +1lglareals
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where
G(fo) ={g € H;Jra NC|fo—g € C}.

Because of these conditions on g, it should have the form

0 ifo<x<1/2;
g(x) =

b(x—1/2) if1/2<x<1, (3.53)

for some b € [0,1]. Since g € Hy™ C C'[0,1], the number b has to be 0. So
G(fo) = {0} and therefore we have

1

1/p
2) '

K(fo,t,L, N C,H)"* N C) = |Ifoll,0.1) = (

Thus, this K -functional does not belong to Lg ( %) . Comparing this statement with
inequality (3.52), we conclude that inequality (3.44) is also impossible in this case.
The proof of the theorem is complete.
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