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PERTURBATION BOUNDS FOR CERTAIN OPERATOR FUNCTIONS
JASPAL SINGH AUILA

(communicated by B. Mond)

Abstract. Some inequalities for norms and spectral radius involving operator monotone functions
have been obtained. Lieb’s concavity for trace of certain function has also been considered in
general form.

1. Introduction

In what follows, H denotes a finite dimensional Hilbert space. .2 (H) is the space
of bounded linear operators on H, while .Z, (H) is the cone of positive semidefinite
operators on H and &(H) is the cone of positive operators on H. Let I,J be intervals
in R. .#;(H) will denote the set of all selfadjoint operators in .2’ (H) whose spectrum
in contained in 1. For an operator A € .Z(H), spec(A) denotes the spectrum of A.
The trace of an A € .Z(H) is denoted by tr(A). A real valued function f defined
on an interval [ is called operator monotone on [ if for A, B € .%;(H) with A > B,
we have f(A) > f(B), where f(A) is defined by familiar functional calculus. A real
valued function f defined on an interval [ is called operator concave on [ if

fAA+ (1 =21)B) = Af (A)+ (1 = A)f (B)

forall A,B € .;(H) and 0 < A < 1. A function f on I is called submultiplicative
(respectively supermultiplicative) if for all x,y € I

[ () <F()f () (respectively f (xy) = f (x)f (v))

whenever xy € I. In Section 2, we shall obtain some inequalities for spectral radius
involving operator monotone functions. A general class of functions which contains
operator monotone functions is also considered in this section. Some inequalities for
norms for functions in this class have been proved. In Section 3, we consider Lieb’s
concavity theorem in general form.
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2. Inequalities for Spectral Radius and Norms

The spectral radius for an A € .2 (H), is denoted by spr(A) and is defined by
spr(A) = sup{|A| : A € spec(A)}.

If A is normal, i.e., AA* = A*A then spr(A) = ||A||, where || - || is the operator norm
on Z(H). Anorm ||| - ||| on .Z(H) is called symmetric, or unitarily invariant, if
[IAlll = |||lUAV]|| for all A € Z(H) and all unitary operators U,V € .Z(H). The
operator (spectral) norm | - || on .Z(H) is such a norm. In [5,8], it is proved that for
A,Be ZH),
SPrAE) < (spr(AB))° (1)
and
14°B°|| < [|AB]* (2)

is operator monotone on

forall 0 < s < 1. The function f(x) = x*, 0 < s < 1 i
€ Z(H) and for all positive

(0,00). Thus one might conjecture that for all A, B
operator monotone functions f on (0, 00)

spr(f (A)f (B)) <[ (spr(AB)) 3)

and
I (A)f (B)I| < f (IAB])). )
However, this fails. Observe that if either of the inequalities (3) or (4) is to hold, then
the function f must be supermultiplicative. Since an operator monotone function need
not be supermultiplicative, the inequalities (3) or (4) need not be true for an operator

monotone function in general. In this section, we shall prove suitable generalizations
of inequalities (1) and (2).

THEOREM 2.1. Let f be a positive operator monotone function on I = (0,00).
Let A,B € Z(H) and spr(AB) < 1. Then

spr(f (A)(F (B™) ' < 1.

Proof.

spr(AB) < 1 = spr(B'/?AB'/?) < 1
— BY2AB2 <1
— A<B!
= f(A) <f(B7)
= (B )BT <
— spr{(f(B~)) "2 F(A)(F(B)) <1
= spr(f(A)(F(B™')7") < L.
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THEOREM 2.2. Let [ be a positive operator monotone function on 1 = (0,00)
and let f be submultiplicative. Let A,B € & (H). Then

spr(f (A)(f (B™1))™") < f (spr(AB)).
Proof. Let spr(AB) = . Then spr(4B) = 1. Therefore, by Theorem 2.1,
sor(7 (2) s <.
Now
r@ =f(5a) <r(2)f (),

since f is submultiplicative. Consequently,

_iy—12f(4) —1\\—1 —1\\—1 A —1\\—
0< (BN BT < @) () B
and hence
_in—12f (A) —1\\—1 —1y\— A —1\\—1
spr{(f(B™1) ™4 05 (B0 < serfr (87) 7 () 6 (87
Thus

spr(F () (B) ") = spr(f () (1)) LA (A;(f( )12

fla
<sorlr (@) B2 (2) )
>

= spr(f (e (4 )<f< H™
<f(a) =f (spr(AB)).
Next we consider a more general class of functions and prove some norm inequalities
for functions in this class. Let I be an interval in R. Consider the class of functions:
L =1{f :1—[0,00) such that A, B € .%;(H), A> > B* implies
(f(A)? = (f(B)*}.
The following lemma shows that the class % is a positive convex cone.
LEMMA 2.3. Let f,g € 4. Then (i) of € & forall a > 0. (ii) f +g€ 4.

Proof. (i) Let A,B € .#;(H) be such that A> > B>. Then (f(A))*> > (f(B))?,
which implies, (af (A))? > (af (B))?. Thus of € & .

(ii) Let A,B € .%;(H) and A? > B?. Then (f(A))?> > (f(B))? and (g(A))> >
(g(B))?. Therefore

(f (4) +8(A))* = (F(A)* + (5(4))* +2f (A)g(A)
> (f(B))* + (3(B))* + 2f (B)g(B)
= (f(B) +(B))’
since f(A)g(A) > f(B)g(B) [see3]. So f + g€ %.
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PROPOSITION 2.4. Let I = (0,00). Then every positive operator monotone func-
tionon I isin 4.

Proof. Let f be apositive operator monotone functionon /. Then by [11, Theorem
1], f admits the integral representation

where a,b > 0 and u is a finite positive measure on (0, co) . From Lemma 2.3 and the
above integral representation it follows that we need only to prove that for each ¢ > 0,

the function f;(x) = & isin 2. Let A, B € Z(H) with A> > B>. Then

(f(A)* = (f«(B))* & [A(A+ )" > [B(B+ 1)~ ']
SI4+tA Y 2>U+BH2
S ([I+MA )Y <+
SI+PA 2+ 2A ' <T+PB 2+ 2B~

The last inequality is true. Thus f; € % .
THEOREM 2.5. Let A,B € Z(H), I = (0,00) and |AB|| < 1. Then for all

positive f € 4],
IFAF B <1
Proof.

|AB|| <1 = [|BA’B| < 1
BA’B < I

A< B?
FA?<FBh)?
(F(B=))7(f (4))?
1F B~ (F (A)*(f (B
lF B <1,

B~ <
1

)~

N

1

e el

THEOREM 2.6. Let A,B € Z(H) and I = (0,00). Then for all positive submul-
tiplicative f € £,

IF () (F BN < f(IAB]).
Proof. Let ||AB|| = o.. Then ||4B|| = 1. Therefore, by Theorem 2.5,

(4w <

Now
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since f is submultiplicative. Consequently,

e (fe) CE T < ey (r(5) v
Thus
)R = e e (F) e
< (f(a))zH(f(B’l))’l(f(g)y(f(B’l))’lH
@l (Z)om
<<f<a> — (F(1ABI))
Hence

IF () (F BN < £ (IAB]).
We prove our next result for all unitarily invariant norms. A basic property of unitarily
invariant norms is that they are symmetric gauge functions of the singular values of the
operator. For a positive semidefinite operator 7 its singular values are the same as its
eigen values. Let T € .2, (H) and let its eigen values be enumerated as

AI(T) 2 AZ(T) 2 2 An(T)'
Then the Ky Fan k — norms of T are defined as

k
Il = 3 24(7)

k=1,2,...,n
LEMMA 2.7. Let x; 2 x, 2 -2 x, 20and yy 2y, =2 -+ 2y, 2 0 be such
that Hf:lxj < Hjlf:lyj, k= 1,2, ,n. Then Z;;lxj < Z;;lyj, k=1,2,...,n

LEMMA 2.8. Let A,B € Z,(H). Then |||A||| < |||B|| for all unitarily invariant
norms ||| - ||| if and only if ||Allx < ||Bllk, k=1,2,...,n
For a proof of the above lemmas, the reader is referred to [4,9].

THEOREM 2.9. Let I = (0,00) and f € 4 be submultiplicative and positive.

Then
I (B=H) " ) B )M < I (BAB)' )|
forall A,B e Z(H).

Proof. By Theorem 2.6, we have
1oF B~ @B~ )~ =1l
= Il

(@)@ @) 2B~ I
(@2 s )P

A Bh) P
(F (IAY2B])))?

= (F(I1BAB||"%)),

<
<
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that is,
MBI A)F (BT < (F(M(BAB)'2))2.
Replacing A and B by their antisymmetric tensor powers, we obtainfor k = 1,2,...,n,
k
H/l )@ BT <TI0 ((4(BAB) ).
j=1

By Lemma 2.7, this leads to

k=1,2,...,n. Thus

1P BN~ AF B Ik < 1 (BAB)?))? e
k=1,2,...,n. Hence by Lemma 2.8,

107 B=H) @A) (B=) I < [ ((BAB)'))?]I.

This completes the proof of the theorem.
The following corollary which is a special case of the above theorem when f (x) =
X", 0 <r< 1 isprovedin [2].

COROLLARY 2.10. Let A,B € 2(H). Then
IB"A"B'||| < [[[(BAB)']],
forall 0 <r<1

REMARK 2.11. Let I = (0,00). Observe that a function f € % if and only if
x — (f (v/x))? is operator monotone on . Consequently, if f € %, then x — f (/)

is operator monotone on /. Since the functions x — 335 and x — log(l + x) are

in % . Therefore, the functions x — (1&)2 and x — (log(1 + v/x ))2 are operator

monotone on / and hence by [3, Theorem 2.3], the function x — - \/- log(1 + /x)
is operator monotone on /. In this way one can obtain more examples of operator
monotone functions and hence inequalities for spectral radius and norm for suitable
functions.

REMARK 2.12. Let I = (0,00). Let f be a positive supermultiplicitave operator
monotone function on /. Then x — (f(x~!))~! is a submultiplicative operator
monotone function on . Since for a function & which depends upon the eigen values
of an operator, we have h(AB) = h(BA) for A, B € & (H). Consequently, we obtain

spr(f (A)(F (B~1)) ") < (f ((spr(AB)) ")) ~!
and

IF () BN < (F(laB)~H) ™!
for A,Be Z(H).
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3. Lieb’s Concavity

The geometric mean # introduced by Pusz and Woronowicz [13] (see also [10]),
for A,B € Z(H) is defined as

A#B:Al/z(A_l/zBA_l/z)1/2A1/2.
Thus if A commutes with B, then
A#B = (AB)'/2.

If A,B € Z,(H), then the geometric mean is defined by continuity. The following
results hold:
(i) (cA)#(aB) = a(A#B) forall o > 0.
(ii) (A+ C)#(B+ D) > (A#B) + (C#D).
(iiiy A>2C,B>D = A#B > C#D.
Amap ¢ : . (H) x .7 (H) — R is called jointly concave if
O(AAL + (1 = A)A2, AB1 + (1 — A)B2) 2 A9(A1, B1) + (1 — 4)9(A2, By)

forall Aj,Ay € 1(H); B1,B, € % (H) and 0 < A < 1. The space Z(H) is a
Hilbert space, where the inner product is defined as

(A,B) = tr(A*B),
A,Be ZH).

For our main theorem in this section, we need the following lemmas.

LEMMA 3.1. Let A,B € Z(H). Let o/ and P be the left and the right multipli-
cation operators on the space ¥ (H) induced by A and B respectively, i.e.,

o (X) = AX and #B(X) = XB.
Then o/ and 9 are positive operators on £ (H).

LEMMA 3.2. Let R|,R,,81,82,T1, T bein P(H). Suppose Ry commutes with
R, S1 commutes with S, and Ty commutes with T,, and Ry > AS; + (1 — A)Th,
Ry Z2ASs+ (1 —A)T2, 0K A1, Thenforall 0 < s,t; s+1<1

RiR, > AS}S, + (1 — A)TSTs.

Proof. Let E be the set of all (s,7); s,¢ > 0 for which inequality
RIR, = AS}SS + (1 — AT T,

is true. Clearly (0,0), (0,1) and (1,0) arein E, and E is closed. We shall prove that
E is convex. Let (s1,1), (s2,22) € E. Then

RYRY = ASISY + (1 — AT TS

and
R‘?R’z2 > )LS‘}ZSQZ +(1- )L)T‘fZT?.
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Using (iii), (ii) and (i) respectively, we get

RYTRRY T < (RYRY H(R?RS)
(ASYSY + (1 — AT TR #(ASPESE + (1 — AT TE)
A{(STS#(SEST)} + (1= ){(T) TH(TPT;)}

— AS5S1+52>/2S§1+[2)/2 + (1 _ A)T§51+52)/2T2(11+12)/2.

Therefore ((s1 + 52)/2, (11 + 12)/2) € E. So E is convex. This proves the lemma.

=
=

THEOREM 3.3. Let f and g be positive operator concave functions on I and J
respectively. Let X € Z(H) and s,t > 0 be such that s+t < 1. Then the map

¢(A, B) = tr{X"(f (A))'X(g(B))'}

is jointly concave on .1 (H) x ;(H).

Proof. Let A1,A; € S (H); B,By € #(H) and 0 < A < 1. Let &, 2% and
&/ be the left multiplication operators induced by f (A} ), f (A2) and f (AA;+(1—1)A;)
respectively; and %, %, and A be the right multiplication operators induced by
g(B1), g(By) and g(AB; + (1 — A)B,) respectively. By Lemma 3.1, </, o4, o,
By, B, and A are positive operators. Moreover, 2/j commutes with B, o
commutes with %, and &/ commutes with % . Also, we have

o > A + (1 — A)th
and
B=ABr+ (1 — L)%,
since f and g are operator concave on I and J respectively. Hence by Lemma 3.2,
A RB > A B+ (1 — L)ty B
for 0 < s,¢; s+ < 1. Thus forevery X € Z(H),
(X, (f (AA1+ (1 = A)A2))'X (g(AB1 + (1 — A)By))")
> (X, A(f (A1) X(g(B1))" + (1 = A)(f (A2))'X(¢(B2))")
or that
X" (f (AA; + (1 = A)A2))'X (g(AB1 + (1 = A)B2))'}
> Aw{X" (£ (A1) X(g(B1))'} + (1 — A)tr{X"(f (A2))'X (¢(B2))'}-
This completes the proof.

COROLLARY 3.4. Let f and g be positive operator concave functions on I =
(0,00), and J = (0,00) respectively. Let X € L(H) and s,t > 0 be such that
s+t < 1. Then the map

W(A,B) = ur{Xf (A")Xg(B")}
is jointly concave on .#1(H) x ;(H).

Proof. The proof of the corollary follows from Theorem 3.3, since the functions
fi(x) = (f (x*))* and g,(x) = (g(x))"/" are also operator concave on (0, 00).
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