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AN INEQUALITY ON WEIGHTED ORLICZ SPACES
FOR A VECTOR-VALUED EXTENSION OF THE
HARDY-LITTLEWOOD MAXIMAL OPERATOR ON S" AND P"(R)

BENJAMIN BORDIN AND SERGIO A. TOZONI

(communicated by L. Maligranda)

Abstract. Partitions of the sphere S and of the real projective space P"(R) are constructed
and are applied to study inequalities on weighted Orlicz spaces for a vector-valued extension of
the Hardy-Littlewood maximal operator for functions with values in an UMD Banach space.

Introduction

The boundedness of the Hardy-Littlewood maximal operator on weighted L7
spaces and for real-valued functions defined on the unit sphere S”, on the real projective
space P"(R) and on more general spaces, was studied in Calderdn [4], Macias-Segovia
[9] and Aimar-Macias [1]. The boundedness of this operator on weighted Orlicz spaces
and for real-valued functions on S" was studied in Kazaryan [7].

C. Fefferman and E. M. Stein introduced in [5] a technique to study the Hardy-
Littlewood maximal operator. The dyadic decomposition of R” is used as a fundamental
tool in this technique. The idea is to obtain an integral estimate for the dyadic maximal
operator and then, by a transference method, to obtain an integral estimate for the
Hardy-Littlewood maximal operator. This technique was applied e. g. in Bourgain
[2] and in Tozoni [12] to study integral estimates for vector-valued extensions of this
operator and in Sawyer [11] and Ruiz-Torrea [10] to study weighted integral estimates
for others maximal operators.

In Section 1 we construct partitions 7", k > 0, of §” which induce partitions of
P"(R), similar to the dyadic partitions of R” and we prove several properties of these
partitions. To construct our partitions we use induction on n and we consider S' with
the usual dyadic partitions. The elements of the partitions are obtained making use of
spherical coordinates.

We give below a geometric rule to build the partitions 7> of the sphere S°.

The elements of @7} are eight geodesic triangles. All of them have their sides
on the equator line and on meridian lines, and all of them have one of the poles
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1 =(1,0,0) and —1 = (—1,0,0) as a vertex. If Q,Ql € /7, them there exists a
rotation u € SO(3) such that Q' = u(Q).

The elements of <72, are obtained dividing the elements of *. The elements
of Qf}f, k > 2, are geodesic triangles and geodesic rectangles. In each szkz, k>2,
there exist exactly eight geodesic triangles. Now we give a rule to obtain the elements
of @2, dividing the elements of .27 .

Let Q be a triangle in szkz, k > 2, let By and B; be the middle points of the
sides of Q which are on meridian lines and let B3 be the middle point of the side which
is parallel to the equator plane. Let B;B, be the geodesic segment joining the points
By and B; and let B4 be the middle point of this segment. Then Q is the union of a
geodesic triangle Q; and two geodesic rectangles O, and O3, all in ,;aszﬂ , which are
obtained when we divide Q using the geodesic segments BB, and B3B;.

Now, let Q be a geodesic rectangle of 7 2, k> 3,and let C; and C, be the
middle points of the sides of Q which are on meridian lines and let C3 and C, be the
middle points of the sides of Q which are parallel to the equator plane. Then Q is the
union of four geodesic rectangles Q1, Q», O3, Q4 in Qf}il , which are obtained when
we divide Q using the geodesic segments C;C, and C3Cy.

In Section 2 we show that the partitions constructed in Section 1 can be used to
introduce the technique of Fefferman-Stein in the case of S” and P"(R). Applying
this technique we prove a weighted integral inequality for a vector-valued extension of
the Hardy-Littlewood maximal operator for functions with values in an UMD Banach
space. With this result we obtain the version for S” and P"(R) of the estimates for the
Hardy-Littlewood maximal operator proved in [5, 2, 12] and a vector-valued extension
of aresult in [7].

We point out that the natural dyadic partitions of S" are not good enough to build
the theory and to prove the results in Section 2. The problem occurs as consequence of
the failure of the relation dyadic-nondyadic given in the condition (b) of Theorem 1.1.

1. Dyadic Partitions of S” and P"(R)

In this section we construct partitions 7" of the unit n-sphere " in R"*!
proceeding by induction on the dimension n. These partitions induce partitions of the
real projective space P"(IR). The main result of this section is Theorem 1.1. To prove
Theorem 1.1 we need three lemmas where we obtain properties of the partitions 7" .

If x € R", we write |x|, = (x-x)'/?, where x -y is the usual scalar product of
x and y in R” and thus 8" = {x € R"™ : |x|,;; = 1}. We denote by SO(n + 1)
the group of proper rotations in R"*! and by du the normalized left Haar measure on
SO(n+1). If x € §" and £ > 0, we denote by B,(x,¢) the intersection of S with
the closed ball in R"™! with center x and radius /.

Let 2, = [0,27] and for n > 2 let 9, = [0,7]"~! x [0,27]. We define the
application &, : 9, — S" by &,(01,...,6,) = (x1,...,X,11) Where

i—1 n
x; =cosby, x; = cos@il_[sinej7 2<i<n, Xy = Hsin@_,-.
Jj=1 Jj=1
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We observe that, if 6 = (6,,...,6,) and 6’ = (6,,...,06,), then
£.(0) = (cos Oy,sin 0; &,_1(0)).

The Lebesgue measure of a measurable set A C S” will be denoted by o(A). If G is
a measurable set in &, we have that

0(&,(G)) = / sin"~1 @, ...sin6,_,d0,
G

where d6 = d0, ...d6,. We write », = o(S").
Now, for integers k and j with k > 0 and 1 <j < 2k et IJ{‘ denote the dyadic
interval [(j — 1)2 %!z, j27%*17r) . We define

Gl ={If 11 <j <2,

95 ={[0,7]""" x [0,27)}, n > 2;

9t ={[0,7/2) x [0,27), [1/2,7] % [0,27)};

g ={[0,7/2) x [0,7)" > x [0,27), [7/2, 7] x [0,7]""* x [0,27)}, n > 3.
For n, k > 2, we define the family ¢, using induction on 7, as the family formed by
the sets

0,27 1) x [0,7/2)" ", [m— 27", 7] x [0,7/2)" ",
0,277y x G, [m—27"m m) %G,

where G € %”*1, G # [0,7/2)""!, and if k > 3, also formed by the sets
k k
I x G, Izk,_j+1 X G,

WhereGE%”’l, 3<r<kand 2“3+1<j<2r’2. Forn > 1 and k£ > 0 we
define
A ={&(G):Geqy, o =]
k=0

Foreach k > 0, & is a partition of §", and, forevery Q € &/, |, k > 0, there exists
Q' € ", suchthat Q C Q.

Let Q| = 5,1(1}c x G) and Q, = én(lgk,lij o X G) two elements of <", where
G € 9"!. Then there exists u € SO(n + 1) such that u(Q;) = Q». As consequence
of this remark, it will be enough to consider in the proofs of the results of this section,
only the elements of the type QO .

If #F denotes the number of elements of a finite set F', then we have that #,dkl =2k
forall k >0, #o = 1, #' =2, #/y = 2""! and for k > 3,

k
#%n — 2(#%n71 + er—S#%n—l).
r=3
LEMMA 1.1. (@) Let n > 2, k> 1 and Q1 = &,(G)) € &, 0y = &,(Ga) €
A, such that Oy C Q1. If Gi = I} x G with G| € 4", then G, = I? x G,
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with i € {1,2} and Gy € 9" If k > 2 and Gy = If x G} with G} € 4" and
2 < r <k, then Gy = IF' x Gl where i € {2j — 1,2j} and Gy e @' U@ if
J_1andGze£4,”Hl if2<j<22,

b)Letn>1, k>20and Q € &". If k=0, then Q is the union of 2 elements
of &', and if k = 1, then Q is the union of 2" elements of <7;'. For k > 2, Q is the

union of, at least n + 1 and at most 2", elements of 27" | .

Proof. Let us prove (a). It is trivial for k = 1. Consider k > 2 and let i and s
such that Gy = If*! x G, Gy € 4" Since I} = Ik“l Ulk+1 and G, C Gy, then
ic€{2j—1,2j} and G5 C G|. If r=2,then i € {1 2} andhence se{2,3}. If
r>3,then224+1<i<2'andhence s=r+1.

Now, let us prove (b). Itis obvious for k = 0. We have that #.27)' = 2"~ (#,) =
2"+! and #4/" = 2, and hence we obtain (b) for k = 1.

We will prove (b) for k > 2 and n > 1, using induction on n. It is obvious
that (b) is true for n = 1. Now, suppose that any element of Jkan_l is the union of at
least n and at most 2"~ ! elements of Jkaerl Jforall k > 2. Let Q) = §,(Gy) € &,
Qz—én(Gz) e£27+1WlthGl—IkXG/l,G/Egnl 2 <r<kand G, =
I x Gy, Gy e g1, < k+ 1 and suppose that Q> C Q;. If j = 1, then
it follows by (a) that i 6 {1,2} and G, = G fori=1, G, € 4! for i = 2.
Therefore, by the induction hypothesis, we can conclude that Q; is the union of g + 1
elements of the type Q,, where ¢ is aninteger, n < g < 2"~ '. If j > 2, then it follows
by (a) that i € {2j — 1,2j} and G, € ¥",'. Therefore, by the induction hypothesis,
we can conclude that Q) is the union of 2q elements of the type Q,, where ¢ is an
integer, as above. [

It follows by the above proof that the elements of 7> are unions of 3 or 4 elements
of Jkaerl if k>2,4if k=1 and 2if k = 0, and the elements of 42%,3 are unions of 4,
5, 6 or 8 elements of ,d,fH ifk>2,8ifk=1and2if k=0.

LEMMA 1.2. Letn> 1, k>0, § =27 r, § = (1 +272m)2 " 'n and
8¢ =2""*nm for n > 3. If Q € ", then there exists x € Q such that Q C By(x,8}').

Proof. If Q € o', then Q = §" = B,(x,8)) forany x € §". If Q € &7]", then
Q is a half of the n-sphere S". Therefore, since 9§ > V2, there exists x € Q such
that O C B,(x,9}").

We will prove the lemma for £ > 2 and n > 1, using induction on n. The proof
is trivial for n = 1. Now, suppose that the lemma is true for n — 1.

Let 0 = &(G) € @', where G = I¥ x G', with G’ € 4" if j = 1 and
G edrlif2r34+1<j<272,3<r<k. Weset p =2 % 1g t=2"klg
and g =27l If j=2""3 4 and 1 <i<273, then ¢ = mt/4o + it and

0 = {(cosOy,sin6 &_1(6"):¢9—1<6,< ¢, 0 G}

It is enough to consider i = 22, thatis, ¢ = mt/2c. Let Q' = &,_1(G’'). Since
Q' € &/"!, it follows by the induction hypothesis that there exists X' € Q' such that
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Q' C By1(*,8"1). If 0 = (6,,0') € G, then x = (cos ¢, sing x'), &,(¢,0) =
(cos ¢, sing &_1(0")) and &,(0) = (cos ¢1,sin 6y &,_1(0)) are in Q and
|§n(9) - gn(‘Pa 9/)|n+1 :((COS 91 — COos ¢)2 + (Sin 91 — sin ¢)2|§i171(9/)‘3)1/2
=1¢1(61) — &i(9)2 < 1

and
‘5?1((})7 9/) 7x‘n+1 = Sin¢ |§nfl(9/) - xl‘n g Sin¢ 5;171'
Therefore
‘él(‘l)) = X[n11 <|§n(9) - éﬂ(‘Pa 9/)‘n+1 + |§ﬂ(¢a 9/) = X[n11
<t+ 981 < 5

Then &,(0) € B,(x,0]) forall 6 € G, thatis, O C B,(x,8). O

LEMMA 1.3. Letn>1, k>3, Gi =15, x...xI5 ., xI{ € 4, O} =
E(GY), ok = (m)2 —27Fn, ... m)2 —27*r, 27Fn) € @, X = (oK) and
pp =2U=m/2(2 — 2cos27*m)'/2. Then B,(x"*,p}) C OF.

Proof. Suppose that y = &£,(0,,0") ¢ Q} . If 0, ¢ I’;,Hz , then

|y — X1 =((cos 8 — cos o")? + (sin 6,&,_1 (60", — sin o [y~ 1,)2)1/2
=[&1(61) — & ()2
>(2 —2cos27*m)!2,
Now consider 0, € ngfz. Since y ¢ Q) , we have that 6’ ¢ G}~ and thus &,_;(0') ¢
2_1. If a;"k < 6, <7/2,let vi =sin Oc;"k &1 (oK) vy = sin af’kén,l(Q’) and
B = (sin 6; — sin o)/ sin o . Since B > 0 and |v;|, = |v2|,, we obtain

nfl,k)‘n

[y =21 >|sin 6 &1 (0') — sinaf* &, (o
=|Bv2 + (v2 = Vi)l
=2 — viln
=cos2 Fm |E,_1(0') — X", .

If /2 -27""1lg <0, < a;"k , then choosing conveniently v;, v, and § we obtain
ly — X" |ps1 > cos 27K |E,_1(0) — X1,

Therefore, from the above inequalities, we can conclude using induction on 7, that for
n>1and k>3,

ly — X[, >(cos 27 m)"=1(2 — 2 cos 27F ) /2
>20=m/2(2 — 2 cos27Fm) /2.

Then, if y ¢ QF, it follows by the above inequality that y ¢ B,(x™*, pr), that is,
Bn(x"’k,pz‘) cop. O

We are now in conditions of proving the main result of this section.
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THEOREM 1.1. For all n > 1, there exists a constant D,,, depending only on n,
such that:
@Ifk>0, 0 € 427” and Q, € 4, +1 with Q> C Qy, then

0(01) < D,o(02).
(b) Forall Q € ", k > 0, there exist x € Q and 0 < ¢ < 2, such that
Q0 C By(x,0) and
0(Bu(x,0)) < Dyo(Q).
(c) For all x € §" and all 0 < £ < 2, there exist k > 0, Q € ' and
u € SO(n+ 1), such that B,(x,0) C ( Q) and

0(Q) < D,6(By(x,1)).

Proof. We will prove (a) for the constant D,, = = 2"+1)/2 "ysing induction on 7.
The proofis trivial in the case n = 1, k > 0 and in the case n > 1,k = 0. Suppose that
(a)istruefor n—1 and k > 1. Let k >1,0 =¢&/(G) e 7, Qz &i(Gr) € A,
such that O, C Q. If G, = I]" x G}, G’1 € 9" 1, 1 <r <k, then it follows from
Lemma 1.1(a) that G, = I/*! x G, where i € {2j — 1,2/} and G, € 9"~ ' U "',
By the induction hypothesis we obtain

o(01) =0(&r1(G)) /Ik sin"~! 0,46, (1)

<" =V126(E, 1 (GY)) / sin"~! 0,d6;.
I*
J

Itis enough to prove (a) for i = 2j—1. If j > 2, taking into account that sin(¢+2~*7) <
2sint for 27%7 <t < /2, we obtain

/ sin"~ ! 9,d6, < 2" / sin"~! 9,d6,.
I* 1§j+11
! H

Now, since sin 2t < 2sint¢, we obtain

/ sin"_l 91d61 < 2”/ sin”_l 91d91.
I* I{C+l

1

Therefore, it follows from (1.1) that

G(Ql) < 2;1(;1+1)/2 (én I(Gz))/ il’l”71 910’61 — 2’1<”+1)/20'(Q2)-

k+1
I —1

Let us prove (b). The case n = 1 is true for D; = 1. Since the elements of .27’ and
/" are balls in S", we can suppose k > 2. Let n =2, k > 2 and Q = &(G) € 2,
where G =If x G',with G’ € 4} if j=1and G € 9" if 273 41 < <272,
3<r<k. Weset g =(j—1)275g, r=2""gand a =27 g If j =2~ 3—&—1
and 1 < i< 273, then ¢ = mt/4a + (i — 1)t. Considering ¢, 7 and o fixed,
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the element Q of smallest area is obtained when i = 1, and thus it is enough to
consider ¢ = mt/4a. By Lemma 1.2 there exists x € Q such that Q C By(x, 8?),
where 67 = (1 +272m)2 %"z, We have that 6(By(x,52)) = n(82)* < 4nr* and
0(Q) = a(cos ¢ —cos(¢ +1)). For j =1 we have

o(Ba(x, 8¢))

<2,
s 7
and for j > 2,
o(Ba(x, 82)) AP o\’ )
a(Q) < o(cos ¢ — cos( + 1)) < 16(sin q)) S4n

Now let n > 3 and k > 2. We will proceed by induction on n. Therefore let us
suppose that the result is true for n — 1. Let Q = £,(G) € &, where G = I]" x G,
with G’ € 9y ' if j=1and G € 9" ' if 273 +1<j<272,3<r<k,and
let ¢, 7 and o as before. Again, it is enough to consider ¢ = 7mz/40. By Lemma 1.2,
there exists x € Q such that Q C B,(x, §'), where § = 2""!t. For j = 1 we have

O(Bu(x, &)
o(Q)

Since /2 < sins < s for 0 < s < /2, then

2
<2"Dy_y.

Zn—l O+t

—[(p+1)"—¢"] < / sin" ! sds <

n—1
nr 0

[(¢+20)" —¢"]. (1.2)

SR,

Butfor 0 < ¢ < /2,

2 arcsin(¢/2)
S(Ba(x, 0)) = w1 / sin"~! sds
0

and hence

a),,,12"*1 W, 12"

" < 6(Ba(x,0)) < o (13)

I’lTL'n_l
Then it follows by (1.2), (1.3) and by the induction hypothesis that, for j > 2,

O+t
o(0Q) _o(inl(G’))/‘p sin"~! 0,d6,

2n—1
> B / Ssn—1 n__ 4n
/nan]ﬂfnil O-(Bﬂ 1(.X ’ Sr )) [(¢ + t) ¢ }
(1),1,22("71)("72)71 M1 [((P + l)” _ ¢n]

“n(n—1)D,_m"2 o1

and
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Therefore )
OB _ o W _ G
o(Q) @+ —=9¢" " n
Let us prove (c). Consider Q%, p? and x"* as in Lemma 1.3. We observe that
it is enough to prove (c) for 0 < ¢ < p%. Let u € SO(n + 1) such that ux™* = x.
Thus, it follows by Lemma 1.3 that B, (x,¢) C u(Q}) if p},; < ¢ < p} for k > 3.
Therefore, it is enough to prove that there exists a constant D,, such that

o(Q})
OB, (xmk, p/’fﬂ))

Consider n =2, k>3 andlet t = 2= ¥ Then

o(0?) 1 tsint
o(B2(x*,pF,1) w1 cos(1/4)

<D, k>3 (1.4)

< 11.

Now consider n > 3, k > 3, t = 27%*!z. Applying (1.2), (1.3) and the inequality
/3 <1 —cost, 0 << m/2,weobtain

o)) < #H (- G-« @y -

Oyt 27(n2+2)/2

noo\n n
—1 (pk+l) = nnn_lsn/z 4

and consequently we obtain (1.4). O

REMARK 1.1. In the proof of Theorem 1.1(b), the radius ¢ of B, (x,¢) is the same
for all Q € 2. Therefore, for any two elements Q;, O, € 2", we obtain

D, '0(01) < 6(02) < D,6(0Q1).

The above inequality shows that the measures of the elements of 7" are proportional
and the constant of proportionality depends only on 7.

REMARK 1.2. Consider the equivalence relation A in §" defined by: xAy & y =
xory = —x. Then P*(R) is the quotient space S"/A = {X: x € S"} where ¥ is
the equivalence class {x, —x} of x € §". Let y be the projection map from S" onto
P'(R), w(x) = x. If A C S" then we can identify the subset A = y(A) of P"(R)
with the subset AU —A = y~!(A) of $". Letus denote by 6 the image measure of o
by v, thatis, 6(B) = o(y~!(B)) for all Borel subsets B of P"(R). For k > 1 we
define

A ={0=v(Q): Qe I}
We point out that, if we show that —Q € & forall Q € &/, k > 1, then it will be
easy to check that QZf is a partition of P"(R) and that, all the properties of the partitions
" of S" also hold for the partitions 7" of P"(R), in particular the conditions (a),
(b) and (c) of Theorem 1.1 hold for the same constant D, .
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We will show that —Q € & if Q € &/ using induction on n. It is obvious
that —Q € " if Q€ . I Q=&(IF x ID) € o2, j=1,2" and 1 <1< 4,
then — Q=& x 2) e g fori=2" ifj=1,i=1ifj=2"% u=1+2if
1<I<2andu=1-2if3<<I<4. Iszéz(IJ{(XIZr)GJZZ(" with 3 < r <k,
273 41 <j<272and 1 <1< 2, thensince —&(601,6,) = &(n— 01,6, — 7)),
we have that —Q = &I x IT) € @2 for i = 21 —j4+ 1, u =1+2"1if
LISy and =127 i 27 4 1 <IS YL IEQ =&, x 1)
we have —Q = &L(IF xI) € o for i =j, u=1+2"1if 1 <1< 2! and
u=1-2"1if 211 <12

Now suppose that —Q € 4" ' if Q € &', k > 1. Let Q = §,(G) € o
where G=If x G' with G’ € 4" if j=1land G € 9" if 273 +1 <j <272,
3<r<k. IfQ =&,4(G), then —Q' = &,_1(G*) where G* € 4" if j= 1 and
G*e9rVif2r341<j<27%, 3<r<k. Therefore —Q = 5,1((7z71}‘) xG*) =
E(IFx G*) el fori=21—j+1.

2. Vector Valued Maximal Operators

In this section X will denote a Banach space or a Banach lattice with norm || - ||
and with the UMD property (see [3]) and W will denote a positive integrable function
on S". Our reference for Banach space and Banach lattice is [8].

The definitions and results in this section will be enunciated and proved only
for functions defined on the sphere S”. By Remark 1.2 all the results of Section 1,
including Theorem 1.1, also hold for partitions <7 of the real projective space P"(R).
As consequence all the results in this section will also hold for P*(R).

We denote by Lg’((W)7 1 < p < oo, the space of all measurable X -valued functions
f on S" such that

Fligon = ([ Wrerwivaow) " <o

The space L (W) is a Banach space with the norm || - || w)- For W =1 we write
W) =15,
Let 1 < p < oco. If there exists a constant C such that

(p—1)
1 / 1 / —1/(p—1)
- wdo | [ ———— W do <c (21
<G(Bn(x7€)) Ba(.0) ><G(Bn(x7€)) Bu(x.0) @1

forall £ > 0 and x € §", we say that W is a weight in the Muckenhoupt’s class
A, (S"). If W € A,(S"), we denote by C(p, W) the smallest constant C that satisfies
(2.1). Now, if there exists a constant C such that

(ﬁ/QWdCO <@/QW1/<”1>516> Y <C, (2.2)
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forall Q € /", we say that W is a weight in the class A,(=/"). The class A (S")
(respectively Ao (27")) is defined as the union of the classes A,(S") (respectively
Ap(/"))for 1 <p < 0.

Let f be areal-valued integrable function on $”. The Hardy-Littlewood maximal
operator and the dyadic maximal operator are defined at f respectively by

M) = s =z [ F0)ldoly)

and

MaF)) = sup —— [ IF()ldo(y)

xeﬂ%h O-(Q) 9

where the supremum is taken over all B = B,(t,¢) with £ > 0 and ¢ € S" such that
x € By(1,0).

LEMMA 2.1. Let D, be the constant in Theorem 1.1. Then, forall 1 < p < oo
all real-valued integrable function f and x € ",

Ap(S") C Ap("), (2.3)
Ma(f)(x) < DuM(f)(x). (2.4)
Proof. Let 1 <p < oo and W € 27,(S"). If O € o/", then by Theorem 1.1(b),

there exist # € Q and ¢ > 0 such that Q C B,(t,¢) and o(B,(t,¢)) < D,o
Therefore it follows by (2.1) that

(@/QWLZO‘) (ﬁ/QW”(””dG) <Dy Clp, W)

and for a real-valued integrable function f we have that

50 0ot < s [ o)

Consequently W € A, (/") and My(f)(x) < D,M(f)(x) forall x € §*. O

—~

0).

The next two results follow from martingale theory when we consider the increasing
sequence of o-fields (F)i>0, where % is the o -field generated by 27" .

THEOREM 2.1. ([6]). Let 1 < p < co. Then W € A,(a/") if and only if the
maximal operator My is bounded on Ly (W).

Throughout this section @ is a non-decreasing continuous function on [0, o)
with ®(0) = 0 and that satisfies the A, -condition, that is, there exists a constant ¢ > 0
such that,

D(24) < c®(A), A>0. (2.5)

The following result is an immediate consequence of Theorem 1.1(a) and of Remark
3.1in [12].
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THEOREM 2.2. Let W € Ao (/™) and let X be a UMD Banach space with a
normalized unconditional basis (e;)j>1. Then there exists a constant K, depending
onlyon X, ® and W, such that forall f = Zjoilfjej S L)l(,

k
[ @ sl mattiel | wao <& [ awuriwas. @)

k21 T

REMARK 2.1. Consider %,,, n > 2 with the usual dyadic partition, that is, for
k>1 let

GO = {1 x I < < 2N 1< <25

and
A = {£,(G) : G € 410,

Then Jkan’O is a natural partition of S" for each £ > 1. An easy calculation can
show that the condition (a) of Theorem 1.1 is satisfied for these partitions. Since
P = én(lgk,z X oee X Ié‘k,z) € %"’0, k > 3, then it follows by Lemma 1.3 that the
condition (c) of Theorem 1.1 is also satisfied.
We point out that the condition (b) of Theorem 1.1 is not satisfied for the elements
of ,dk"’o around 1 = &,(0,0,...,0) = (1,0,...,0). In fact, consider Qy = &,(I¥ x
-x I¥) and @, = &,(27%"'7,0,...,0). Suppose that Oy C B, (xx, 7). Then 1,
ar € By(xx, i) and hence

1 1 1/2
Tk > E‘]l —ak|n+1 = 5(1 — COSZ_kJrlTL') = £k~

Applying (1.2), (1.3) and the inequality >/3 < 1 —cos?, 0 <t < 7/2, we obtain
(1),1,12("71)/2

—k+1_\n
nm—13n/2 2 TE)

C)'(Bn(Xk, rk)) 2 O-(Bn(xkagk)) 2

and
1 —k+1 \n(n+1)/2
o(Qk) < p} 2™ m) :

Therefore we have that
lim O'(B,,(xk, rk)) _
k—oo 0(Qk)
and thus the condition (b) of Theorem 1.1 is not satisfied in this case.
Since the condition (a) of Theorem 1.1 hold, then the results of Theorem 2.1 and
Theorem 2.2 also hold in this case, but the relations (2.3) and (2.4) in Lemma 2.1 don’t
hold as consequence of the failure of the condition (b).
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THEOREM 2.3. Let W € Ao (S"), let X be a UMD Banach space with a normalized
unconditional basis (e;)j>1 , and suppose that ® is a convex function. Then there exists
a constant K, depending only on X, ® and W, such that

/S” <D<sup I Zk:M(fj)ejll)Wdcr < K/sn O(M(|f||))Wdo (2.7)

k21T

forall f = Zjoilfjej € LY. Moreover, if 1 <p < oo, W € A,(S") and f € L5 (W),
then Z]O:l M(f;)e; converges in I (W) to a function M(f) and the operator M is
bounded on L5 (W).

Proof. We observe that X is a Banach lattice with absolute value |ZJ xjej| =
> xilej. Let f = 377, fie; € Ly and let us denote

k
:ZM(fj)( Y)€js Md(f ZMd(fj
j=1

Let x € " and B = B,(t,£) such that x € B. It follows by Theorem 1.1(c) that,
there exist Q € &/" and u € SO(n + 1), such that B C u(Q) and o(Q) < D,o(B
Therefore

7 0ot < / [/ ()ldo0)

(uz)|do(z)

<DMy(f o u)(u~'x).

Integrating both sides of the above inequality on SO(n + 1) and with respect to the
Haar measure du, we obtain

L Vy(f o u)(u™ ' x)du
5y Lot <ou [ i ow

and thus

M(f)(x) < D, / My(f o u)(u~"x)du. (2.8)
SO(n+1)

Since W € A (S"), we can choose 1 < p < oo such that W € A,(S"). Then, it

follows by (2.1) that Wou € A,(S") and C(p, Wou) = C(p, W) forall u € SO(n+1).

Therefore it follows by (2.4), (2.5), (2.6), (2.8), by Jensen’s inequality and Fubini’s
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theorem that,

[ s @ wedot) <
Vi —1
< /S P <Dn /S S [My(f o u)(u x)||du> W(x)do(x)

<t /sn @ (/ My (f o u)(u™ x)|du> W(x)do(x)

/ / (| Ma(f o )(u")]) W (x)dudo(x)

NG SOn+1

= [ s W o utdo s
o(n+1) Jsn

<k [ 0l o)W o utdotya
SO0(n NG

b ou ou u
< Ke / [ @@ oy o)w e uaota

K2 o ulD (= SN W\ do () du
/so 1) /sn M(Jlf o ull)( ))W(x)do(x)d

where b is the unique integer satisfying 2°=! < D, < 2°. But M(||f o ul|)(u~'x) =
M(||f]])(x) and hence we obtain

| @U@ Do) < & [ oua(lf ) Widot).  (29)

Now, let f = >2° fie; and f* = Zjl;lfjej, k > 1. Since (2.9) is true for all
¥ k > 1, it follows by the Monotone Convergence Theorem that (2.7) is true.

Finally, let 1 < p < 0o, ®(r) =#, W € A,(S") and f = 3 7, fie; € Ly(W).
Then by (2.7) we obtain

l+m l+m

1D~ MEDellg ) < K IMATY freilDlz oy

j=t j=t

for all positive integers ¢ and m. But the operator M is bounded on Lf (W) (see [,
4, 9]) and hence

l+m l+m
Ne: < K’ Py
[ E e M(Feill i w) <K' E [:fJeJHL';’((W)
j= j=¢

From the above inequality we can conclude that > M(f;)e; converges in Ly (W) to
a function M(f) and that the operator f +— M(f) is bounded on L4 (W). O

REMARK 2.2. Let X be a Banach lattice of real-valued measurable functions on a
o -finite measure space (Q,.%, u) with the UMD property. Let us denote by 7 (X)
the set of all functions of the type f = Zj;l a;f; where a; € X, f; € Ly, k> 1.



598 BENJAMIN BORDIN AND SERGIO A. TOZONI

We have that 7 (X) is dense in L§ for 1 < p < co. For f € J(X) we define

Ma(f)(x) = sup / F 0)ldo()

XGQ 6

and
M) () = sup —s / £ 0)ldo()

where the supremum is taken over all B = B,,(t7 £) with ¢ > 0 and t € §" such that
X € B,(1,0).
It was proved in [12] that, if W € Ao (27"), there exists a constant K such that

/‘D(Wd(f)ll)WdaéK/ OMa(lf 1)) Wdo
s s

forall f € #(X). Then, if W € A (S"), we can obtain the inequality (2.9) for the
operator M instead of M and for f € J#(X).
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