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ON MAXIMUM MODULUS OF POLYNOMIALS AND
RELATED ENTIRE FUNCTIONS WITH RESTRICTED ZEROS

N. K. GOVIL AND M. A. QAZI

(communicated by Th. Rassias)

Abstract. Let p(z) = Yy_,avz” be a polynomial of degree n, and M(p,r) = |m‘ax Ip(z)].
z|=r

As a generalization of a well known result of Rivlin [5] and some other results ([1], [4]) in

this direction, Jain [2] besides proving some other results, also proved that if the polynomial

p(z) = ap + >%_,avz” has no zeros in |z| < k, k > 0, then for 0 < r < R < &,

rﬂ'l+km
M(p,r) > (W
other results of Jain [2].

n/m
) M(p,R) . In this paper we present very simple proofs of this and

Let p(z) = Zﬁ:o ayz¥ beapolynomial of degree n,and M (p,r) = max|;|—, lp(2)].
Then the following result of Rivlin [5] concerning the size of M(p,r) is well known.

THEOREM A. [5] If p(z) = >_\_oavz’ is a polynomial of degree n, p(z) # 0 in
|lz] <1 then

M(p,r) > (l;rrYM( 1), r<l (1)

a+Bz\"
2 ’

The result is best possible with equality only for the polynomial p(z) = (
laf = |B].
Govil [1] generalized the above result of Rivlin [5] by proving
THEOREM B. [1, Theorem 1] If p(z) = > \_, avz" is a polynomial of degree n,
having no zeros in |z| < 1, thenfor 0 < r < R <1,

M(p,r) > (IIJ”)"M( R). 2)

+ R
a+ Bz\"
5 ,

The result is best possible with equality only for the polynomial p(z) = <

af = |B].
The above result of Govil [1] was generalized by Qazi [4] (see also [3, Theo-
rem 1.7.8, p. 445]) who proved
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THEOREM C. [4] If p(z) = ao + >.\_,, avz’ has no zeros in |z| < 1, then for
0<s<S«l,

m\ n/m
14+
M > M(p,S); 3
09> (15) M) )
more precisely,
S

M(p,s) = exp fn/ ™ - dr | M(p,S). (4)

st S (1) + 1

An entire function f is said to be of exponential type 7 if it is either of order less
than 1 or it is of order 1, type at most 7. The Phragmén-Lindel6f indicator function of
a function f of exponential type is defined to be

log |f (re”)]
—
The boundedness of an entire function of exponential type on one line carries with it
boundedness on every parallel line. Assuming that f is bounded on the real axis, we
set

he(0) = rlirrolo sup (0< 6 <2m).

u(fsy) = sup  |f (et iy)].
—oo<x<0o0
If p(z) is a polynomial of degree n, then f(z) := p(e) is an entire function of

exponential type T = n, bounded on the real axis. Besides s/ (1/2) < —1, hy (7/2) <
—1 where g(z) := ¢'%f (Z). If p(z) # 0 for |z] < 1 then f(z) # 0 for Imz > 0 and
hg(m/2) = 0. Thus as an extension of Theorem C to functions of exponential type,

Qazi [4] proved

THEOREM D. [4] Let f be an entire function of exponential type T bounded on
the real axis. Further, let hy (1/2) = 0, hy(m/2) < —A <0, hy(n/2) < -4 <0,
where g(z) := €'"*f (2). If f(z) # 0 forIm z > 0, then

1+ e M

T/A
ﬁ) wsm) for 0t <yt <o ()

u(fsy") = (
Recently, Jain [2] has proved the following respective generalizations of the above
Theorems C and D of Qazi [4]:

THEOREM C’. [2, Theorem 1, p. 269] If p(z) = ap + Y_,_,, avz’ has no zeros in
|z| <k, k>0, thenfor 0 < r <R <k,

P g n/m
M > | — M(p,R); 3
0> () MR )
more precisely,

Mo m@km+ltm—l

L dr | M(p,R) (4)
m+l +km+l + %ﬁ(kﬂﬂrltm +k2mt) +1

R
iy o |

There is equality in (3" ) for p(z) = (2" + k™)™, where n is a multiple of m.
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THEOREM D’ . [2, Theorem 2, p. 270] Let f (z) be an entire function of exponential
type T bounded on the real axis. Further, let hy(n/2) = 0, hy(m/2) < —A <0,

hy(m/2) < —A <0, where g(z) = ef (). If f(z) # O for Imz > y for some real
number v, thenfor y <N<y<oo

et ety /A
u(fsy) > (L) uif ). (5

e M 4 e=An

For k = 1, Theorem C’ reduces to Theorem C. To obtain Theorem D from
Theorem D’ take y = 0.

In order to prove Theorems C’ and D, Jain in [2] develops machinary analogous
to the proofs of Theorems C and D in [4]. In this paper we observe that although
Theorems C’ and D’ are generalizations of Theorems C and D respectively, because
Theorem C’ for k = 1 and Theorem D’ for y = 0 reduce to Theorems C and D
respectively, Theorems C’ and D’ can in fact be obtained very easily from Theorems C
and D, just by using suitable transformations, and this can be done as follows.

If p(z) # 0 for |z] < k, k > O then the polynomial p(kz) # 0 for |z] < 1.
Further, if 0 <r < R <k, then 0 < % < % < 1 and applying (3) to the polynomial
p(kz) with s = r/k and S = R/k, we get

K"+ "
km +Rm

uip.r) > ( )/ M(p.R)

which is (37).
Similarly, if we apply (4) to p(kz) with s = r/k and S = R/k, we will get

R/k oy m Jaml gmm—1

M(p,r) >exp | —n / n_la| dt | M(p,R)
- e et 4l m gy 11
R M4+ kan%Htmfl
= exp —n/ ‘ \uT| | dt | M(p,R)
,ofmtl +km+l + inﬂll:l_"(;‘(km+ltm +k2mt)

which is (47).

If f(z) is an entire function of exponential type T with f(z) # 0 for Imz >
y then the function F(z) = f(z + iy) is an entire function of exponential type T
with F(z) # 0 for Imz > 0. Also, if G(z) = €™ F(Z) then as is easy to verify,
he(r/2) = 0, hyt(n/2) < —A < 0, hy(n/2) < —A < 0 implies hp(7/2) = 0,
hp(m/2) < —A <0, hg(m/2) < —A < 0 respectively. Note that y < <y < 00
implies 0 < N —y <y — ¥ < o0, hence if we apply Theorem D to F(z) = f (z + iy)
with n”* =n—y and y* =y — v, we get

1 4 e=H0-7)

T/A
m) u(Fin—y).

u(Fsy—vy) > (
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Since u(F;y—v) = u(f;y) and u(F;n—y) = u(f;n), the above inequality is clearly
equivalent to

T/A
> (S ) g

“’ V) =2 e‘“—l—e"“’ .u 717 ’

and Theorem D’ is thus established.
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