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AN APPLICATION OF ALMOST INCREASING SEQUENCES

HUSEYIN BOR

(communicated by L. Leindler)

Abstract. In this paper using any almost increasing sequence a result of Mishra and Srivastava
[5] on |C, 1|, summability factors has been generalized for |C, o; §|; summability factors under
weaker conditions.

1. Introduction. Let > a, be a given infinite series with the sequence of its
partial sums (s,). We denote by % n-th Cesaro mean of order o, with a > —1, of

the sequence (na,), i.e.,
= _ZAH v Vay, (1)

where

AY=0(0n"), a>-1, A¢=1 and A%, =0 for n>0. 2)

The series ) a, is said to be |C, a|, summable, k > 1 and o > —1, if (see [3])

(oo}

Z i < oo, (3)

n=1

and it is said to be summable |C, o; 8], , k > 1, a > —1 and & > 0, if (see [4])
Zn‘w‘_l\t,‘ﬂk < 0. 4)
n=1

It is known that for k > 1 and 0 < or < 1 (see [7])

m

ORI O{Z vy, (5)

n:l

Mishra and Srivastava [5] have proved the following theorem for |C, 1|, summability
factors of infinite series.

Mathematics subject classification (2000): 40D15, 40F05, 40G05.
Key words and phrases: Absolute Cesaro summability factors, almost increasing sequences.

© ey, Zagreb 79

Paper MIA-05-10



80 HUSEYIN BOR

THEOREM A. Let (X,) be a positive non-decreasing sequence and (f3,), (A)
sequences such that

|Axn‘ < ﬁn (6)
Bp—0 as n— oo (7)
Zn\Aﬁn\Xn < o0 (8)
n=1
A Xy =O0(1) as n— oo. 9)
If
Z %\sn\k =0(X,) as m— oo, (10)

n=1

then the series ) anA, is |C, 1|, summable, k > 1.

2. The aim of this paper is to generalize Theorem A under weaker conditions for
|C, at; 6|, summability. For this we need the concept of almost increasing sequence. A
positive sequence (b,) is said to be almost increasing if there exists a positive increasing
sequence (c¢,) and two positive constants A and B such that Ac, < b, < Be, (see
[1]). Obviously, every increasing sequence is almost increasing but the converse need
not be true as can be seen from the example b, = nel=1" . So we are weakening the
hypotheses of the theorem replacing the increasing sequence by an almost increasing
sequence.

Now, we shall prove the following theorem.

THEOREM. Let (X,) be an almost increasing sequence and the sequences ()
and (Ay) such that conditions (6)-(9) of Theorem A are satisfied. If the sequence (u%),
defined by (see [6])

o —
u® = {” a=1 (11)

maxiy<n |t | O<a<l1

satisfies the condition
Z =1y = O(X,,) as m — oo, (12)
n=1

then the series ) ayA, is |C,a; 8|, summable, k > 1 and 0 <6 < a < 1.
We need the following lemmas.

LEMMA 1 (2. If O < a <1 and 1 <v < n, then

\ZA“ a| < max \ZA,% Lap| (13)
P=
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LEMMA 2. Under the conditions on (X,), (B.) and (A,) as in the statement of
the theorem, the following conditions hold, when (8) is satisfied:

nPX, = 0(1) as n— oc. (14)
iBan <00 (15)
n=1

Proof. Let Ac, < X, < Bc,,, where (c,) is an increasing sequence. In this case

nX,fBn < nBcy| ZABVI < nBey, Z |AB,|

v=n v=n
< BZVCV|ABV < ZV\A[MX < 0.

Hence nf,X, = O(1) as n— co. Again

ZXnﬂn < Bzcnﬁn:Bzcn‘ZAﬁv|
n=1 =
< Bzanmm —BZIABV ch

v=n

< BZvcv|Aﬁv < ZVX |ABy| < o0

Hence >~ 7, X, < oc.

3. Proof of the Theorem. Let (T%) be the n-th (C, ) mean, with 0 < a < 1,
of the sequence (na,A,). Then, by (1), we have

T = ZA S vayd,. (16)

Applying Abel’s transformation, we get

n

TS = az ZAAZ ppap 2 ZAO‘ a,,

=1

so that making use of Lemma 1, we have
T < Z\MHZA

=
Ac ZASC”\?‘AAV‘ + [ A |1ty

Al
‘Aa ZAn yV

N

= T;, + Ty, say.
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Since

T + Tr?fz‘k < 2k(|T;?fl|k + ‘Tzz‘k)v

to complete the proof of the theorem, it is enough to show that

Zn‘Sk_l|Tffr|k<oo for r=1,2, by (3)

n=1

Now, when k>1, applying Holder’s inequality with indices k and k', where 142

we get

m+1 m+1
ZnSkfl‘Tz”k < Znék lez k{ZA ﬁv}k
n=2
m+1 n—1
< Znﬁk lez k{z Aoz )kﬁv} « {Zﬁv}k71
v=1
m+1
Sk—ak—1 ok
= 02 n {Zv
m+1 1
= O(I)Zvak(”‘v)‘)kﬁv Y. s
v=1 n=v+1
_ 0 1 . ok ok > dx
= o)) v W) |
v=1 v

= 0(1) > v ) B, = 0(1) Y vBr* ! ()
v=1 v=1

m—1
= ZA vB,) Zr‘Sk "w®)* +o(1 mBmZv‘w‘ !

m—1

= 0(1) Y [AWB)IX, + O(1)mPB X,
v=1

m—1 m—1

= 0(1) ) _vIABIX, +0(1) Y [BusilXs + O(1)mPBuX,
v=1 v=1
= 0(1) as m— o0,

by virtue of the hypotheses of the Theorem and Lemma 2.

:1,
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Finally, since |A,| = O(1), by (9), we have that

m
Zn5k—l|T22|k
n=1

m

Z Mn|k_l Mn‘nék_l (”g)k

n=1

= o(1) Z | (a )

= ZA|/1|Zv6k ') 4 0(1)| A \Zn‘Sk ')

n=1

m—1
= 0(1) 3 [AA|X, + O(1) 2 lXn

n=1

m—1
1) ZBan +O()|Au|X =0O(1) as m— oo,

n=1

by virtue of the hypotheses of the Theorem and Lemma 2. Therefore, we get that

DA

n=1

O(1) as m— oo, for r=1,2.

This completes the proof of the Theorem.

REMARK. It should be noted that if we take & = 1 and & = 0 in this theorem,
then we get Theorem A under weaker conditions. In fact, in this case the condition (12)
reduces to the condition (10), by (5) and (11).
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