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AN INTEGRAL INEQUALITY

LASzLO HORVATH

(communicated by A. M. Fink)

Abstract. Inthis paper we consider a general integral inequality in measure spaces. Itis motivated
by some individual integral inequalities which have fundamental applications in the study of some
Gronwall type integral inequalities and the corresponding integral equations. The treatment of
the problem shows that the connection between these special integral inequalities is even closer
than what their proofs indicates.

1. Introduction

Let (X, </, 1) be ameasure space. Asin [4, 5], we say that the function § : X — &7
satisfies the condition (C) if

(C1) x ¢ S(x), x € X,

(C2)if y € S(x), then S(y) C S(x), x € X,

(C3) {(x1,x2) € X? | x2 € S(x1)} is u X u measurable.

In [4, 5] we studied Gronwall type integral inequalities and the corresponding

integral equations in measure spaces. The key to the treatment is the following integral
inequality.

THEOREM 1.1. (See [4]) Let (X, </, ) be a measure space, and let S : X — o/
satisfy the condition (C). If f : X — R is a nonnegative and W integrable function on

X, then
/ / /f(xl)...f(xn)du(xn) | dun) | duixn)
)

X S(Xl) S(anl

1
< — /fdu , n=273....
n!
X
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A special case of the previous theorem was considered by Fink [3], and it was
used to prove a Wendroff type integral inequality. Gronwall type integral inequalities
in higher dimensions and systems of multidimensional Volterra integral equations was
investigated by Beesack [1, 2]. The arguments depend on the next integral inequality.

THEOREM 1.2. (See [1]) Let I = {x e R’ |a < x < b}, andlet f : 1 — R bea
nonnegative and Lebesgue integrable function on I. Then

X

' n—1 X n
/f(t) /f a’t<1 /f , x€I, n=12,....
n

a

These two integral inequalities which provide the starting point for much of the
discussion in the above-mentioned papers, are particular cases of a general integral
inequality. This inequality is the main result of the paper. It contains the essence of
Theorem 1.1 and Theorem 1.2.

2. Preliminaries

Let N* denote the set of positive integers.

Throughout this section, (X, <7, 1) will denote a measure space, and S : X — &
will be regarded as a function satisfying the condition (C).

In what follows, <7 is a o algebra, and the u integrable functions over A € &/
are considered to be almost measurable on A. The n-fold product of (X,.o7, u) is
denoted by (X", /", u"), and it is interpreted as in [4, 5].

The results of this section are technical preliminaries to the main theorem.

DEFINITION 2.1. (a) For A C X and n € N*, let
Hy(A) ={(x1,..., %) €X"|x1 €A and x; € S(xx—1), k=2,...,n}.
(b) For A C X and m, n € N*, let
Bun(A) = {(x1, - X X ts -+ s Xmgn) EX" T | €A, k=1,...,m
and  Xpy € S(xy), I1=1,...,n}.
LEMMA 2.1. (a) For each A € o and for each n € N*, H,(A) € o/".
(b) For each A € o and for each m, n € N*, B, ,(A) € o/™".

Proof. (a) See [4], p. 185.
(b) Suppose first that m = 1. Since B;;(A) = H»(A), the case n = 1 being part
of (a). Let n € NT such that the result holds, and let

h: Xn+2 - Xn+27 h(xh s aanrZ) = (x17xn+2ax37 s 7xn+lax2)-
Then
Bl,n+1(A) = (Bl’n(A) X X) N {()Cl, A ,xn+2) e x"t? ‘ Xp42 € S(xl)} =



AN INTEGRAL INEQUALITY 509

= (B14(A) x X) Nh(Hz(x) x X"),
and hence, by the induction hypothesis, By ,11(A) € &' +0+1)
By combining this with
Bun(A) = A" ' x By ,(A), m>1, ne&N"
we obtain the result. [J
We now introduce the important notion of the set V;, _;,(A).

DEFINITION 2.2. (a) Foraset A and n € NT, let D,(A) be the n-fold Cartesian
product of A.

(b) For A C X and n € Nt weuse C,(A) to denote either H,(A) or D,(A).

Letne Nt L eNt i=1,...,n,andletp=1;+...+1,.

(C) For (x(1,1)> ces X)X e 7x(n,1,,)) € XP,let x; = (x(i,1)7 . 7)6(,-’11.)) S
Xii=1,...,n.

(d) For A C X, Vj,,.1,(A) means one of the following sets

,,,,,

{(xl, R ,x,,) e X | x1 € Cy (A) and x; € C]k(S(X(k,17lk71>)), k=2,.. .,n} .
The integer /; is said to be H-type (D-type) if C;,(-) = H;;(+) (C;(+) = Dy (1)) .

REMARK 2.1. If [; and [;;; are H-type, then

Vi A) = Vi b it die,dn (A).

LEMMA 2.2. Foreach A € &/, V. 1,(A) € &P.

44444

Proof. We argue by induction on n. Since V;,(A) = H;,(A) or V,(A) = Dy, (A),
the case n = 1 follows from Lemma 2.1(a). Suppose n € Nt for which the result
holds, and let ; e N*, i=1,...,n+ 1. If I, is H-type, then

Vipotnin (A) = (Vi .0, (A) x X0y 0 (X1 % Hy, 40 (X)),

In+1 2eees)

while if [,y is D-type, then

44444

and therefore the result follows from the induction hypothesis and Lemma 2.1. [

We now introduce some additional notions. Their signficance is given primarily
by the main theorem.

DEFINITION 2.3. We considera set V;, _;,(A), where A C X.
(a) Let I, .4, denote the set of indices

(L), (L) (11), e (1))

with the total ordering relation (i,7) < (k,/) defined to mean that either i < k or i = k
and j < [.
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The set of the permutations of I, . ;, is denoted by P, .
(b) We say that the permutations 7 € P, and T € P, are equivalent if for every [;
with type D,
fi(n(i, 1)) = 7(i, 1), ... fi(= (i, i — 1)) = (i, [ = 1),

where f; is the unique order preserving function from ({x(i, 1), ..., m(n,1,)}, <) onto

({T(i> 1)7 LI} T(}’l, ln)}> <) .
It is clear that this is an equivalence relation on P, which is denoted by E'.
(c) Foreach m € Py, let hy : XP — X,

hﬂ'(x(l,l)7 ct ax(l,ll)? st 7x(n,1)7 ct a-x(n,ln)) = (-xﬂ(l,l)7 ct axﬂ(l,l1)7 ct 7x7l'(n,1)a st 7x7r(n,ln))~

LEMMA 2.3. We consider a set Vy, . ;,(A), where A C X.
(a) Let 7, T € Py, let T be equivalent to T under E, and let

(i,j) = min{(k,[) € I, ...;, | (k1) # T(k, D)} .
Then either I; is H-type or l; is D-type and j = ;.

n
(b) Each equivalence class corresponding to E has || ¢; elements, where
i=1

Ci=7T——
(i1 + ...+ L)

if iisH—type (fori=n, c,=1,),
and
ci=l+lg+...+L ifiisD—tye (fori=n,c,=1).

Proof. These two results follow immediately from the definition of the equiva-
lence relation E. Computation of the number in (b) is based upon easy combinatorial
considerations. [J

LEMMA 2.4. We consider a set Vy, . ;,(A), where A C X.
Let (x1,...,%,) € Vi,1,(A), and let (i,j), (k1) € 1,4, with (i,)) < (k,0). If
either ; is H-type or I; is D-type and j = I;, then S(x(;)) C S(x(i))-

Proof. We first assume that k = i. Then j < [, so that /; is H-type, and hence
X(i 1) S S(X(,-J,l)), ce X(ig1) S S(X(,-J>).
It therefore follows from the condition (C2) that
S(xin) CS(xi—1)) C ... CS(xj1)) C S(xiy)-

Suppose now that i < k and [; is H-type. Then we can show, as above (using the
definition of V}, _;,(A)), that
i. if I is H-type then

S(x(k,l)) C S(x(k,l—l)) cC...C S(x(k,l)) C S(x(k—l,lkfl)) cC...C S(-x(i,li)) cC...C S()C(,J)),
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ii. if Iy is D-type then

S(x(k,l)) C S(x(k—l,lk,l)) c...C S(x(i,li)) Cc...C S()C(,-J)).

Finally, let i < k, and let /; be D-type and j = [;. In this case we can use what
we have already proved and the remark that x(;;11) € S (x(,-7ll.>) implies S (X(i+1,1)) C

S(x(i,l,-)) .
The proof is complete. [

3. Main results

By using the notions of the set V;, _;,(X) and the equivalence relation E, we are
now able to establish the following integral inequality.

THEOREM 3.1. Let n € N*, ; e Nt, i=1,...,n,andlet p =1, + ...+ 1,.
Let f : X — R be a nonnegative and UP integrable function on X?, and suppose that

there exists an equivalence class Q corresponding to the equivalence relation E such
that for each mw € Q, we have f o hy = f . Then

where |Q| means the number of elements in Q (see Lemma 2.3(b)).
Proof. First we show that if 7, T € Q and 7 # 7, then
he' (Vi (X)) N1 (Vi (X)) = @
Suppose on the contrary that

(Xa(L,1)s - > Xm(10)s - - - s Xr(n1)s - - - () € Vit (X)

and
(x‘r(l,l)> s X (L) - - XT(ngl)s - - - 7x1(n’ln>) S VZl;mJn (X)
Let
(i,j) = min{(k,]) € I, .4, | w(k,1) # T(k,])}.

By Lemma 2.3(a), either /; is H-type or /; is D-type, and in the latter case j = I;. There
exists (k,I) € I, .4, for which (i,j) < (k,I) and n(i,j) = t(k,l). Let (k,I)~ be the
largest index < (k D) (k) = (k,1—1) or (k—1,lk_1), depending on whether
1 <1< orl=1). Wedistinguish two cases by the type of [; and the form of
k1)~

| )Case 1. If Iy is D-typeand (k, 1)~ = (k,
Since (i,j) < (k—1,1—), it follows that (i,

I—1),thenweset m(s,t) = T(k—1,1;_1).
J) < (s,1), and therefore, by Lemma 2.4,

Xn(ij) = Xt(k)) € Sek—15_,)) = S(n(s0) C S(xa(ij)),

and this contradicts the condition (C1).
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Case 2. For the remaining three possibilities, we set (s, 1) = 7((k,I)~). Since
(i,7) < (k, 1)~ , it follows that (i,j) < (s,1), hence, again by Lemma 2.4,

Xa(ij) = Xe(k,1) € S(Xr((k,zr)) =S (xn(s,,)) cs (xfr(iJ))v

contrary to the condition (C1).
By the transformation theorem for integrals, we have

/ fau’ = / f o hzdp?

for every 7 € P,. Further, since f is nonnegative and f o h; = f foreach m € Q, it
follows from the first part of the proof that

0] - / fdwr =" / o hpdy? =

and this is the required result. [

REMARK 3.1. (a) The constant @ in the theorem above is the best possible. The
following example illustrates this.

Let X = [0,1], let o/ be the o algebra of Lebesgue measurable sets in X, and
let u be the Lebesgue measure on &7 . If S: X — o, S(x) = [0, x[, then the function
S satisfies the condition (C). It now follows by an easy induction argument on n that

for arbitrarily chosen Vj, ;. (X).

(b) Let (X,.«, 1) be the measure space described in (a), and let S : X — & be
the function of (a). We consider the set V;, ;,(X), where [; =2, I =1, [; is D-type
and [, is H-type. Let f : X> — R, f(x,y,z) = x> + y*z*>. Then the quotient class of
P3 by E has three elements, and

0 =A{((1,1),(1,2),(2, 1)), ((1,1),(2,1),(1,2))}
is the only equivalence class such that f o h; = f foreach 7 € Q.

We note explicitly the case of Theorem 3.1 in which the function f has a special
form.
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THEOREM 3.2. Let ne Nt e Nt i=1,...,n,andletp=1 +...+1,. If
g : X — R is a nonnegative and W integrable function on X, then

p

1
/ gX---ngupi@ /gdu )
X

where Q is an equivalence class corresponding to the equivalence relation E.

REMARK 3.2. Suppose that the hypotheses of the previous theorem are satisfied.
When n =1 and [; is H-type, we can use Theorem 3.2 to obtain Theorem 1.1.

Similarly, when n =2, [; = 1, [} is H-type and [, is D-type, Theorem 3.2 gives
the following inequality

h bl
1
d, d < d, ,
[ e | [etn| |duto< 2| [ san
X S(x) X
which includes Theorem 1.2.
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