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LOWER AND UPPER SOLUTIONS FOR SINGULAR
DERIVATIVE DEPENDENT DIRICHLET PROBLEM

C. DE COSTER

(communicated by J. Mawhin)

Abstract. In this work, we consider the Dirichlet problem
W+ f(tu ') =0,
u(a) =0, u(b)=0,
with f singular at t = a, t = b and for u = 0 and extend previous results concerning the case

f independent of u’. To this aim we extend the lower and upper solution method in order to

work with solutions in Wb (a, b) N leo’;(a, b) as well as with lower and upper solutions having
unbounded derivatives.

1. Introduction

There has been a large literature on singular boundary value problems of the type

u" +f(t,u) =0,
u(a) =0, u(b) =0, (1.1)

where f can be singular at t = a, ¢t = b and also for u = 0. This kind of singularities
appears for example in Emden-Fowler equations

u’ + L5 = (),

u(a) =0, u(b) =0, (12)

where o > 0. Such equations have been used in several problems of applied mathe-
matics [3, 7, 15, 22].

As it was already noticed by A. Rosenblatt in 1933 [28], these problems can be
studied for more singular nonlinearities than L -Carathéodory functions. In 1953, G.
Prodi [27] used lower and upper solutions for such singular problems. For more recent
results, we can quote [5, 11, 32, 35] where the argument relies on the fact that f (7, u)
being positive, the solutions are concave, [15] where the authors study (1.2) in case
f(z) > 0 and h(r) can change sign and [13, 14, 20] for the general case (1.1). In [14],

fw)

the authors consider the case where the “slope — = is larger than the first eigenvalue
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A1 when u goes to zero and smaller than A; when u goes to infinity”. The singularity
in t = a and 7 = b is of the same type as already considered in [27, 28, 32] i.e:

for any compact S C R}, there exists hs € </ such that, for a.e. 7 € [a,b] and all
u €S, f satisfies

lf(t> M)‘ < hS(t)7
where o := {h € L} (a,b) | fab(t —a)(b—1t)h(t)dt < oo} . In that case the solutions
arein W7 := {u € €(la,b]) | u" € &/}.
In this work, we generalize [14] to the derivative dependent problem

" +f (tyu,u’) =0,

u(a) =0, u(b) =0. (1.3)

Our results are based on the lower and upper solutions method.

Although some of the ideas can be traced back to E. Picard [26], the method of lower
and upper solutions was grounded by G. Scorza Dragoni [30]. This paper considers
upper and lower solutions which are ¢ and, in 1938, the same author extended his
method to the L' -Carathéodory case [31]. Upper and lower solutions with corners were
considered by M. Nagumo in 1954 [25] (we can find some trace of this idea already in
[26]). Since then a multitude of variants were introduced. Concerning a priori bounds
on the derivative of solutions, the first result goes back to S. Bernstein [4]. In 1937,
M. Nagumo [23] generalized these ideas introducing the so-called Nagumo condition
which is both simple and very general. Later, H. Epheser [9] and L.T. Kiguradze [16]
extended the Nagumo condition so as to deal with W*! -solutions (see also R.D. Moyer
[21]). The idea to replace the Nagumo condition by the existence of bounding function,
i.e. curves along which the vector field points one way, is due to M. Nagumo [24] (see
also [1, 2]), while the idea of diagonals goes back to F. Sadyrbaev [29] (see also [10] for
generalization and combination of these two notions in the continuous case). For a first
use of bounding functions in the Carathéodory case, we refer to [12].

Our results concerning (1.3) can be described in the following way. First we
consider the lower and upper solution method in case f is L” -Carathéodory. In that
case, we find in the literature several proofs of the existence of a solution assuming the
lower and upper solutions have bounded derivative and using quite ingenious but not
direct proof (see for example [9, 17, 34]). Here we remove this boundedness condition
and prove the result using a simple modified problem as it is common in the lower and
upper solution method. This relies on ideas from [6] and [19]. In the third section, we
give our main results on (1.3) with f singularin ¢ = a and ¢ = b. The first problem
we have to solve is that, a Nagumo condition, as used in Section 2 (condition (b) of
Theorem 2.2), forces f to be L? -Carathéodory and gives an a priori bound on ||# ||
on the solutions of (1.3). This is not natural for singular problems. For example, the
problem

t(1—nu” =1,
u(0) =0, u(1) =0,

has u(t) = tInt + (1 — ) In(1 — ¢) as solution which is in W><(0,1) c Wh1(0,1) N

W2'(0,1) but not in € ([0,1]). Hence, a more natural idea is to look for an a priori

bound on ' in L'(a,b). We achieve this aim using two different approach: a Nagumo
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type condition and the use of bounding functions. A third approach can be found in [19,
Theorem 3.2;]. In the last section, we give an application in the spirit of [14] where
f issingularin r = a, t = b and u = 0. This result has to be compared with [19,
Theorem 4.1, ].

2. Regular problem
In this section, we consider the problem

u// :f(t, u, M/)7
u(a) = Ao, u(b) = By, (2.1)

where f : D C [a,b] x R? — R is a P -Carathéodory function i.e.

(a) fora.e. t € [a,b], the function f (¢, -, -) with domain {(u,v) € R? | (t,u,v) € D}
18 continuous;

(b) forall (u,v) € R?, the function f (-, u,v) with domain {t € [a,b] | (t,u,v) € D}
is measurable;

(c) for all » > 0, there exists & € L”(a,b) such that for all (z,u,v) € D with
ul + v < vy If (6w, v)| < R(1).

A function f : D C [a,b] x R? — R which satisfies condition (a) and (b) is called a

Carathéodory function.

In the future, we denote by D*g, D~ g, D,g and D_g the four Dini derivatives
of a given real function g: ‘4’ or ‘—’ means limit from the right or from the left,
whereas the upper or lower position of the symbol means upper or lower limit.

DEFINITION 2.1. A function & € €¢([a, b]) isa W*! -lower solution of (2.1) if
(a) forany 1y €|a,b[, either D_o(ty) < D o(to),

or there exists an open interval Iy Ca, b[ such that 7 € Iy, a € W*!(ly) and,

forae. t €1y,

o (1) = f (1, 0(r), &' (1));
(b) a(a) < Ao, a(b) < Bo.

A function 8 € ¢([a, b)) is a W' -upper solution of (2.1) if

(a) forany 1y €la,b[, either D~ fB(t9) > D+ B(%),
or there exists an open interval Iy CJa,b[ such that ) € Iy, B € W*!(ly) and,
forae. t €1y,

B (1) < f(t,B(1), B'(1));
(b) B(a) = Ao, B(b) = By.

If the nonlinearity depends on u’, the existence of a well-ordered pair of lower and
upper solutions alone does not guarantee the existence of a solution (see for example
[25]). A Nagumo condition allows us to deduce an a priori bound on the derivative
from an a priori bound on the function. This is the aim of the next proposition where
we consider a “Carathéodory version” of the Nagumo condition.
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PROPOSITION 2.1. Let o, f € €([a,b]) be such that a < B, p € [1,00] and
define g € [1, 00| from % Jrll7 = 1. Assume there exist r > max{f(b) — a(a), B(a) —
a)}/(b—a), € ¢(R",Ry), w € [P(a,b) and R > r such that

R ¢l/q
[ S s> vl max ) — min o) . 22
Define
E:={(t,u,v) € [a,b] x R* | a(r) < u < B(1)}. (2.3)

Then, for every LP -Carathéodory function f : E — R such that for a.e. t € [a, D]
and all (u,v) € R? with (t,u,v) €E and r < |v| <R

If (t,u.v)| < w(B)o(v]),

and for every solution u of

W =f(tu,u), (2.4)

which is such that oo < u < B, we have

u[|0o < R.

Proof. Let u be a solution of (2.4) such that o¢ < u < 8. Observe first that, by
definition of r, there exists 7 € [a,b] with [u/(T)| < r.

Now consider an interval I = [y, #;] or [, fp] suchthat u' () > ron I, u'(ty) = r,
u'(t) = R. Then we have

[ < [ [ )

o(r) o' (s))
/t u'(s)ds

/1 w(s)u'(s) ds
< 1wl (max B(e) — min ().

< < [yl

Ip

This contradicts (2.2) and we deduce that #'(fr) < R. In the same way we prove that
W(t)>—-R. O

After this preliminary result, we can give our main result concerning regular
problems.

THEOREM 2.2. Let Ay, By € R. Assume o and B € € ([a,b]) are W>! -lower
and upper solutions of problem (2.1) such that o < . Define A C [a,b] (resp.
B C [a, b] ) to be the set of points where o (resp. B ) is derivable.

Let E be defined by (2.3), p € [1,00] and f : E — R be a L” -Carathéodory
function. Suppose there exists N € L'(a,b), N > 0 such that, for a.e. t € A (resp.
forae. t €B),

fta(),a (1) = =N(t), (resp. f (1, B(¢), B'(1)) < N(1)). (2.5)
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Assume moreover there exist r > max{ ﬁ(”};g(b), B<b,l:;x(a)}, ¢ € ¢RT,R)) and

v € LF(a,b) satisfying
o0 sl/q '
N — mi /a _ .
(a) /r o) ds > ||| (max B(r) — min (1)), where q = ;25 € [1, 0]

(b) fora.e. t € [a,b] andall (u,v) € R* suchthat (t,u,v) € E and |v| > r
If (t,u,v)] < w(®)o(|v]).

Then, the problem (2.1) has at least one solution u € W??(a,b) such that for all
€ [a,b]
ar) < u(t) < B0).

Proof. The proof proceeds in several steps.

Step 1 — The modified problem. Let R be large enough so that

R (l/q )
——ds ) o .
[ s> vl mss o)~ mina()

Increasing N if necessary, we can assume N(t) > y/(t) maxjz @(v) on [a,b]. Define

then B
[t u,v) = max{min{f (#,y(t,u),v),N(1)}, =N (1)},

wl(t75):XA()maXV(t a(t), o (1) +v) = f (¢, a(t), &' (1)1,

(1, 8) = xp(t) max |f (¢, B (1), B (1) +-v) = f (2. (1), B' ()],

“\

where Y4 and xp are the characteristic functions of the sets A and B and

y(t,u) = max{min{u, B(¢)}, (1) }. (2.6)

It is clear that @; are L' -Carathéodory functions, nondecreasing in &, such that
;(7,0) = 0 and |w;(z, 0)| < 2N(r).
We consider now the modified problem

' =f(tuu') — otu),
u(a) = Ao, u(b) = By, (2.7)
where
o(t,u) =—oy(t,u—PB(r), ifu>p),
=0, if o(r) < u<B2),
= (1, a(t) —u), ifu < afr).

Step 2 — Existence of a solution u of (2.7). Let us write (2.7) as an integral equation

—A b -
)= Ao+ I @)+ [ Gl (s uls).0l () = (),
where G(t,s) is the Green function corresponding to the problem

u// :f(t),
u(a) =0, u(b) =0.



382 C. DE COSTER
The operator T : €' ([a, b]) — € ([a,b]) defined by

By — A
—da

b
(T = Ao+ 2200~ @)+ [ G609/ .uls)oa'(5)) ~ 0. u(s) s,

is completely continuous and bounded. By Schauder’s Theorem, T has a fixed point
which is a solution of (2.7).

Step 3 — The solution u of (2.7) satisfies o.(t) < u(t) < B(r) on [a,b]. Assume u— o
has a negative minimum at some point t* €]a, b[. Let o = sup{t > r* | u(t) — a(t) =
u(r*) — a(r*)}. Then u(ty) — ot(to) = min,(u(r) — a(r)) < 0, u'(ty) — D_a(ty) <
u'(ty) —D* a(ty) and, by definition of a W*! -lower solution, there exist an open interval
Ip and t; € Iy, t; > to such that o« € W>(Iy), 1o € Iy, u/(t;) — &' (#;) > 0 and for
ae. t€l

o (1) Z f(t, alt), o (1))

Further «'(fy) — &/(t) = 0 and for ¢ near enough ¢,
/(1) — o' (1)] < () — u(d).

As o is nondecreasing and f(t,0(t), &/ (1)) < f(t,a(t), ' (¢)), we come to the
contradiction

0 <u(n)— o () = / W(s) — o"(s))ds

< u
/ [f (s, cu(s),u’ (s)) —f (s, oe(s), & (s)) — i (s, oe(s) — u(s))]ds < 0.

Step 4 — The solution u of (2.7) is such that ||u'||«c < R. Observe that condition (b) is
satisfied with f (¢,u,v) replaced by f (¢, u, v). Hence, we conclude by Proposition 2.1.

Conclusion. It follows from Step 3 and 4 that the solution u of (2.7) obtained in Step
2 solves (2.1). O

REMARK 2.1.  Condition (2.5) is satisfied if oz, B € W'>°(a, b) orif f does not
depend on v.

3. Singular Problems
Consider now the homogeneous Dirichlet problem
i !/
u : f (t> u 9 (3 1)

We first extend Proposition 2.1 in such a way to obtain a L' -a priori bound on #’ instead
of a L*° -bound.
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To state such a result we shall need the following concept. A function f : D C
[a,b] x R? — R is said to be a L} .-Carathéodory function if it is a Carathéodory

loc

function and for all r > 0, there exists h € L} (a,b) such that for a.e. € [a,b] and
all (u,v) € R?, with |u| + |[v| < r and (t,u,v) € D, we have

If (¢, u,v)| < A(2).

PROPOSITION 3.1. Let a and f € €([a,b]) be such that a < B and define E
from (2.3). Assume there exist r > 0, y € L} (a,b) and a nondecreasing function
¢ € €(RY,Ry) such that

(a) /°° ds

(b) @~ 2|/ s)ds|) € L' (a,b), where <I)(u):/u ds

o(s)

Then there exists h € L'(a,b) N ¢ (|a,b[) such that, for every a < a; < 242 <
< by < b, every L}, .-Carathéodory function f : E — R which satisfies,

forae t € [a1,b1] and all (u,v) € R* with (t,u,v) €E, |[v| >

(6 uv)| < wn)e(lv),
and every solution u of (2.4) on [ay,b;] such that o0 < u < 3, we have

a+2b

W ()] < h(D).

REMARK 3.1. Let us comment assumption (b):

(i) If w € L'(a,b), condition (b) is implied by condition (a);

(ii) Incase @(v) = 1, condition (b) becomes v € & ;

(iii) Condition (b) is implied by ®~'(2(b — a)y(t)) € <. This can be seen using
Jensen inequality (see for example [8, Theorem 11-2.2]). For ¢ > 4t we obtain

t b
ol [ wd) = o7 [ 2 - v, (0)d)

a+b b—a
2

b i P / O (2(b — a)w(s))ds.

+b
2

AN

If @ '(2(b — @)y (1) € o, we have [ @' (2(b — a)w(s))ds € L'(“2,b)
2
and it follows that @' (2 [as W(s)ds) € L'(%2,b).
2

atb
H -1 1 atb
In the same way, we can write ®~'(2 [ = y(s)ds) € L'(a, 452).

Proof. Step 1 — Existence of a function h € € (|a, b]) that satisfies the assertions
of the Proposition. Let ¢, d be such that # <c< # <d < % and

M > max{r, W} . Define h; to be the solution of

hy =w({@®)o(h), t€lcb, hi(c) =M,

h, the solution of
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h/2 = _W(t)(p(h2)7 ! E]a,d], hZ(d) =M,

and
h(t) = ha(2), ona, c],
= max{h(¢),h2(t)}, on]c,d|,
= h (o), on [d,b[.

Let a < a; < @ < # < by < Db, f: E— R such that, fora.e. t € [ay,b]
and all (u,v) € R? with (t,u,v) € E, |v| > r, [f(t,u,v)] < w(@®)o(]v]), and u
be a solution of (2.4) on [a;,b;] such that o < u < . Observe that there exists
T € [c,d] with |u/(17)| < M. Consider an interval I = [fy, ;] such that «/(r) > r on
I, u'(to) =M and 7y > c. We have, for every 7 € [to,11],

t t / < hy(t
glwww‘[J%Q“‘ﬂ e

and /(¢) < hy(r) on I and hence on [7,b].
In the same way, we prove that «’ < h; on [ay, 7] and hence, #'(r) < A(f) on
[a1,b1]. The proof that, for any ¢ € [ay,bi1], u'(t) > —h(z) is similar.

Step 2 — h € L'(a,b). We compute

hi (1) r t
w0 —on) = [ o= [

Hence we write

and as ®~! is convex

hi (1) < % {CD_l (2[(I)(M) —l—/c w(s) ds]) +@! (2 /a;h v(s) ds) },

2

from which we deduce h; € L!(c,b). In the same way, we have
d
hy(t) = @1 (D(M) +/ v (s)ds)
t
and deduce h, € L'(a,d). O

REMARK 3.2. The condition ¢ nondecreasingis not essential. If it is not satisfied,
we have to replace condition (b) by

qn—l(q>(M)+/t w(s)ds) € L' (c,b), (I)‘l(d)(M)+/d w(s)ds) € L' (a,d)

where M, ¢ and d are defined in the proof of Proposition 3.1.
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THEOREM 3.2. Let o, B € €(|a,b]) be W>! -lower and upper solutions of the
problem (3.1) suchthat o < 3. Define A C [a,b] (resp. B C [a,b]) to be the set of
points where o (resp. ) is derivable.

Let E be defined by (2 3) and f : E — R be a L}, -Carathéodory function.
Suppose there exists N € L}, (a,b), N > 0 such that, for a.e. t € A (resp. for a.e.
t€B),

e O{(t),OC/(t)) = _N(t)7 (resp. f(t7ﬁ(t)7ﬁl(t)) < N(t))

Assume moreover there exist r > 0, y € L}, (a,b) and a nondecreasing function
¢ € €(RY,Ry) such that

(a) / ﬂzoo,
(s)
ds

(b) @~ 2|/ s)ds|) € L'(a,b), where ®(u) = /r“ W;
(c) fora.e. t€ [a,b] andall (u,v) such that (t,u,v) € E and |v| > r
If (t,u,v)] < w()o(|v]).

Then the problem (3.1) has at least one solution u such that for all t € [a, b]
a(t) < u(r) < B(1).

Proof. Step 1 — The modified problem. Let (ay)n., (bn)n Cla,b[, (An)ns (Bu)n C
R be such that
lim @, = a, lim by, = b, lim A, =0, lim B, =0,

n—o0 n—oo n—o0 n—0o0

a(an) < Ay < Blan), a(by) < By < B(bn).

Consider the modified problem

I/t// :f(t>u7 l//),

u(a,) = Ay, u(b,) = B,. (3.2)

We can assume that, for any n, a, < 2‘2—”’ < ’”2" < by, . Hence, by Theorem 2.2 and
Proposition 3.1, for every n, problem (3.2) has a solutlon u, satisfying on [a,, by

a(t) Sun(t) <P, [uy(1)] < (1),
with i given by Proposition 3.1.

Step 2 — Existence of a solution u of (3.1). Using Arzela-Ascoli Theorem, we can
find (ul),, a subsequence of (u,),, that converges in € ([al,bl}). Proceeding by
1nduct10n for any k € N, we build (uf),, a subsequence of (uf~!),, that converges
in €' ([ax, bx]). It follows that the dlagonal sequence (u!), converges pointwise to
some function u and that, for any compact K C]a, b[, the convergence takes place in

€' (K). Hence, u satisfies on ]a, b|

W =f(tuu)
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and
a(r) <u() < B), W' @) < h(1).
Let us prove that lim,_,,u(r) = 0. Fix ¢ > 0 and choose & > 0 so that

f:ﬂs h(s)ds < €/3. Letus fix t € [a,a + §] and pick n large enough so that
t € [an,by], |un(t) —u(t)| < €/3 and |A,| < €/3. We compute then

u(t)] |u(t) — un(1)] + ‘“nt(t) — ty(an)| + |An|
lu(t) — un(t)| +/ h(s)ds + |A,;] <e.

In the same way, we prove lim,_, u(r) =0. O

<
<

REMARK 3.3. By Remark 3.1, this result generalizes Theorem 2.2 for the homo-
geneous case as well as [14, Theorem 1].
As a first illustration consider the following example where Theorem 2.2 does not
apply.
EXAMPLE 3.1. Consider the boundary value problem
u' = LW+ u+t,
u(0) =0, u(1) =0,
where 0 < a <1 and 0 < n < 2 — a. Existence of a solution follows from Theorem
3.2with a(t) = —1, B(t) =0, w() = % + 1, ¢(y) = max{1,y"}.
Observe that we do not use the full power of condition (c) in Theorem 3.2 so that
we can generalize it in the following way with the same proof.

THEOREM 3.3. Under the assumptions of Theorem 3.2 with (c) replaced by
(c’) there exist a < ¢ < 52 < d < b such that, for a.e. t € [a,b] and all (u,v) with
(t,u,v) €E and |v| > r,
f(t7u7V)Sgn(v) > _l//(t)(p(|v|)7 ift E]a7d[7
[t u,v)sgn(v) < w(@D)o(v]), i1 €le,bl,
the problem (3.1) has at least one solution u such that, for all t € [a, b],

a(r) < ult) < B(1).
EXAMPLE 3.2. Consider the following example

W'+ ‘u|1/2 B tlnull/3 B % =0,
u(0) =0, u(m) =0,

where n > 0 is not upper bounded. We can apply Theorem 3.3 to prove the existence
of a solution choosing a(r) = tIn- —¢, B(t) =0, ¢ = n/3, d = 21/3, o(v) =
max{1,v'/3} and

w(r) = p+a'l on [0, 7/3],

= 14 a24+ L onln/3,n].

Hence, there is a solution u such that forall 7 € [0, 7], rInL —7<u(r) <O.

We can generalize the results of this section using the idea of bounding functions
and diagonals. First we consider the analogue of Proposition 3.1.
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PROPOSITION 3.4. Let Ay, By € R, a and B € €(|a,b)]) be such that a <
and define E from (2.3). Assume there exist W, W € €¢(la,b]), g1, g, hi,
hy € Wik (a,b) such that
(a) M(a) <Ao< pu(a), (b)) < Bo < (b)),

D'y 2 g2, D™y 2 g1, D < hy, Dypiy < hp on [a, b];

Then for any L}, -Carathéodory function f : E — R which satisfies
(b) forall (t,u,v) €E

fltu,v) <gi(r), ifu<u(t)andg(t)—1<v<g(r),

fltuw) = gh(t), ifu>w@t)andga(t) —1 <v < glr),

Fltu,v) <h(r), ifu<u(t)andh(t)+1>v>h(r),

Ftu,v) = h(1),  ifu> w(t) andhao(t) +1>v > hy(r).
and every solution u of (2.1) such that o < u < B, we have

min{g1(7), g2(1)} < w' (1) < max{h (1), ha(1)}.

Proof. Let u be a solution of (2.1) such that o < u < 8.

Claim 1 — The function u is such that
Vi € [a, b], either u(t) < pa(t) or u/'(r) < ha(1),
Assume on the contrary that for some #; € [a, b[, u(t1) > pp(t1) and u'(t1) > ha(t1).
Observe that since u(b) = By, we can find #, €]z, b] such that V¢ € [t), [, u(t) >
W2 (2), u'(t) > hy(r) and either u(r;) = up(2) or u/'(t2) = ho(t2) . In the first case, we
obtain a contradiction with the fact that u — i, is nondecreasing as, for every ¢ € |1, 1,
D* (= o)1) = (1) — D piat) > ha(t) — Do) > 0.
In the second case, changing #, if necessary, we can assume that Vz € [t1, 5[, u/'(1) <
hy(t)+ 1 and we obtain again a contradiction with the fact that u’ — h, is nondecreasing
as, for every t €11, 1],
' (1) — (1) = f (£, u(t), ' (1) — () > 0.
As a conclusion, for every ¢ € [a, D], either u(r) < ua(t) or u'(¢) < hao(2).

Claim 2 — The function u is such that
Vt € [a, b, either u(t) < a(t) or u'(f) < ha(t).

Let us suppose that for some 1 € [a,b[, u(ty) > ua(to) and u'(t9) > ha(ty) . Hence,
for #; €|to,b] near enough 1y, u(r;) > pp(ty) and «'(#;) > ha(t1). A contradiction
follows from Claim 1.

Claim 3 — The function u is such that

Vi € [a, b], either u(t) = pp(t) or u'(r) < hi (1),
and
Vt €la, b], either u(t) > pa(t) or u'(t) < hi(r).

This claim is proved reversing the time and using the argument of Claim 1 and 2.

Conclusion—For t € [a, b], we deduce from the above claims that v (¢) < max{h,(¢),h2(?)}.
We prove in a similar way that «’(¢) > min{g;(7),g2(£)}. O
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THEOREM 3.5. Let «, B € €(|a,b]) be W>! -lower and upper solutions of the
problem (3.1) suchthat o < 3. Define A C [a,b] (resp. B C [a,b]) to be the set of
points where o (resp. ) is derivable.

Let E be defined by (2 3) and f : E — R be a L}, -Carathéodory function.
Suppose there exists N € L}, (a,b), N > 0 such that, for a.e. t € A (resp. for a.e.
t€B),

loc

e O{(t),OC/(t)) = _N(t)7 (resp. f(t7ﬁ(t)7ﬁl(t)) < N(t))

Assume moreover there exist [, ty € €([a,b]), g1, &1, hi, hy € W (a,b) N
L'(a,b) such that
(@) () <0< wa), i) <0< (b)),

max(c, tp) < min(B, Wy) on a neighbourhood of a,

max(c, ty) < min(B, p) on a neighbourhood of b,

Dty =g, D7y 2 g1, Doy < hy, Dy, < hy on [a,b];
(b) forall (t,u,v) € E

Fu,v) <gi(t), fu<w(t)andg (t)—1<v<g(),
ftuv) = gg(t), ifu> p(t) and g2(1) — 1 < v < ga(2),
Fltu,v) < A1), ifu<u(t)andh(t) <v<h(r)+1,
ftu,v) >h’() ifu> (1) and ha(t) < v < hy(t) + 1.

Then the problem (3.1) has at least one solution u such that, for all t € [a, b],
o(r) < u(t) < (1), min{gi(r),g2(1)} <o/ (r) < max{m (1), ()} (3.3)

Proof. Step 1 —The modified problem. Let (ay)n., (bn)n Cla, b, (An)ns (Bu)n C
R be such that
lim a, = a, lim by =b, lim A, =0, lim B, =0,

n—oo n—oo n—oo n—oo

max(c, ) (an) < Ay < min(B, r)(ay),
max(a, t1)(bn) < B, < min(p, i) (by)-

Consider the modified problem

o' = (),
u(a”) :Aih u(bn) - Bn. (3'4)

Adapting the arguments of Theorem 2.2 and using Proposition 3.4, we prove that (3.4)
has a solution u, satisfying for all ¢ € [a,, b,

o) <un(t) < P1),  min{gi(2), g2(1)} < uy (1) < max{h (1), ha(1)}-

Step 2 — Existence of a solution u of (3.1). We argue as in Step 2 of the proof of
Theorem 3.2. [

REMARK 3.5. We can generalize the conditions of Theorem 3.5 in the spirit of
[10] or [12] and improve those results but we choose to concentrate in this paper on
the new ideas and not to give the maximal generality. Of course, we can state also the
equivalent of Theorem 2.2 using bounding functions and diagonals as in Theorem 3.5.
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Using Theorem 3.5, we can allow a stronger dependence in «’ than previously as
in the following example.

EXAMPLE 3.3. Consider the following modification of Example 3.2

W w2 2wt - L =0,
u(0) =0, u(n) =0,

where n > 0. Itis easy to see that a/(f) = ¢ In L — ¢ and B(r) = 0 are still lower and
upper solutions. Further, we can apply Theorem 3.5 with u; =, =0, hy =h, =1,

g1 = g = —1. Notice that as §(r) = 0, the application of the theorem to this
example imposes the vector field points downward along the segments u' = k and
u' = —k when k > 1. Hence, there is a solution u such that for all ¢ € [0, 7],

tInf —r<u(t) <O0.

We can replace the condition (b) of Theorem 3.5 by asking a control on f only for
v = gi(t) (resp. v = h;(r)) if we control &’ and B’ by g; and A; as in the next result.

COROLLARY 3.6. Under the assumptions of Theorem 3.5 with (b) replaced by
(b’) fora.e. t € [a,b] andall u € R with a(t) < u < B(r)

ftu,gi(t) <gi(n), ifu< (),
ftu,g(t) > g5(1),  ifu> (),
(t u hl(t)) < hll( )7 ifu< M2(t)7
Fltho) > B0, ifu> p);

(c) forae. t€A, (resp. forae. t€ B)

o (1) > g1(1) if aut) < (), (resp. B'(2) > g1(1) if B(1) < (7)),
o (1) > ga(1) if au(t) = (), (resp. B'(2) > ga(r) if B(1) = (7)),
o (1) < () if () < a(2),  (resp. B'(2) < i (2) if B(r) < pia(1)),
o (1) < ha(t) if a(t) = (1), (resp. B'(2) < ha(2) if (1) = pia (1)),
lt€lab],

the problem (3.1)
o) < u(

Proof. We define

has at least one solution u such that, for al

<BQ@),  min{gi (1), g2(1)} < u'(1) < max{h (1), ha(1)}.

t

e(tu) = gi(t), ifu<p(r),
= &), ifu>wm(),
v(tu) = (), ifu<p(r),
= (1), ifu> (),

and consider the modified problem

where .
fltu,v) = f(tu, ot u), ifv<e,u),
= f(t,u,v), if @(r,u) <v
= flt,u,w(t,u), ifv>y(tu).
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The result follows by application of Theorem 3.5. [

We can obtain Theorem 3.3 as a Corollary of Theorem 3.5. For example, we define
Uy and h; in the following way. We set

max; f—min; o

= (t — ¢) + min; a(1), ifz € [c,d]

U2(r) = min, a(z), ift € la,cl,
- [ ’
= max, (7), ift€ld, b,

and we define Ay on [c, D[ as the solution of

Ri(1) = w()o(h (1) + 1),
hl(C) =M

and hy(t) = M on [a,c| where M > max{r, W} . Itis easy to verify that these

functions verify the required assumptions and to define similarly the other functions.

4. Application

In this section we extend [14, Theorem 2] to the boundary value problem

" +f (tyu,u’) =0,

u(0) = 0, u(x) = 0. (4.1)

To extend the assumption “the slope £ (;’”> is larger than the first eigenvalue A; when

u goes to zero and smaller than A; when u goes to infinity” used in [14], we consider
the piecewise linear problem

u” + Blu'| + Cu =0,
u(0) =1, u’'(0) =0,

where B, C > 0. The solution of this problem is positive on | —

I'(B,C) = \/ﬁtanh_l <—VB;f‘C> if B2 —4C >0,

= 4 tan_l(v4CBz) ifB>—4C <0,

\4c—p? B ’
4
B’

if B2 —4C =0.

Hence, if we use Theorem 3.2, [14, Theorem 2] extends in the following way with a
quite similar proof. Other results are obtained using Theorems 3.3 or 3.5.

THEOREM 4.1. Assume
(i) the function f :]0, [ xR] x R — R satisfies a Carathéodory condition and for
each compact set L C0,00[xR there exists k;, € </ such that, for a.e. t €10, 7|
and all (u,v) € L,
V(E u, V)| < kL(t);
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(ii) there exists By, C; > 0 with m > T'(By, C\) and, for any compact set K C 10, |,
there is € > 0 such that, fora.e. t € K, all u €1]0,¢] and v € R,

f(t,u,v) = Biv| + Ciu;

(iii) there exists By, C; > 0 with T < I'(By,C,), M > 0 and k € o such that, for
a.e. t €10, 7] and all (u,v) € M, c0[xR,

ftu,v) < Ba|v| + Cou + k(1);

(iv) for any compact set L C 0,00, there exist y € L} .(0,7), ¢ € €(R",R})
nondecreasing and r > 0 such that, for a.e. t €]0,n[, all u € L and |v| > r we
have

If (t,u,v)| < w()o(]v])

/°° ds
_2007

C|/ s)ds|) € L'(0, ),

and, for some C > 2,

where ®(u) = [ %

Then the problem (4.1) has at least one solution.
REMARK 4.1.  Assumption (ii) is equivalent to assume there exist By, C; > 0 and
a function a; € 6Z([0, #], R") such that:
(a) t€]0,m implies a;(7) > 0;
(b) f(t,u,v) = Bi|v|+ Ciu, forallz €]0, 7], 0 < u < a;(r), v € R;
(c) af(r) >0, forallt € [0,7/3] U [21/3,7].

Proof of Theorem 4.1. Step 1 — Construction of lower solutions. Decreasing B
and C; if necessary, we can assume that I'(B, C;) > m/3. Let a, be the solution of

u” + Blu'| + Ciu =0,
u(m/2) =1, u'(n/2) =0.

Observe that ay(§ — M) = a (5 + M) = 0 and ay(tr) > 0 for all ¢ €
15— F(Blz’q), 7+ F(BIZ’C‘) [. Consider the function 0;(f) = Azax(t), where A, is chosen

small enough so that, for a.e. r €] — F(BIZ’C‘>, 7+ F(BIZ’C‘> [,all 0 < u < ap(r) and

v € R, we have

f(t,u,v) = Biv| + Cyu.
Next, we choose a; from Remark 4.1 and let a;(z) = Alal(t), where A; €]0,1] is
small enough so that for some points 7 €]0, Z[, t, €]2Z, x[, one has :

(1) = op(r), forallz € [0,4]U [t, 7];
on(t) = oy(t), forallr e [t,1].
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Step 2 — Approximation problems. We define for each n € N;n > 1,

T . T
() = max{ﬁ,mln(t7 m— W)}7 t €10, 7]

and set

Fu(t,u,v) = max{f (n,(£), u,v),f (t,u,v)}.
We have that, for each index n,f, :]0, 7[xRJ x R — R is measurable in the first
variable, continuous in the two other ones and

Fult,u,v) = f(t,u,v), forall (t,u,v) € K, x Rj x R,
where

T T

Kn == [W7ﬂ' - W]

Hence the sequence of functions (f,), convergesto f uniformly on any set K x R} xR,
where K is an arbitrary compact subset of |0, 7.
Next we define

fa(t,u,v) = min{fi(t,u,v), - fult,u,v)}.
Each of the functions f; are defined on |0, 7[xR} x R and moreover
fl(t,M,V) 2f2(t,u,v) Z >fn(tau7v) >fn+1(t7uav) Z >f(t,M7V).

The sequence (f,), converges to f uniformly on compact subsets of |0, 7[ x R x R
since
fat,u,v) =f(t,u,v), forallr € K,, u € Rj, v € R.

Define now a decreasing sequence (e,), C Ry such that

lim e, =0,

f(t,u,v) = Bi|v| + Cu, forallr € K,,, u €]0,¢,], v € R,

and consider the sequence of approximation problems

' + fo(t,u,u’) =0,
u(0) = €, u(m) = e,

Step 3 — A lower solution of (P,). Itis clear that for any ¢ €0, ¢,]
f;l(ta Ca 0) >f(nﬂ(t)7 C7 0) 2 0
As the sequence (e,), is decreasing, we also have

fu(t,€,,0) = min fi(2,€,,0) > 0.

1<k<sn
It follows that o5(7) := €, is such that

o (1) + fu(t, 05(2), 04 (1)) = fult, €4,0) = 0.
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Step 4 — Existence of a solution uy of (Py) such that max(a, (t), 0 (1), €1) < ui(1).
From assumption (iii), we can find M > max(a (¢), 02(¢),€;) and k € o7 such that,
forall 1 €]0,n[, u € [M,00[ and v € R,

F(t,u,v) < Balv| + Cou + k(1).

Also, one has
F (), u,v) < Balv| + Cou + k(01 (1)).
Hence, we can write
S1(t,u,v) = max{f (N (1), u,v),f (t,u,v)} < Bo|v| + Cou + k(z),

where k(1) = max{k(r), k(max{Z, min(z, 2)}} . Choose 8 such that

B" + By|B'| + C2B + k(1) = 0,
B0) =M, B(r) =M,

and observe that 8 is well defined and bounded since k € < (see for example [19]).
It is easy to see now that

B" +f1(t,B,B) < B" + BalB'| + C2f + k(1) = 0.
By Theorem 3.2, we know that there is a solution u; of (P;) such that
max(cy (1), 0a(t), 1) < ui(r) < B(2).

In fact, max(oy (¢), 0a(t),€1) is a W>! -lower solution of (P;),

it u, )] < () (W (2) + w(m(2)))

and for e such that ﬁ <C,

e / () + wim()ds) <] /'w<s>ds|+2 / w(m(s)) ds|)

< (=0 (| [ wds) +eo ' (] [ wim(s)as)
< (-9l [y +@ 'l [ wime)as)
Hence, ®~ 2|f )+ w(ni(s)))ds|) € L' (a,b).

Step 5 — The problem (P,) has at least one solution u,, such that
max (o (1), 0o (1), €x) < n(t) < up—1(2).

Let us notice that u,_; is an upper solution of (P,). The claim follows by Theorem
3.2.
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Step 6 — Existence of a solution of (4.1). Consider now the pointwise limit

i(t) = lim u,(1).

n—oo

It is clear that, for any n > 1 and all ¢ €]0, 7|,
max(a (2), 0a (1)) < i(t) < un(2).

Let now K C 0, 7| be a compact interval. There is an index n* = n*(K) such that
K C K, forall n > n* and therefore for these n > n* and t € K,

0= u;,’(t) +fn(t7 un(t)7u:z(t)) = u;,’(t) +f(t7 un(t)7u;z(t))'

Hence the function u, is a solution of the equation in (4.1) for all + € K and
n > n*. Define a(r) = max,{c(¢),(r)}. Let ¢ and yw be given by assumption
(iv) corresponding to L = [min,cx 0(t), max,cx B(¢)] . By Proposition 3.1, there exists
h e LY(0,7) N%(]0, ) such that, forall + € K, and n > n*, |u,(2)| < h(z).

Observe now that, for some k € L'(K), fora.e. t € K, all u € [o(t), u,~(t)] and
[v| < h(z), we have

If (t,u,v)| < k().
Then by Arzeld-Ascoli theorem it is standard to conclude that @i is a solution of (4.1)

on the interval K. Since K was arbitrary, we find that & € W,.!(]0, z[,R) and, for
all 1 €]0, 7,

Since

it remains only to check the continuity of i at t =0 and t = 7.
Let € > 0 be give. Take n. such that u, (0) < e. By the continuity of u, () in
t = 0, we can find a constant § = §, > 0 such that

0 < u, (1) <e forany 0 <t < 4.
Hence, we obtain
0 <i(t) < u(t) <e forany0 <t < 9.

The same argument works in proving the continuity of #(7) at t = . O

REMARK 4.2. Using the results of [18] or [19], we can generalize Theorem 4.1,
assuming B;, C; are functions respectively in L!(0,7) and in </ but the condition
['(By,C1) < m < I'(By, C2) becomes less transparent. In that way we extend [33].
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