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THE JENSEN–GRÜSS INEQUALITY

I. BUDIMIR AND J. PEČARIĆ

(communicated by J. Sándor)

Abstract. The Jensen-Grüss inequality is proved, that is a converse of Jensen’s inequality, related
to the well known Grüss inequality.

1. Introduction

Let f : X → R be a convex mapping defined on the linear space X and xi ∈ X ,
pi � 0 (i = 1, . . . , m) with Pm :=

∑m
i=1 pi > 0 .

The following inequality is well known in the literature as Jensen’s inequality

f

(
1

Pm

m∑
i=1

pixi

)
� 1

Pm

m∑
i=1

pif (xi). (1.1)

Some conversions of Jensen inequality were recently obtained in [1] and [2]. For
example, the following result was obtained in [1]:

THEOREM A. Let f : Rn → R be a differentiable convex mapping and xi ∈ Rn ,
i = 1, . . . , m. Suppose that there exist vectors φ,Φ ∈ Rn such that

φ � xi � Φ (the order is considered coordinatewise) (1.2)

and m, M ∈ Rn are such that

m � ∇f (xi) � M, for all xi ∈ {1, . . . , m}. (1.3)

Than for all pi � 0 (i = 1, . . . , m) with Pm > 0 , we have the inequality

0 � 1
Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)
� 1

4
‖Φ− φ‖‖M − m‖, (1.4)

where ‖ · ‖ is the usual Euclidean norm in Rn .

It is clear that such results are related to the well known Grüss inequality [3, p. 93],
but they are valid for convex functions. Here we shall give some related results for
wider class of functions, that is for functions which shouldn’t be convex.
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2. The Jensen-Grüss inequality in multidimensional case

THEOREM 1. Let f : U ⊆ Rn → R be a differentiable mapping with continuous
partial derivatives, where U is open convex set and xi ∈ U , i = 1, . . . , m. Suppose
that there exist vectors φ,Φ ∈ Rn such that

φ � xi � Φ (the order is considered coordinatewise) (2.1)

and m, M ∈ Rn such that

m � ∇f (x) � M, for all x ∈ conv[x1, . . . , xm], (2.2)

where conv[x1, . . . , xm] us the convex hull. Than for all pi � 0 (i = 1, . . . , m) with
Pm > 0 , we have the inequality∣∣∣∣∣ 1

Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)∣∣∣∣∣ � 1
4
‖Φ− φ‖‖M − m‖. (2.3)

Proof. Using the mean-value theorem in multidimensional case for points x, y ∈
conv[x1, . . . , xm] we conclude that there exists ϑ ∈ 〈 0, 1〉 such that

f (x) − f (y) = 〈∇f (z), x − y〉 , (2.4)

where z = y + ϑ(x − y) .
Using (2.4) for x = 1

Pm

∑m
i=1 pixi, y = xi, z = zj, (j = 1, . . . , m) , we may simply

write that

f

(
1

Pm

m∑
i=1

pixi

)
− f (xj) =

〈
∇f (zj),

1
Pm

m∑
i=1

pixi − xj

〉
, ∀j ∈ {1, . . . , m}. (2.5)

Multiply (2.5) with pj � 0 and sum over j , in order to obtain

pjf

(
1

Pm

m∑
i=1

pixi

)
− pjf (xj) = pj

〈
∇f (zj) ,

1
Pm

m∑
i=1

pixi − xj

〉

Pmf

(
1

Pm

m∑
i=1

pixi

)
−

m∑
j=1

pjf (xj)=
m∑

j=1

pj

(〈
∇f (zj),

1
Pm

m∑
i=1

pixi

〉
−〈∇f (zj), xj〉

)
.

Therefore

Pmf

(
1

Pm

m∑
i=1

pixi

)
−

m∑
j=1

pjf (xj)=

〈
m∑

j=1

pj∇f (zj),
1

Pm

m∑
i=1

pixi

〉
−

m∑
j=1

pj 〈∇f (zj), xj〉 .
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Dividing by Pm > 0 , we obtain

f

(
1

Pm

m∑
i=1

pixi

)
− 1

Pm

m∑
i=1

pif (xi)

=

〈
1

Pm

m∑
i=1

pi∇f (zi),
1

Pm

m∑
i=1

pixi

〉
− 1

Pm

m∑
i=1

pi 〈∇f (zi), xi〉 . (2.6)

A simple calculation shows that

1
Pm

m∑
i=1

pi 〈 xi,∇f (zi)〉 −
〈

1
Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pi∇f (zi)

〉

=
1

2P2
m

m∑
i, j=1

pipj 〈 xi − xj,∇f (zi) −∇f (zj)〉 . (2.7)

Taking the modules in both parts of (2.7) we obtain, by Schwartz’s inequality in
inner product spaces, i.e. |〈 a, b〉 | � ‖a‖ · ‖b‖, a, b ∈ Rn , that∣∣∣∣∣ 1

Pm

m∑
i=1

pi 〈 xi,∇f (zi)〉 −
〈

1
Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pi∇f (zi)

〉∣∣∣∣∣
� 1

2P2
m

m∑
i, j=1

pipj| 〈 xi − xj,∇f (zi) −∇f (zj)〉 |

� 1
2P2

m

m∑
i, j=1

pipj‖xi − xj‖ · ‖∇f (zi) −∇f (zj) ‖. (2.8)

Using the Cauchy-Buniakowsky-Schwartz inequality for double sums, we can state that

1
2P2

m

m∑
i, j=1

pipj‖xi − xj‖ · ‖∇f (zi) −∇f (zj) ‖

�

⎛
⎝ 1

2P2
m

m∑
i, j=1

pipj‖xi − xj‖2

⎞
⎠

1
2
⎛
⎝ 1

2P2
m

m∑
i, j=1

pipj‖∇f (zi) −∇f (zj) ‖2

⎞
⎠

1
2

. (2.9)

As a simple calculation shows that

1
2P2

m

m∑
i, j=1

pipj‖xi − xj‖2 =
1
Pm

m∑
i=1

pi‖xi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
2

and

1
2P2

m

m∑
i, j=1

pipj‖∇f (zi) −∇f (zj) ‖2 =
1

Pm

m∑
i=1

pi‖∇f (zi) ‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

∇f (zi)

∥∥∥∥∥
2

,
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we can state, by (2.8) and (2.9), that∣∣∣∣∣ 1
Pm

m∑
i=1

pi 〈 xi,∇f (zi)〉 −
〈

1
Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pi∇f (zi)

〉∣∣∣∣∣

�

⎛
⎝ 1

Pm

m∑
i=1

pi‖xi‖2−
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
2
⎞
⎠

1
2
⎛
⎝ 1

Pm

m∑
i=1

pi‖∇f (zi) ‖2−
∥∥∥∥∥ 1

Pm

m∑
i=1

∇f (zi)

∥∥∥∥∥
2
⎞
⎠

1
2

.

(2.10)
Now, let us observe that, as in [1], we have

1
Pm

m∑
i=1

pi‖xi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
=

〈
φ − 1

Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pixi −Φ

〉
− 1

Pm

n∑
i=1

pi 〈 φ − xi, xi −Φ〉 . (2.11)

As φ � xi � Φ (i ∈ 1, . . . , m) , then 〈 φ − xi, xi −Φ〉 � 0 for all i ∈ {1, . . . , m} and
then

m∑
i=1

pi 〈 φ − xi, xi −Φ〉 � 0

and by (2.11), we obtain

1
Pm

m∑
i=1

pi‖xi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
2

�
〈
φ − 1

Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pixi −Φ

〉
. (2.12)

It is known that if y, z ∈ Rn , then

4〈 z, y〉 � ‖z + y‖2, (2.13)

with equality iff z = y . Now, if we apply (2.13) for the vectors

z = φ − 1
Pm

m∑
i=1

pixi, y =
1

Pm

m∑
i=1

pixi −Φ,

we deduce 〈
φ − 1

Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pixi −Φ

〉
� 1

4
‖φ −Φ‖2

and then, by (2.11)–(2.12), we can derive that

1
Pm

m∑
i=1

pi‖xi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
2

� 1
4
‖φ −Φ‖2. (2.14)
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Similarly, one has

1
Pm

m∑
i=1

pi‖∇f (zi) ‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

∇f (zi)

∥∥∥∥∥
2

� 1
4
‖M − m‖2. (2.15)

Finally, by (2.10), (2.14) and (2.15), one can write∣∣∣∣∣ 1
Pm

m∑
i=1

pi 〈 xi,∇f (zi)〉 −
〈

1
Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pi∇f (zi)

〉∣∣∣∣∣
� 1

4
‖Φ− φ‖‖M − m‖, (2.16)

which, by (2.2), gives the desired inequality (2.1). �
THEOREM 2. Let f : U ⊆ Rn → R be a differentiable mapping with continuous

partial derivatives, where U is an open convex set, and xi ∈ U , i = 1, . . . , m, pi � 0
(i = 1, . . . , m) and Pm > 0 . Suppose that the ∇ -operator satisfies a condition of
r-H-Hölder type, i.e.,

‖∇f (x) −∇f (y) ‖ � M‖x − y‖r, ∀x, y ∈ conv[x1, . . . , xm], (2.17)

where M > 0 and r ∈ 〈 0, 1〉 . Let


 = max
1�i<j�m

‖xi − xj‖.

Then we have the inequality∣∣∣∣∣ 1
Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)∣∣∣∣∣ � M
r+1

2P2
m

(
P2

m −
m∑

i=1

p2
i

)
. (2.18)

Proof. As in the proof of Theorem 1, we have (2.8), that is∣∣∣∣∣ 1
Pm

m∑
i=1

pi 〈 xi,∇f (zi)〉 −
〈

1
Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pi∇f (zi)

〉∣∣∣∣∣
� 1

2P2
m

m∑
i, j=1

pipj‖xi − xj‖ · ‖∇f (zi) −∇f (zj) ‖ (2.19)

Because zi, zj ∈ conv[x1, . . . , xm] (2.17) implies that the last expression is

� M
2P2

m

m∑
i, j=1

pipj‖xi − xj‖ · ‖zi − zj‖r.

As zi, zj ∈ conv[x1, . . . , xm] , we can write

zi =
m∑

i=1

uixi, zj =
m∑

j=1

vjxj.
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Then

‖zi − zj‖ =

∥∥∥∥∥∥
m∑

i, j=1

uivj(xi − xj)

∥∥∥∥∥∥ � max
1�i<j�m

‖xi − xj‖ = 
.

Using (2.19) we can state the inequality∣∣∣∣∣ 1
Pm

m∑
i=1

pi 〈 xi,∇f (zi)〉 −
〈

1
Pm

m∑
i=1

pixi,
1

Pm

m∑
i=1

pi∇f (zi)

〉∣∣∣∣∣
� M

2P2
m

m∑
i, j=1;i�=j

pipj‖xi − xj‖
r

=

rM
2P2

m

m∑
i, j=1;i�=j

pipj‖xi − xj‖ � 
r+1M
2P2

m

m∑
i, j=1;i�=j

pipj.

Since ∑
1�i<j�m

pipj =
1
2

⎛
⎝ m∑

i, j=1

pipj −
∑
i=j

pipj

⎞
⎠ =

1
2

(
P2

m −
m∑

i=1

p2
i

)
,

the inequality (2.18) is proved. �
THEOREM 3. Let f : U ⊆ Rn → R be a differentiable mapping with continuous

partial derivatives, where U is an open convex set, xi ∈ U, pi � 0 (i = 1, . . . , m) and
Pm > 0. Suppose that the ∇ -operator is Lipschitzian with the constant L > 0 , i.e.,

‖∇f (x) −∇f (y) ‖ � L‖x − y‖, (2.20)

for all x, y ∈ conv[x1, . . . , xm] . If

φ � x � Φ x ∈ conv[x1, . . . , xm], (2.21)

φ,Φ ∈ Rn (i = 1, . . . , m) then we have the inequality∣∣∣∣∣ 1
Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)∣∣∣∣∣ � L
4
‖Φ− φ‖2. (2.22)

Proof. As in the proof of Theorem 1∣∣∣∣∣ 1
Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)∣∣∣∣∣
�

⎛
⎝ 1

2P2
m

m∑
i, j=1

pipj‖xi − xj‖2

⎞
⎠

1
2
⎛
⎝ 1

2P2
m

m∑
i, j=1

pipj‖∇f (zi) −∇f (zj) ‖2

⎞
⎠

1
2

(where zi, zj are as in Theorem 1)

�

⎛
⎝ 1

2P2
m

m∑
i, j=1

pipj‖xi − xj‖2

⎞
⎠

1
2
⎛
⎝ 1

2P2
m

m∑
i, j=1

pipjL
2‖zi − zj‖2

⎞
⎠

1
2
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(using the equalities

1
2P2

m

m∑
i, j=1

pipj‖xi − xj‖2 =
1

Pm

m∑
i=1

pi ‖xi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
2

and

1
2P2

m

m∑
i, j=1

pipj‖zi − zj‖2 =
1
Pm

m∑
i=1

pi ‖zi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pizi

∥∥∥∥∥
2

)

=

⎛
⎝ 1

Pm

m∑
i=1

pi ‖xi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
2
⎞
⎠

1
2

× L

⎛
⎝ 1

Pm

m∑
i=1

pi ‖zi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pizi

∥∥∥∥∥
2
⎞
⎠

1
2

� (we have the following Grüss type inequality

1
Pm

m∑
i=1

pi ‖xi‖2 −
∥∥∥∥∥ 1

Pm

m∑
i=1

pixi

∥∥∥∥∥
2

� 1
4
‖Φ− φ‖2,

and using the fact that zi ∈ conv[x1, . . . , xm], so φ � zi � Φ )

� L

(
1
4
‖Φ− φ‖2

) 1
2
(

1
4
‖Φ− φ‖2

) 1
2

=
L
4
‖Φ− φ‖2. �

REMARK. Some results, related to Theorems 2 and 3, for convex functions were
obtained in [2].

3. The Jensen-Grüss inequality in one dimensional case

THEOREM 4. Let f : I ⊆ R → R be a differentiable mapping with continuous
first derivative and I = 〈 a, b〉 . Let xi ∈ I (i = 1, . . . , m) and suppose that there exist
m, M ∈ R such that

m � f ′(x) � M, for all x ∈ I. (3.1)

Then for all pi � 0 (i = 1, . . . , m) with Pm > 0 we have the inequality∣∣∣∣∣ 1
Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)∣∣∣∣∣

�

∑
i∈S

pi

(
Pm −

∑
i∈S

pi

)

P2
m

(b − a)(M − m), (3.2)

where S is the subset of {1, . . . , m} which minimizes the expression
∣∣∑

i∈S pi − Pm
2

∣∣ .
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Proof. Using the mean-value theorem for points x, y ∈ I we can write that there
exist z , x � z � y such that

f (x) − f (y) = f ′(z)(x − y). (3.3)

Using (3.3) for x = 1
Pm

∑m
i=1 pixi , y = xj we conclude that there exists zj ( x � zj � xj )

such that

f

(
1
Pm

m∑
i=1

pixi

)
− f (xj) = f ′(zj)

(
1

Pm

m∑
i=1

pixi − xj

)
(3.4)

for all j ∈ {1, . . . , m} . If we multiply (3.4) by pj � 0 and sum over j , we obtain

pjf

(
1

Pm

m∑
i=1

pixi

)
− pjf (xj) = pjf

′(zj)

(
1
Pm

m∑
i=1

pixi − xj

)
.

This implies

Pmf

(
1

Pm

m∑
i=1

pixi

)
−

m∑
j=1

pjf (xj) =
1
Pm

m∑
j=1

pjf (zj)

(
m∑

i=1

pixi

)
−

m∑
j=1

pjxjf
′(zj).

Dividing by Pm > 0 , we obtain

f

(
1

Pm

m∑
i=1

pixi

)
− 1

Pm

m∑
j=1

pjf (xj)

=
1

Pm

m∑
j=1

pjf (zj)
1

Pm

m∑
i=1

pixi − 1
Pm

m∑
j=1

pjxjf
′(zj) (3.5)

We note that the following results was proved in [4]:

THEOREM B. If m1 � ai � M1, m2 � bi � M2, i = 1, . . . , m and S is the subset
of {1, . . . , m} which minimizes the expression∣∣∣∣∣

∑
i∈S

pi − Pm

2

∣∣∣∣∣
then∣∣∣∣∣Pm

m∑
i=1

piaibi−
(

m∑
i=1

piai

)(
m∑

i=1

pibi

)∣∣∣∣∣�(M1−m1)(M2−m2)

(∑
i∈S

pi

)(
Pm−

∑
i∈S

pi

)

If we choose ai = xi , bi = f ′(zi) , then we may state that

∣∣∣∣∣ 1
Pm

m∑
i=1

pif (xi) − f

(
1
Pm

m∑
i=1

pixi

)∣∣∣∣∣ �

∑
i∈S

pi

(
Pm −

∑
i∈S

pi

)

P2
m

(M − m)(b − a)
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and the result follows. �

THEOREM 5. Let f : I ⊆ R → R be a differentiable mapping with continuous first
derivative and I = 〈 a, b〉 . Let xi ∈ I , pi � 0 (i = 1, . . . , m) and Pm > 0 . Suppose
that f ′ is Lipschitzian with the constant L > 0 , i.e.,

|f ′(x) − f ′(y)| � L |x − y| , (3.6)

for all x, y ∈ I . Then we have the inequality

∣∣∣∣∣ 1
Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)∣∣∣∣∣ � L

∑
i∈S

pi

(
Pm −

∑
i∈S

pi

)

P2
m

(b − a)2, (3.7)

where S is the subset of {1, . . . , m} which minimizes the expression
∣∣∑

i∈S pi − Pm
2

∣∣ .
Proof. As in (3.5) we have the equality∣∣∣∣∣∣f

(
1
Pm

m∑
i=1

pixi

)
− 1

Pm

m∑
j=1

pjf (xj)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
1
Pm

m∑
j=1

pjf (zj)
1

Pm

m∑
i=1

pixi − 1
Pm

m∑
j=1

pjxjf
′(zj)

∣∣∣∣∣∣
� 1

P2
m

∑
1�i<j�m

pipj |xi − xj| · |f ′(zi) − f ′(zj)| .

Using the Cauchy-Buniakowsky-Schwartz inequality, we can state that the last expres-
sion is less than

⎛
⎝ 1

P2
m

∑
1�i<j�m

pipj |xi − xj|2
⎞
⎠

1
2
⎛
⎝ 1

P2
m

∑
1�i<j�m

pipj |f ′(zi) − f ′(zj)|2
⎞
⎠

1
2

.

Using Theorem B and (3.6) we have that this is

�
(

1
P2

m

∑
i∈S

pi(Pm −
∑
i∈S

pi)(b − a)2

) 1
2

× L

(∑
i∈S

pi(Pm −
∑
i∈S

pi)(b − a)2

) 1
2

= L

∑
i∈S

pi

(
Pm −

∑
i∈S

pi

)

P2
m

(b − a)2

which proves the Theorem. �



214 I. BUDIMIR AND J. PEČARIĆ

COROLLARY 1. With the assumptions of Theorem 5 and assuming bounded second
derivative of f , we have the inequality

∣∣∣∣∣ 1
Pm

m∑
i=1

pif (xi) − f

(
1

Pm

m∑
i=1

pixi

)∣∣∣∣∣ � L

∑
i∈S

pi

(
Pm −

∑
i∈S

pi

)

P2
m

(b − a)2, (3.8)

where L = ‖f ′′‖ and ‖ · ‖ is the sup norm.

Proof. Using the mean-value theorem, we conclude that there exist points wij in
the open interval joining zi to zj , such that

|f ′(zi) − f ′(zj)| = |f ′′(wij)(zi − zj)|
� sup

x∈I
|f ′′(x)| |zi − zj| = ‖f ′′‖ |zi − zj| .

As in proof of Theorem 5 we may conclude that∣∣∣∣∣∣f
(

1
Pm

m∑
i=1

pixi

)
− 1

Pm

m∑
j=1

pjf (xj)

∣∣∣∣∣∣
�

⎛
⎝ 1

P2
m

∑
1�i<j�m

pipj |xi − xj|2
⎞
⎠

1
2

×
⎛
⎝ 1

P2
m

∑
1�i<j�m

pipj |f ′(zi) − f ′(zj)|2
⎞
⎠

1
2

� ‖f ′′‖
⎛
⎝ 1

P2
m

∑
1�i<j�m

pipj |xi − xj|2
⎞
⎠

1
2

×
⎛
⎝ 1

P2
m

∑
1�i<j�m

pipj |zi − zj|2
⎞
⎠

1
2

yielding the desired inequality. �
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