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NEW ESTIMATIONS OF THE SOLUTIONS OF
MULTIDIMENSIONAL INTEGRAL INEQUALITIES

ICE B. RISTESKI AND KOSTADIN G. TRENCEVSKI

(communicated by D. Bainov)

Abstract. In this paper new general estimations of integral inequalities of Volterra’s type as some
special estimations based on the Bessel function are given.

1. Introduction

In several fundamental papers from the theory of differential and integral equations
(the existence of the unique solution, stability, etc) the well-known Bellman-Gronwall
lemma [1] or its generalizations play an important role. To these generalizations volu-
minous references are dedicated, among which we draw a special attention to paper [2].
Considering some classes of multidimensional integral or partial differential equations,
the multidimensional integral inequalities appear.

Let us consider, for instance, an n-dimensional integral equation of Volterra type
of the first order

X1 Xn
/ / KXty ooy X3Sty e ey Sn)@(S1y o ooy Sp)dsy .o odsy = f(x1, ..., x), (1)
0 0

or in the operator form

Vo =f. (1)
Let
K(xl,...,xn;sl,...,sn)Eng, (2)
flxn,x) € (3)
where
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and
X=(X1,..,%), S=(S1,...,8)

From (2) we obtain

O"K (X1, ey Xn3 815y Sn)

max =0, ...Im <00 4
(x,8)EQn ax,-l R 8)‘:1',77 " " ’ ( )
(I<ii< - <ip<n, 1<m<n)
O"f (x1,...,x
x€lly 8x1 - 8xn
Let us assume subsequently that
min |K(x1, ..., %5 %1,...,%)| =k #O. (6)
xell,
By differentiating (1) with respect to xj, . .., x,, we pass to the estimation by modulus

and taking into account (4) — (6), we get the inequality

F
Y < E‘Fkil( Z OﬂiIVil‘P+ Z ailizvilizly+~-~

1<iir<n 1<ii<ir<n

+ Z i i Vir iy ¥+ -+ 0612,,.nV12Mn‘I’)7 (7)

1<i1 < <im<n

where

iy Xim
Vil.,.i,,,‘P:/ / W (X0, e Xiy— 1y ST Xiy 15 <oy Xigg— Ly Sty Xy 1y ooy X ) AS1 .S,
0 0
‘I’(xl,...,x,,): \(p(xl,...,x,,)|.

The first part of inequality (7) contains n -ordinary integrals, C2 - double etc, and hence
the general number of summands is 2" . Let us assume that using (7), the estimation of
the following inequality will be of form

¥ < KF, K< . (8)

Therefore it would be

@llen, < K[l llee, )
and from (9) the correctness of equations (1) and (1°) stems in expression (Cpy,,, V, Cl(-'f’f)
and the estimation of

||V—1‘|ng%nn <K (10)

Vendorff [1] got some two-dimensional analogies of the Bellman - Gronwall inequality,
but in [3] a general approach of the obtaining of the estimation of the solution of integral
inequalities of Volterra’s type operators is proposed.
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If we use the results from [3], we will get the estimation of (10)

n 2
IV e o <k '-exp (.. imk by .. by )P (11)
I n

m=11<i;<---<im<n

We wish to stress, that for the existence of the correctness of equation (1), it is sufficient
to get in (10) each constant k < oo, then when investigating the error problem by
numerical methods for solving (10) it is desirable to have a maximal accurate estimation
of the inverse operator norm. Further, the problem appears naturally to get the estimation
of the solution of inequality of type (7). Therefore, this problem has an interest of
its own. The goal of the present paper is the occurrence and obtaining of similar
assessments.

2. New estimations of two-dimensional inequalities

Further, without loss of generality, for the sake of simplicity we assume the norming

condition k£ = 1. By changing of “<” by “=""in (7), we consider the equation
n=~F+ Z o, VilT) + Z OCiIiZVilizn + -+ o2 Vizean. (12)
1<ir<n 1<i1<ia<n

The solution 1 of equation (12) appears as an assessment of the solution of inequality
(7),i.e. ¥ < n. The search of the solution of equality (12) is based on the following
simple idea.

Let the following equation be given

E=F+ME+LE, (13)
where
ME = o /0 E(sxr)ds, LE = o /0 E(x1,5)ds

and let the functions & = M'F, (i = 1,2,...) be found earlier.

If
E= ZM+L"F ZZCkL’M" iF= ZZCkLek 0

k=0 i=0 k=0 i=0
then the search of the solution (13) reduces on the calculation of the function

chuek i (14)

In the given paragraph we will illustrate the idea for solving (12) in the case when
n=2.
Let
X1 X2
n(xl,xg) =F+ 051/ T](S,)Q)ds + 052/ T] X1, S dS + 0512/ / Sl,Sz dsldS2
0 0
(15)
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Let us assume at the beginning that i = oy, = 0 and let us consider the simple

equation
E=F+M:¢.
Obviously
MF = F(alxl)
and

o0 k
o !
E(x1,x) =F E (o) l.xl) = Fe®™,

Hence it follows that one-dimensional estimation of Bellman—Gronwall for the adequate

inequality appears as unimproved.
Let o # 0, i.e.

E(xr,x) =F+ a /OXl E(s,x)ds + o /OXZ &E(x1, 8)ds.

By putting .
(0gx)"
(k—i)~’

we find € with respect to the equation (14)

i =F

k . k=i i | i i
(=Y Q@ ) s ) (o)
i=0

(k=) vl (i D2(ia])?
Besides,
oo
k' ol X1 ” [053%)
DI
k=0 ij+ir=k

However, the form (18) appears as an estimation of the inequality

X1 X2
Y(x,x) < F+o / Y(s,x2)ds + 052/ Y(x, s)ds.
0 0

(19)

For solving (15), the last step remains. Let us assume that & is equal to the right-hand

side of (17) and
X1 X2
LT] = 0612/ / T](Sl,Sz)dSIdSZ.
0 0

051)61)’l (00x2)™2 (Otpx1X2)
Le  =F )
= Z ( )2A51+1Ai2+1

Then

i\ +ir=k—i

where




ON SOME ESTIMATIONS OF THE SOLUTIONS . . . 147
From (14) it yields
C — OC o i o i
€k = FZ Z k x l l-xl) ( 2-x2) ( 12.X'1.X'2)

2 2Al Al
i=0 i +ir=k—i ( ) i+t tip+i

S k!(alxl)“(azxz) 2 (opx1xy)!
i !iz!ilz!(il + ilz)!(iz + ilz)!

i1 +i+in=k

and apart from that, the solution of the equation (15) is presented in the following form

N(x1, x2) FZ Z k'(alxl) (O!2X2) (Otllexz)ilz. (20)

k=0 i1 +ir+in=k 11'12'112 (ll + 112) (iz + ilz)!

Thereby the estimation of the above solution is given by

X1 X2 X1 X2
Y(xi,x) < F+ al/ ‘I’(s,xz)ds+a2/ ‘I’(xl,s)deralz/ / Y(s1,s2)dsids;.
0 0 o Jo

(1)
Now, we will present another way of getting the estimation of inequalities (19) and
(21). As we have seen this method yields to the possibility to assume (18) and (20) in
a more clear form. Differentiating (16) with respect to x; and x,, we pass from the
integral equation (16) to its equivalent problem of Goursa

o = &y, + g, (22)
E(x1,0) = Fe™™, (23)
£(0,xy) = Fe™*. (24)

The standard substitution

E(x1,x2) = eMMTERL(xy, x0),
regarding the function {(x;,x;) yields to the equation

;sz =0 0524:7 (22’)

with boundary conditions
{(x1,0) =F, (23%)
£(0,xp) =F. (24%)

The generally known solution of the equation (22”) has the form

xl,xz / fl Jo i/ 051052)(2()61 — s))ds
/ fz J() i/ OC]Olzxz(xl — S))dS + [f]( ) Jrfz( )] (2 i/ alalexz)
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where Jy(z) is the Bessel function of the zero order, i-imaginary unit, and f; and f>
are arbitrary functions of C(!) class. With reference to (23”) and (24’) we find that for
solving equation (22°), the following function appears

C(xl,xz) = J()(2l'\/051 OC]XZ),
such that
E(x1,x0) = Fe™™ %% ], (2i\ /0 0px1x7). (25)

We get the second form of the estimation of inequality (19).
If oy # 0, instead of (22°) we have

gfxz = (oo + ou2)C,

further, analogously to the previous that for the solution of (15) the following function
occurs
n(xl,xz) = Fealxl+a2xz.]0(2i (061 o + Ollz)xle), (26)
yielding, the second presentation of (20) for the estimation of inequality (21).
Let us compare the obtained estimations with those given in references. As far as
inequality (19) is concerned, the following is known:
a) the estimation of Vendorff [1]

Y(x1,x) < Frotix1+ 00t 0n 0031 o
b) the estimation from [3]
Y(x1,x2) < Folloxiton) 28)

All estimations (25), (27) and (28) contain the multiplier Fe®*'t%% further it
remains to compare the functions

Jo(2iv/ouonpx1xy), e N eV onin and e®MMten
) ) ) N

We will denote them respectively by ¥;, ¥,, ¥3 and ¥4. Obviously, ¥, < W5 if
aiopxix; < 4,and ¥y > W¥s if ogopxx, > 4. From the known inequality between
the geometric and arithmetic means of o, o, x1, x2, we obtain ¥3 < 4.

Since

A

—1)kz?
)

3

k=0

[\

& k
051 Ollexz
‘P] = J()(2 (041 a2x1x2 E R
k=0

and developing ¥, and ¥ into the Taylor series, it is easily seen that for each ¢,
0, X1, X2
Y, <min¥;, (i=2,3,4).

The minimality ¥, is a natural consequence of (25). Analogously, we can verify that
(26) decreases the estimations from [3] obtained for inequality (21).
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3. New estimations of three-dimensional
and n-dimensional inequalities

Let n =3 in (12). Let us assume (12) into a developed form

X1

X1 X3
TI(X17X2,X3)=F+O!1/ n(S,X2>X3)dS+O!2/ n(x1>S7X3)dS+053/ N(x1,x2,s)ds
0 0 0

X1 X2 X1 X3
+0612/ / TI(ShSZaXS)dSldSZJFalS/ / N(s1,x2, 52)ds1dsy
o Jo o Jo
X2 X3 X1 X2 X3
+O!23/ / n(x17517S2)dS1dS2+05123/ / / N(s1,52,53)dsidsrdsz. (29)
o Jo o Jo Jo

If all coefficients, except o4, o and ay, in (29) are equal to zero, the solution
of (29) overlaps with already found solution to equality (15), determined by formula
(20). Further, in accordance with the general idea, exposed in the previous section, the
solution of equation (29) reduces to four subproblems.

Let ¢ be the number of subproblems. For (14) a series of calculations is determined
by means of the formula

e chL;Ak Y (t=1,2,3,4) (30)

6,(f> = e,((), (t=1,2,3)

where

A0 _ g Z k! (ouxy) (0nx2)2 (Qupxixs)™ 7
ATk I !lz!lu!(ll + llz)!(lz + 112)!
and L, be the integral operator, completed accordingly, accepting a series into a sub-
problem t.
Let us take, for example, a natural order where the integral operators are written in
(29) and the technique of obtaining function €, by formula (14), which is considered

in detail in the previous section by conclusion (20), we find the final formulas for e,(:) ,
(t=1,2,3,4)

k! (onxp) (0nx2)? (06x3) .
) =F '(' )" (00x2)" (0543) (anan)™,
ik 12! Wi + i) (2 + in2)!
k! (oxy) (0nx2)2 (0xs)
D= F Z (onx1)" (00x2)" (03x3)

iliplis!
i1Firtis Hio =k 1725

« (Qox1x2) 12 (Qty3x1x3)
il (iy + iz + i13) iz + i12) (i3 + i13)!
k! (oxy) ' (0pxp)2
6123) =F Z M (31)

iliplis!

i1+ia i3+ +iz i =k
(03x3)" (02x1X2)"12 (0131 X3)" (O3 X053 )™
121013 13! (l1 + i+ 113) (i2 +ip+ i23)!(i3 +ii3 + i23)!7
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@ _p > K(enn)’ (o)
111751721

i1+ +i3+in+in+in+inz=k VAR

(03x3) (Ot2x12) 12 (01313 ) 13 (023003 ) 2 (0123 X1 X023 ) 128

121303 Y123 (i + 12 + i1 + 1123) 1(i2 + f12 + i3 + §123) (i3 + 13 + f23 + 1123)!

Thereby the solution of equation (29) was found in the form

N(xy,x2,x3) = Ze,(f), (32)
k=0
where e,(:” is determined by formula (31).
From (31) and (32) it is obviously possible to get the solution to each arbitrary
equation of the form (29), occurring as an estimation of adequate integral inequalities.
At the and we can find the solution of equation (12) with respect to arbitrary n.
Then we consider 23 + 2% + - .- 4 2"~! of the subproblem in the form (30), and we get

n(xh...,x,,):FZ Z lllki"

k=0 iyt +iro. =k -
« (O!lxl)il o (anxn)i"(allexz)ilz o (Otn_l,,,xn_lx,,)""*h" - (Ollzmnxl)Q .. .xn)ilz'“"
i12! ce infl,n! cee ilZMH!ﬁI!ﬁZ! v Bn! (33)

where

Pi=ii+in+ - Fimt+tim+-Fita—int -+ i,
Br=ir+in+-Fimt+in+- a1t F i,

(34)

ﬁn = in + iln + -+ infl,n + i12n + -+ ian,nfl,n + -+ ilZ...n-

So, the problem of obtaining the estimation of the solution of inequality (7) is solved.

In the previous paragraph for the case n = 2, another form is given for representing
the estimation, which, evidently, has a better form. However, even at n = 3 we have a
similar representation, with exception of some cases which do not have their place.

In the next paragraph we will consider these cases.

4. New estimations of special cases

Let all coefficients except ¢, 0, oz in (29) be equal to zero, i.e. let us consider
the equation
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X1 X2 X3
E(x1,x2,x3) =F+O!1/ §(S>x27x3)ds+052/ §(X1>S7X3)ds+053/ E(x1,x2, 5)ds.
0 0 0

(35)
Then from (31) it follows

£ (x1, x2, 33) :FZ Z k! (onxy) (0nx2)™ (03x3) " . (36)

k=0 iy +ir-+ir=k (i) (i2!)2(i!)

Again, as in two-dimensional cases we pass from (35) to a partial differential equation.
We differentiate equation (35) with respect to x;, x, x3 and we get

"
X1X2X3

= b, +mll, +ofl,. (37)

The limiting conditions taking into account (25) have the form

§(X1,Xz, ) Fe™ vc1+ozzx2J0(2l- /7061 alex2)’
lé()ﬂ,O )C3) Fe alxl+a3x3.]o(2i\/061063)61)63), (38)
é(oax% 3) Fea2r2+a3x3~]0(2i\/ 062063x2x3).
Obviously, problems (35), (37) and (38) are equivalent. Again we will apply the
substitution

E(x1,x0,x3) = eNOITRRTEGF(x) ) x3). (39)
Then whatever regards till 1(x;,x2,x3) we have

oxs = 20000058 + 0038 + ool + ool (40)

C(xl,xz,O) = FJ()(Zi\/OqOﬂle)Q),
C(xl,O,xg) = F]o(Zi\/OllO@xl)C}), (41)
C(O,xz,x3) = FJ()(Zi\/OQOﬂ3X2X3).

Problems (40) and (41) are equivalent with the integral of the equation

X1 X2 X1 X3
C(.XI,.X:Q,X}) =F+ 061062/ / C(-)dsldSQ + o103 / / C(')dsldSQ
0 0 0 0

X2 X3 X1 X2 X3
+op03 / / C()ds1dsy + 20400043 / / / C(-)ds1dsrdss, (42)
0 0 0 0 0

whose solution could be written in accordance with (31) and (32), and thereby the
second representation to (36) with condition (39) is obtained

é(xhxz,)%) — Fea1x1+062x2+063x3

% Z Z k' OC] Oclexz) (061 063)(1)(3) (062063)(2)(3) (20(1 062063)(1)(2)(3)
i !l2!13!l4!(11 + i) + 14) ( + i3 + 14) (12 + i3 + 14)

- (43)
k=0 i;+ir+iz=k
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If we separate the exponents from (36) we arrive at the occurrence of the series with
complex structure. Instead of (38) it is natural to assume that this series contains the
product of the Bessel functions.

We will calculate these problems in detail. That is why we will consider at the
beginning of (42) a simple equation

é(xl,XZ,)Q) =F+ )/12/ / 5(')dS1dS2 + Y13 / / é(-)dsldSZ. (44)
0 0 0 0

Applying the general scheme we get

5 x1x X)X
C(x1,x2,%3) FZ 3 (12 2”2'))28;17)21 Ji = FJo(2i\/Yi2x102)J0(2i\/713X1%3)..
k=0 ij+ir=k

In general, for each n in the solution of the integral equation

S, =F+ > y,k/ / C(-)dsids» (45)

1<j<n j#k
the following function appears
é’(xl, . ¢ =F H Jo )/kajxk) (46)
Ly<njzk

"

i.e. (46) is the estimation for inequality, obtained from (45) with the substitution " =
by " < ". We stress, that each of the operators in (45) involves the integration with
respect to xy .

At present we will give another form to equation (44)

A X1 X2
C(x1,x0,x3) = F + le/ / {(-)dsdsy
o Jo

X1 X3 N X2 X3 ~
—|—)/13 / / €(~)dS1dS2 + Y23 / / €(~)dS1dS2. (47)
0 0 0 0

We prove that the solution (47) majorities the product of three Bessel’s functions

A

C(xl,xz,x3) g FJ()(Zi\/)/llexZ)J()(2i\/)/13xl)C3)J0(2i\/)/23)62)(3) = B(xl,X2,X3). (48)

The general scheme yields to

5 k' lexlxz )1 (Y13x163) 2 (Y2323) 3
X1,%,x3) =F 49
S ZZ RIS T A IO TR
On the other hand
k!( i
B(xl,xz,x3 :FZ Z V12x1x2) (y13x1x3) (Y23X2X3) . (50)

k=0 i)+ +iz=k ( )2(12!)2(13!)2( +12+l3)
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From (49) and (50), it is indispensable to confirm that
(i1 + )i +i3)(ia + i3)! = itixli3 (i) +ip + i3)!. (51)
Also it can be shown that (51) is equivalent to the inequality
CPLCl>Cly k=ii+ir+is (52)
Inequality (52) will be proven, if we show that

C]

1 Ci, 2 Gy (0<p<k—)). (53)

Now we will give the proof of inequality (53).
Let us denote

flp)=C,C,, (0<p<k—)).
We will show that

Inf(p) >InC, (0<p<k—Jj) (54)
and hence (53) will follow.
Since
. 1 =1
j+[7 'H(]+p7l Cécfp:]_'H(kipil%
i=0
_ j—1
Inf (p) = Zln(j +p—i)+ > In(k—p—i)—2In(),
i=0 i=0
it follows

j—1
1
lnf - . < Oa
(nf )Y Z(Hp—l ;(k—p—l)z
i.e. the function Inf (p) is convex for 0 < p <k —j.
From

min [Inf (p)] = min[lnf (0), Inf (k — j)] = InC,,

0<p<k—j
which proves (54). Thereby the validity on (48) is proven. Now we can return to the
equation (42), which is different from (47) with the presence of the triple integral.
By means of techniques analogous to those applied above, we obtain that

C(xl , X2, X3) < FJO(Zi\/al 062x1X2)J0(2i\/061 063X1X3)

>, (20 00 k
o2y i) Y At
k=0 :

Let us denote the first part of (56) (without multiplier F) by Bj(0qx1; 0x2; 03x3)
From (39) for solving of the equation (35) &(x1,x2,x3) the estimation is obtained

(55)

é(xl,XQ,X3) < F€a1x1+a2x2+a3x3B1(O£1xl; OhXy, 053)63). (56)
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If one of the coefficients ¢;, (i = 1,2,3) in (35) is equal to zero, then (56) yields to

the estimation obtained in section 1.

Using the property for addition of numbers, it is possible on the basis of the general
scheme to get the majored estimation, similar to (56) for each n-dimensional equation

of type (12).

We bring into the conclusion such an estimation for solving equation (29).
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