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INEQUALITIES FOR ALMOST PERIODIC MEASURES

SILVIA–OTILIA CORDUNEANU

(communicated by J. Sándor)

Abstract. Some inequalities for the mean of certain almost periodic measures are presented. We
give inequalities like Hölder, Minkowski or Jensen, for the mean of almost periodic measures
defined by densities.

1. Introduction

We try to find out if the classical inequalities for integrals can be adapted to the
mean of some almost periodic measures. In our paper we consider almost periodic
measures defined by densities and we give inequalities for the mean of these measures.
There are alternative inequalities for those of Hölder, Minkowski, Jensen, which can be
found in [3], [6], [9], [11].

J. Lamadrid and L. Argabright defined the almost periodic measures on a locally
compact abelian group G and the mean of theirs ([2], [8]). They proved that the
measure f μ which is defined by an almost periodic function f as density and an
almost periodic measure μ as base, is also an almost periodic measure. We take the
mean of such measures and we establish some inequalities. First we prove a Cauchy
type inequality and some applications. Next we give similar results with the Hölder,
Minkowski and Jensen inequalities for integrals and some corollaries. So, we present
an alternative for the weighted arithmetic mean - geometric mean - harmonic mean
inequalities (weighted A-G-H inequalities). Finally we construct an almost periodic
functionwhich can be defined like a mean with parameter and we establish an inequality
regarding this function.

2. Preliminaries

Consider a Hausdorff locally compact abelian group G and let λ be the Haar
measure on G . Let us denote by C (G) the set of all bounded continuous complex-
valued functions on G , and by CU(G) the subset of C (G) containing the uniformly
continuous functions. The sets C (G) and CU(G) are Banach algebras endowed with
the supremum norm.
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Throughout this paper, ‖·‖ denotes the supremumnormon C (G) . For f ∈ C (G)
and a ∈ G , the translate of f by a is the function f a(x) = f (xa) for all x ∈ G . Denote
by K(G) the linear space of all continuous complex-valued functions on G , having
a compact support. We denote by m(G) the space of complex Radon measures on
G . That is, the space of all complex linear functionals μ on K(G) satisfying the
following: for each compact subset A of G there exists a positive number mμ,A such
that | μ(f ) |� mμ,A‖f ‖ whenever f ∈ K(G) and the support of f is contained in A .
The action of a measure μ ∈ m(G) on a function f ∈ K(G) will be denoted either
μ(f ) or

∫
Gf (x)dμ(x) .

For the Borel function f and the measures μ, ν ∈ m(G) , we define their convolu-
tions f ∗ μ , ν ∗ μ , when that is possible ([5]). The Dirac measure at x ∈ G is written
δx . In [1] L. Argabright and J. Lamadrid defined the concept of the translation-bounded
measure as being a measure μ ∈ m(G) with the property that for every compact set
A ⊆ G , supx∈G | μ | (xA) < ∞ , where | μ | (xA) is the variation measure of μ on
xA . The linear space of the translation-bounded measures will be denoted by mB(G) .
We identify an arbitrary measure μ ∈ mB(G) with an element of the space [CU(G)]K(G)

in the following way: μ ≡ {f ∗ μ}f ∈K(G) . From this identification we have the inclu-
sion mB(G) ⊂ [CU(G)]K(G) . The space [CU(G)]K(G) has the product topology defined
by the Banach space structure on CU(G) , hence, mB(G) is a locally convex space of
measures with the relative topology. A system of seminorms for the product topology
on mB(G) is given by the family {‖ · ‖f }f ∈K(G) , where, for a function f ∈ K(G) ,
‖μ‖f = ‖f ∗ μ‖ , for all μ ∈ mB(G) . In [7] there are defined the almost periodic
functions.

DEFINITION 2.1. ([7]) A function g ∈ C (G) is called an almost periodic function
on G , if the family of translates of g , {ga : a ∈ G} is relatively compact in the sense
of uniform convergence on G .

The set AP(G) of all almost periodic functions on G is a Banach algebra with
respect to the supremum norm, closed to conjugation. In [7] it is proved that there exists
a unique positive linear functional M : AP(G) → C such that M(f a) = M(f ) , for all
a ∈ G , f ∈ AP(G) . If f ∈ AP(G) we define the mean value of f as being the above
complex number M(f ) . The almost periodic measures are introduced and studied by
L. Argabright and J. Lamadrid.

DEFINITION 2.2. ([2], [8]) The measure μ ∈ mB(G) is said to be an almost periodic
measure, if for every f ∈ K(G) , f ∗ μ ∈ AP(G) .

The set ap(G) of all almost periodic measures is a locally convex space with
respect to the product topology. If f ∈ AP(G) and μ ∈ ap(G) , then the measure f μ ,
defined by f μ(g) = μ(gf ) , g ∈ K(G) is an almost periodic measure ([8]).

In [8] it is proved that there exists a unique positive linear functional M : ap(G) →
C such that M is continuous on ap(G) , M(μ) = M(δx ∗μ) , for all x ∈ G , μ ∈ ap(G)
and M(λ ) = 1 . If μ ∈ ap(G) we define the mean value of μ as being the above
complex number M(μ) .
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3. Inequalities for the mean of almost periodic measures

PROPOSITION 3.1. (Cauchy inequality) Let μ be a positive almost periodic mea-
sure. Then for all f , g ∈ AP(G) we have

| M(f gμ) |2� M(| f |2 μ)M(| g |2 μ).

Proof. Denote 〈 f μ, gμ〉 = M(f gμ) , f , g ∈ AP(G) . Considering α ∈ C ,
| α |= 1 and a ∈ IR , we obtain

0 � 〈 af μ + αgμ, af μ + αgμ〉 = a2〈 f μ, f μ〉
+〈 gμ, gμ〉 + 2aRe[α〈 f μ, gμ〉 ].

(1)

We choose α such that α〈 f μ, gμ〉 = | 〈 f μ, gμ〉 | . So (1) leads to

a2〈 f μ, f μ〉 + 2a | 〈 f μ, gμ〉 | +〈 gμ, gμ〉 � 0,

for all a ∈ IR . Since the discriminant is negative, we get

| 〈 f μ, gμ〉 |2� 〈 f μ, f μ〉 〈 gμ, gμ〉 . �

COROLLARY 3.1. Let μ be a positive almost periodic measure. For all f , g ∈
AP(G) we have

i) | M(f μ) |2� M(| f |2 μ)M(μ) ;
ii) | M(f gμ)M(μ) − M(f μ)M(gμ) |2

�
(
M(| f |2 μ)M(μ)− | M(f μ) |2) (

M(| g |2 μ)M(μ)− | M(gμ) |2) .

Proof. i) This is a simple consequence of Proposition 3.1.
ii) From i) we infer that for all α ∈ C

| M(f μ + αgμ) |2� M(| f + αg |2 μ)M(μ).

This means that
[M(f μ) + αM(gμ)][M(f μ) + αM(gμ)]

� M[(f + αg)(f + αg)μ]M(μ)

and further

M(| f |2 μ)M(μ)− | M(f μ) |2 + | α |2 [M(| g |2 μ)M(μ)− | M(gμ) |2]
+α[M(f gμ)M(μ) − M(gμ)M(f μ)] + α[M(f gμ)M(μ) − M(gμ)M(f μ)] � 0.

Consider
α = α1 + iα2,

M(| g |2 μ)M(μ)− | M(gμ) |2= u

M(f gμ)M(μ) − M(gμ)M(f μ) = v1 + iv2

M(| f |2 μ)M(μ)− | M(f μ) |2= w
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Clearly α1,α2, v1, v2 ∈ IR and u, w � 0 . So

(α2
1 + α2

2 )u + w + (α1 + iα2)(v1 + iv2) + (α1 − iα2)(v1 − iv2) � 0,

for all α1,α2 ∈ IR . This implies

(α2
1 + α2

2 )u + 2α1v1 − 2α2v2 + w � 0 for all α1,α2 ∈ IR. (2)

Next we prove that
v2
1 + v2

2 � uw. (3)

If u = 0 then (2) yields 2α1v1−2α2v2 +w � 0 for all α1,α2 ∈ IR hence v1 = v2 = 0
and (3) is proved. If u > 0 we may take in (2) α1 = − v1

u and α2 = − v2
u . This yields

(3), giving the proof of (ii). �

LEMMA 3.1. Let f ∈ AP(G),μ ∈ ap(G),μ � 0 . Then

| M(f μ) |� M(| f | μ).

Proof. The conclusion follows from the fact that M is a positive linear func-
tional. �

THEOREM 3.1. (Hölder inequality) Let μ be a positive almost periodic measure
and p, q ∈ (1,∞) such that 1

p + 1
q = 1 . For all f , g ∈ AP(G) we have

| M(f gμ) |� {M(| f |p μ)} 1
p {M(| g |q μ)} 1

q .

Proof. Young’s inequality (see e.g. [9]) gives | ab |� |a|p
p + |b|q

q for all a, b ∈ IR .
We obtain

| f g |
{M(| f |p μ)} 1

p {M(| g |q μ)} 1
q

� | f |p
pM(| f |p μ)

+
| g |q

qM(| g |q μ)
.

Hence,

| f g | μ
{M(| f |p μ)} 1

p {M(| g |q μ)} 1
q

� | f |p μ
pM(| f |p μ)

+
| g |q

qM(| g |q μ)
. (4)

Applying the mean in (4) and using Lemma 3.1 it results

| M(f gμ) |� {M(| f |p μ)} 1
p {M(| g |q μ)} 1

q . �

COROLLARY 3.2. (Minkowski inequality) Let f 1, · · · , f n be a finite set of almost
periodic functions on G , μ a positive almost periodic measure such that M(μ) = 1,
and k ∈ (1,∞) . Then we have

{M[|
n∑

m=1

f m |k]μ} 1
k �

n∑

m=1

[M(| f m |k μ)]
1
k .



INEQUALITIES FOR ALMOST PERIODIC MEASURES 109

COROLLARY 3.3. Let μ be a positive almost periodic measure such that M(μ) =
1 . For all f ∈ AP(G) and k ∈ (1,∞) we have

| M(f μ) |k� M(| f |k μ).

THEOREM 3.2. (Jensen inequality) Let f be an almost periodic function such that
f : G → [a, b], a ∈ IR ; Φ : IR → IR a non-decreasing convex function and μ a positive
almost periodic measure, μ �= 0 . Then

Φ
{M(f μ)

M(μ)
} � M[(Φ ◦ f )μ]

M(μ)
.

Proof. First we observe that Φ ◦ f is an almost periodic function and therefore
(Φ ◦ f )μ is an almost periodic measure. Indeed, since Φ is continuous on [a, b] , for
ε > 0 there exists, (by Weierstrass approximation theorem), a polynomial Pε such that

supy∈[a,b] | Pε(y) −Φ(y) |< ε.

Hence

supx∈G | Pε(f (x)) −Φ(f (x)) |< ε,

and further ‖Pε ◦ f − Φ ◦ f ‖ < ε . Taking into account that AP(G) is an algebra of
functions we obtain that Pε ◦ f ∈ AP(G) . Hence, the above considerations show us
that Φ ◦ f is in AP(G) .

Let

γ =
M(f μ)
M(μ)

, (5)

and we remark that a � γ � b . If a < γ < b , and k is the slope of a supporting line
of Φ through the point (γ ,Φ(γ )) we obtain Φ(f (x)) − Φ(γ ) � k[f (x) − γ ] , for all
x ∈ G . Therefore we can write

(Φ ◦ f −Φ(γ ))μ � k(f − γ )μ,

so,

M[(Φ ◦ f −Φ(γ ))μ] � k[M(f μ) − γM(μ)].

Taking into account of (5) we obtain [M(f μ) − γM(μ)] = 0 and further

M[(Φ ◦ f )μ] � Φ{M(f μ)
M(μ)

}M(μ).

If γ = b then (5) can be written as M[(b − f )μ] = 0 , hence f = b . Similarly for
γ = a . �



110 SILVIA–OTILIA CORDUNEANU

COROLLARY 3.4. (Weighted A-G-H inequalities) Let f be an almost periodic
function such that f : G → [a, b] , a > 0 ; μ a positive almost periodic measure such
that M(μ) = 1 . Then we have

M(f μ) � eM[(lnf )μ] � 1

M[ 1
f μ]

.

Proof. For the first inequalitywe select in Theorem 3.2, Φ(x) = ex and the second
inequality follows from the first. �

REMARK 3.1. If f , g ∈ AP(G),μ ∈ ap(G) , then for a fixed x ∈ G , the notation
My[f (xy−1)g(y)μ(y)] ∈ C means the mean of the almost periodic measure ˜f gμ , where
˜f (y) = f (xy−1) , y ∈ G .

LEMMA 3.2. Let f , g ∈ AP(G),μ ∈ ap(G),μ � 0 . Then the function x ∈ G →
My[f (xy−1)g(y)μ(y)] ∈ C is in AP(G) .

Proof. Consider a sequence (un) in G . Since f is an almost periodic function, it
results that there exists a subsequence (vn) of (un) and an almost periodic function f 0

such that ‖f vn − f 0‖ → 0 .
We obtain that

| My[f (xvny−1)g(y)μ(y)] − My[f 0(xy−1)g(y)μ(y)] |
� ‖f vn − f 0‖‖g‖M(μ).

Hence the function x ∈ G → My[f (xy−1)g(y)μ(y)] ∈ C is in AP(G) . �

THEOREM 3.3. Let f , g ∈ AP(G), k > 1 and consider μ ∈ ap(G),μ � 0 such
that M(μ) = 1 . Then

Mx{My[| f (xy−1)g(y) | μ(y)]μ(x)}
�

(
Mx{My[| f |k (xy−1) | g |k (y)μ(y)]μ(x)})

1
k .

Proof. Using Theorem 3.1 we obtain

My[| f (xy−1)g(y) | μ(y)] � {My[| f |k (xy−1) | g |k (y)μ(y)]} 1
k ,

for all x ∈ G . Hence

Mx{My[| f (xy−1)g(y) | μ(y)]μ(x)}
�

(
Mx{{My[| f | (xy−1) | g | (y)μ(y)]}kμ(x)}) 1

k

�
(
Mx{My[| f |k (xy−1) | g |k (y)μ(y)]μ(x)})

1
k . �

REMARK 3.2. Theorem 3.3 may be considered as a generalization of Corollary 3.3.
Indeed if in Theorem 3.3 we take f = 1 and M(μ) = 1 we obtain

M(| g | μ) � [M(| g |k μ)]
1
k .
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Astérisque 4, 1973.
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