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INEQUALITIES FOR VOLUMES AND MEDIANS OF TWO SIMPLICES

YANG SHIGUO

(communicated by M. S. Klamkin)

Abstract. In this paper, some inequalities for volumes and medians of two n -dimensional sim-
plices are established.

1. Introduction

Let a;(i = 0,1,2) denote the sides of the triangle ApA;A, with area A, and d}
(i =0,1,2) denote the sides of the triangle AjAjA} with area A’. D. Pedoe [1] proved
an important inequality as follows

2 2

Doa(3 a7 ~2a?) > tean L
j=0

i=0

with equality if and only if the triangle ApA ;A is similar to the triangle AjAjA).
Inequality (1) is the well-known Neuberg — Pedoe inequality. In 1984, P. Chiakuei
[2] proved the following sharpening of the Neuberg — Pedoe inequality:

2 2 2 2 2 2 2 2

2 ) ’2 ag +a” +ay o,  aytaita, p
Eai(E a —Zai)28( N ’2A/)’ )
— — ag+ay+a; agy +a”+a,

with equality if and only if the triangle ApA A, is similar to the triangle A(A}A) .

Let Q, be an n-dimensional simplex in n-dimensional Euclidean space E" with
vertex set 7, = {Ao,A1,...,A,} and V its volume, a; = |A;4;|. Let Q! be another
n-dimensional simplex in E" with vertex set 7, = {A(,A],...,A,} and V' its volume,
aj = |AJA]|. Let m; be the median of the simplex €, from vertex A; and m; the
median of the simplex Q! from vertex A:. In 1983, Yang Lu and Zhang Jingzhong
[3] extended the Neuberg — Pedoe inequality (1) to n-dimensional simplices. Recently,
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Leng Gangsong [4] has extended the Neuberg — Pedoe inequality (1) to the edge lengths
and volumes of two n -dimensional simplices, and obtained an inequality as follows:

S a2
26 "6 20-3,2(,2 (n1)? 20/n ( 0Si<j<n ! 46/n
Za (Z A 2611'1‘)22 ”(”_1)[n+1] (ﬁV

as
0<i<j<n 0<k<I<n i

0<i<j<n
20
> ai;
0<i<j<n
_~_;/20V/49/n) ) (3)
> df
ij

0<i<j<n

where 6 € (0,1].

In this paper, we extend inequality (2) to the volumes and medians of two n-
dimensional simplices. As corollaries, we get some inequalities for medians and vol-
umes of two n-dimensional simplices. Our main result is the following theorem.

THEOREM 1. Forany two n -dimensional simplices Q,, and Q. (n > 3) in E" and
two arbitrary real numbers o, 0 € (0, 1], we have

n n zn:mzze ’Zlm
20 20 5 20 1, B 4ou/n 0 i= 140 /n
> (Y m? —2m) > S =D (o TV o V"), (4)
> me S mp20
i=0 i=0

with equality if Q, and Q| are regular simplices. Where

[(ny)Z(n + 1)’171 }Z/n'

(5)

Using inequality (4) and the arithmetic—geometric mean inequality, we get the following
corollary.

Pn =

COROLLARY 1. For any two n-dimensional simplices Q, and Q! (n > 3) and
two arbitrary real numbers o, 0 € (0, 1], we have

Zmiza (Z mj{ze B ngze) > (n? — l)pr(la+0)/2v2a/nV120/n7 (6)

with equality if Q, and Q! are regular simplices.
If taking o = 0 = 1 in inequality (4), we get a corollary as follows.

COROLLARY 2. For any two n -dimensional simplices Q, and Q| (n > 3) we have
2 m? > m
Som (zm m?) > 50 = D (S ) ()
= Smo P
i=0 i=0

NI*—‘

with equality if Q, and Q| are regular simplices.
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2. Some Lemmas and Proof of Theorem 1

To prove Theorem 1, we need some lemmas as follows.

LEMMA 1. Given real numbers x; > 0(i = 0,1,...,n) and Y x; = 1(n > 3),
i=0
then

1 _ ZZX% 2 (n + n+2 /n sz/n (8)
i=0

with equality if and only if xo = x| = -+ = x, = (n + 1)~}
For the proof of inequality (8), the reader is referred to [5]. Here we state the idea
of the proof of inequality (8). Put

f(xo,xl,...7xn):1—2Zx,-2—(n+ YD/ — sz/”
i=0

n
O(x0, X1, -, Xy) = Zx,- —1.
i=0

By Lagrange’s method of multipliers, we can prove that function f(xg,X1,...,X,)

1 1
, e ) under the condition
n+1 n+1 n+1

1 1
Xesee ) = 0. S0 f (X0, X1, s xn) = ( :
0 (x0,x Xn) o f (xo0,x1 Xn) fn U o)

the condition xy + x1 + - - - + x, = 1, thus inequality (8) holds.

has an absolute minimum at the point (

) = 0 under

LEMMA 2. For an n-dimensional simplex Q,(n > 3) and an arbitrary real
number o € (0, 1], we have

[Im:* .
i=0 1 [(”!)2("+ 1) l]avza 9)
n “n+1 n" ’

m3%

with equality if Q, is regular simplex.
By inequality (9) and the arithmetic—geometric mean inequality, we have
n/2 n

n/ n+1
V< (l’l+ )n 1)/2 Hml ) (10)
with equality if Q, is regular simplex.

Proof. Let point G denote the barycenter of simplex €,, V; denote the volume
of n-dimensional simplex Ag...A;_1GA;;1...A,, then V; = (n+ 1)V, |GA;| =

n(n+1)"'m;(i =0,1,...,n). Let (v?Z,- =n(n+1)"'m;a; , where ¢ is the unit vector
of cﬁ,-. Using inequality (15) in [6], we have

Zdet O!k Lkt < (n+ 1)”. (11)

n
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Equality in (11) holds if and only if the nonzero eigenvalues of matrix (¢ - &)}, =0
are all the same.
By the formula for the volume of a simplex, we have

1
n+1

1
V=V, = m[det(‘GAz‘ . |GA/<‘O£1 . ak)l’k#i]l/Z

1
= —[det(”z(" + 1) 2mymyoy - o))

= Hm] det OCk)lk;,g] /
]7’

i

i.e.

1)2 1 2(n—1) 2
det(cy - g )isi = (n!) (’”; e T (1=0,1,...,n). (12)
n<" 2
[1m;
j=0

Using equality (12) and inequality (11) we get that

1=
3

S (Pt 172, (13)

nn

It is easy to know that equality in (13) holds if simplex €, is regular.
From inequality (13) we show that inequality (9) holds for oz = 1. Now we prove
that inequality (9) holds for a € (0, 1). Using the well-known inequality

1 &<, 1< Za)l/a
P ; ; 14
nJrl;m' (nJrlgm’ (14)
with equlity if and only if mg =m; =--- =m,,.

By inequalities (13) and (14), we have

ﬁmizoc 2 [(n!)z(n+ l)n_l]aVZa( 1 miZ)a
. n" n+1+4

1 [(’1!)2(”+1)”71 ~
n+1 '

= nn

Thus inequality (9) holds for a € (0,1).

n n
LEMMA 3. Let numbers x; >0, y; >0 =0,1,...,n), 4, =>.x;, A => w,
= Z

then

\

l\)l»—‘

Dnhy — 2Zx,yl >

22 - 22 A,?—fy%)], (1s)
=0
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with equality if and only if n_n_..._»
Xo X1 Xn
Proof. Inequality (15) is

—'22 '; Zylz ZZZx,-y,-. (16)
A, i=0 i=0

=0
Now we prove that inequality (16) holds. Using the arithmetic—geometric mean in-
equality, we have

, An
/1—" 2—&-/1,)/, 2xyi (i=0,1,....n).
Adding up these n + 1 inequalities, we get inequality (16). Equality in (16) holds if
Al
and only if A—x /1, "y} (i=0,1,...,n),ie.
Yo_ Y _ 0t
X0 X1 Xn  An

LEMMA 4. For simplex Q,(n > 3) and an arbitrary real number o € (0,1], we

have
n 2 n
(Z miZa) _ 2Zm;1a )paV4oc/n (17)
i=0 i=0
with equality if my =m; = -+ =m,.

Proof. Taking x; = m?*/ " m}o‘(i =0,1,...,n) ininequality (8), we get
=0

n 2 n ﬁmiza 2/n
(Zmzza) B sz;la > (n+ 1)/ — 1)(’30 ) , (18)

i=0 i=0 > mga

Using inequalities (18) and (9), we get inequality (17). It is easy to see that equality in
(17) holds if Q,, is regular simplex.

/7

PROOF OF THEOREM 1. Let x; = m?*, y; = m;**(i = 0,1,...,n). By Lemma 3
and Lemma 4, we have
n n n n n
20 20 20\ _ 200 260 20, /20
S (S 2n) = (o) (i) 23w
i=0 =0 i=0 i=0 i=0

>%%W1§M@ ~23 ]+ %m[éﬁﬁﬂ”i%ﬂ}

Some b izo i=0 Z m;20 i=0

Zm{ze Zn:mza
> %(nz _ 1)<pr? i=0 yha/n + pf ijo V/49/n).
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Thus inequality (4) holds. It is easy to show that equality in (4) holds if simplices €,
and Q| are regular.
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