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ON SOME NEW SEQUENCE SPACES OF INVARIANT
MEANS DEFINED BY ORLICZ FUNCTIONS

E. SAvAs* AND B. E. RHOADES

(communicated by H. M. Srivastava)

Abstract. The purpose of this paper is to introduce and study some sequence spaces which are
defined by combining the concepts of a Orlicz function, invariant mean and lacunary convergence.
We also examine some topological properties of these spaces and establish some elementary
connections between lacunary [w]s -convergence and lacunary [w]g -convergence with respect
to an Orlicz functions which satisfy a A; -condition.

1. Introduction

Let I and c¢ denote the Banach spaces of real bounded and convergent sequences
x = (xx) normed by ||x|| = sup, |x|, respectively.

A sequence x = (x;) € Il is said to be almost convergent if all of its Banach
limits coincide, (see, Banach [1]). Let ¢ denote the space of all almost convergent
sequences. Lorentz [8] proved that

¢ ={x€ly: lim t,,(x) exists, uniformly in n},
m—0o0

Xp + Xp1 + -0 Xngm

m+ 1
The space [¢] of strongly almost convergent sequences was introduced by Maddox

[10] and also independently by Freedman et al. [4] as follows:

where 7, (x) =

[¢] ={x €l : lim f,,(Jx —le|) = 0, uniformly in n, for some [}

where e = (1,1,...).
Schaefer [18] defined the o -convergence as follows:
Let o be a mapping of the set of positive integers into itself. A continuous linear
functional @ on [/ is said to be an invariant mean or a ¢ -mean if and only if,
(i) @(x) > 0 when the sequences x = (x,) has x, > 0 forall n,
(ii)) @(e) =1, and
(iii) @(xg(m)) = @(x) forall x € I .
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In case o is the translation mapping n — n + 1, a o-mean is often called a
Banach limit and V,, the set of bounded sequences all of whose invariant means are
equal, is the set of almost convergent sequences.

If x = (x), write Tx = (Tx) = (Xo()) - It can be shown that

Vo={x€lx: lilfn tim (x) = 1, uniformly in m},

[ = o-limx, where
X + Xo(m) T Xo2(m) T+ + Xok(m)
k+1 '

Here o*(m) denotes the k™ iterate of the mapping o at m.

A o-mean extends the limit functional on ¢ in the sense that ¢(x) = limx for
all x € ¢ if and only if o has no finite orbits; that is to say, if and only if for all
n>0,j>10/(n)#n (see, Mursaleen [11]).

Just as the concept of almost convergence led naturally to the concept of strong al-
most convergence, 0 -convergence leads naturally to the concept of strong ¢ -convergence.
A sequence x = (x) is said to be strongly o -convergent if there exists a number [
such that

tem (x) =

(e = 1) € Vo (1)
with the limit zero, (see, Mursaleen [12]).
We write [Vs] as the set of all strongly o -convergent sequences. When (1) holds,
we write [Vs] — limx = [. Taking o(n) = n+ 1, we obtain [Vs] = [¢] so that strong
o -convergence generalizes the concept of strong almost convergence. Note that

cC[Vs] CVsCly

Using the concept of invariant means, the following sequence spaces have been recently
introduced and examined by Mursaleen et al. [13] is a generalization of the results of
Das and Sahoo [3].

We = {x hm R Z T (X =0, for some / € C, uniformly in m} ,

Wle = {

1
[wo] = {x : lirrln o ;rkm(\x —1]) =0, for some [ € C, uniformly in m} .

Z |ttm(x — 1)] = 0, for some [ € C, uniformly in m}

By a lacunary sequence 6 = (k,); r =0,1,2,..., where kp = 0, we shall mean
an increasing sequence of nonnegative integers with k. — k,_; — oo. The intervals
determined by 6 will be denoted by I, = (k,—i1, k] and we let h, = k. — k,— .
The ratio k,/k,—; will be denoted by ¢g,. The space of lacunary strongly convergent
sequences Ny was defined by Freedman et al. [4] as

No = {x: (xx) : lim Z|xk -1 =0, forsomel}

kGIr
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Quite recently the concept of lacunary strong & -convergence was introduced by
Savas [16] which is a generalization of the idea of lacunary strong almost convergence
due to Das and Mishra [2].

If [V9] denotes the set of all lacunary strongly o -convergent sequences then Savas
[16] defined

Vo = { = : lim W Z |Xok(ny — 1| = 0, for some [, uniformly in n} .

r—o00
kely

Recall [5,7] that an Orlicz function is a function M : [0,00) — [0, 00) which is
continuous, non-decreasing and convex with M(0) = 0, M(x) > 0 for x > 0 and
M(x) — oo as x — oo. If convexity of M is replaced by subadditivity, then this
function is called a modulus function (see, Ruckle [15]).

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to define the follow-
ing sequence spaces. Let s be the space of all real or complex sequence x = (x),

ly = {x:ZM<%k|) < 00, forsomep>0}7

k=1

which is called an Orlicz sequence space. [y is a Banach space with the norm,

x| = 1nf{p>0 ZM('?) < 1}.

k=1

Also, recently Parashar and Choudhary [14] have introduced and examined some
properties of four sequence spaces defined by using an Orlicz function M, which
generalized the well-known Orlicz sequence space /3, and strongly summable sequence
spaces [c, 1,p], [¢,1,p]o and [c, 1, p]s . It may be noted here that the space of strongly
summable sequences were discussed by Maddox [9].

The main object of this paper is to introduce and study the following sequence
spaces which are defined by combining the concepts of an Orlicz function, invariant
mean and lacunary convergence. We examine some topological properties of these
spaces and establish some elementary connections between lacunary [w], -convergence
and lacunary [w]s -convergence with respect to an Orlicz function which satisfies A; -
condition.

Now we introduce the following sequence spaces:

DEFINITION 1. Let M be an Orlicz function and p = (px) be any sequence of
strictly positive real numbers. Now we define the following sequence spaces.

W, M, pls = {x— (%) hmhlz [M(M)]pk —0,

kel

for some / and p > 0, uniformly in m},
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sttty = {r= 0 i 3 (M) | <0

for some p > 0, uniformly in m},

5 = sy 5 [ () <

T el

for some p > 0}.

Some sequence spaces are obtained by specializing 8, M, and p. For example, if
we take py = 1 for all k, then we write the spaces [w?, M), [w?, M]% and [w? M|
in place of the spaces [w%, M, p|s, W%, M, p]% and [w? M, p]>

If x € W%, M]s, we say that x is lacunary [w],-convergent with respect to the
Orlicz function M .

When o(n) = n+ 1, the spaces [w?, M, pls, [w?, M, p]% and [w, M, p]> reduce
to the spaces [Wg, M, p|, [Wg, M, plo and [We, M, p]oo respectively, which are defined as

o, M, p] = {x— (%) - n;nhl 3 {M(t’”"( ”')Tk —0,

r mely

p
uniformly in # for some / and p > 0 }

) = (= ) st 3 ()"~

uniformly in n for some p > 0 },

Wo,M,plec = {x = (x) : suphi Z {M(Wjo(x))rk < 00,

rn Hr
’ méely

for some p > 0}.
If M(x) =x, 0 = (2") and p; = 1 for all k, then [w% M,pls = [w]s (see,
Mursaleen et al. [13]) and [We, M, p] = [W] (see, Das and Sahoo([3]). When M (x) = x

and p; = 1 forall k, then W9 M, p|s = W95, W0, M, p]2 = [W9)2. If 6 = (2") then

2. Main Results

We have
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THEOREM 2.1. For any Orlicz function M and a bounded sequence p = (py)
of strictly positive real numbers, [w° M, pls, W, M, pl% and [w®, M,p]> are linear
spaces over the set of complex numbers.

Proof. We shall prove the result only for [w?, M, p]2. The others can be treated
similarly. Let x,y € [w? M,p]% and «, B € C. In order to prove the result we need to
.1 |tem (0x + By) |\ 17 . .
find some p3 > 0 such that lim i Z M|—— = 0, uniformly in
r kel P3
m.
Since x,y € [w?, M, pl% ., there exists positive p; and p, such that

ot ()] -

kel

. 1 ‘tkm (X)‘ Pk . .
and lim i Z {M <— = 0, uniformly in m.

B
" kel P2

Define, p3 = max (2|ca|p1, 2|B|p2). Since M is non-decreasing and convex,

(=)

kel

()
< hirz . {M(rk,;;ix)) +M(;k,;<2y)>rk

o () (22

<z (s ezl

— 0 as r — oo, uniformly in m, where C = max(1,27~1), H = suppy, so that
ox + By € W, M, pl5.
This completes the proof.

THEOREM 2.2. For any Orlicz function M and a bounded sequence p = (py)
of strictly positive real numbers, [w% M,p|% is a topological linear space, totally

paranormed by
1/H
1 m pk
g(x) = inf ppr/H: (h_z {M<tkp(x))] ) <L,r=1,2,, m=1,2,...

r kely

where H = max (1, suppy).



276 E. SAVAS AND B. E. RHOADES

Proof. Ttis easy to see that g(x) = g(—x). By using theorem 2.1, for o« = f =1,
we get g(x +y) < g(x) +g(v). Since M(0) = 0, we get inf{p”/"} =0 for x = 0.
Conversely, suppose g(x) = 0, then

N\ L/H
int ] it (lZ {M<|rkm<x)|)r> IR
he kel p

This implies that for a given € > 0, there exists some p3(0 < p3 < €) such that
1/H

EE M) <
1/H

(L fo(=)]") < (o)) e

foreach r and m.
Suppose that x4i(;) # 0 for each i and j. This implies that #;(x) # 0, for each i

and j. Let € — 0. Then
B0
€

(13 ")

which is a contradiction.

Therefore, #;(x) = 0 foreach i and j, and thus x4i;;y = 0 forall i and j. Finally,
we prove that scalar multiplication is continuous. Let A be any complex number. By
definition,

e 1/H
g(Ax) = inf P”’/H:GZ{M<W)] ) <Lr=12,m=12,...

r kely

s oo (3.2 o 2]

<L, r=12, ,m=12,...

Thus

It follows that
1/H

Then

where u = p/|A|. Since |A|P" < max (1, |A[*"PPr), we have
, . 1 () \7)
Ax) < 1. | |suppr 1/H f I’r/H: _ M
o000 < (max (1, 07 in e (5 (22

<1,r:1,2,,m:1,2,...}7
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which converges to zero as x converges to zero in [w%, M, p]2..
Now we assume that A, — 0 and x is fixed in [w?, M, p]%. For arbitrary € > 0,
let N be a positive integer such that

LZ M () pk<(£/2)Hf0rsomep>O r>N
hrkelr p 7

and all m. This implies that

1/H
lz M i ()] oy < ¢g/2forsomep >0, r >N
h 0 ’

" kel

and all m.
Let 0 < |A| < 1. Using the convexity of M, for r > N and all m, we get

2 ()] < ()] <

Since M is continuous everywhere in [0, 00), then for r < N,

fls)= hi Z {M (M)]pk is continuous at 0.

" kel p

So thereis 1 > & > 0 such that |f (s)| < (e/2)7 for 0 < s < §. Let K be such that
|Aj] < & for i > K. Thenfor i > K, r <N and all m,

(o)) e

1/H

(5 o (1)) e

for i > K and all r and m, so that g(Ax) — O(A — 0).

Thus

DEFINITION 2. An Orlicz function M is said to satisfy the A;-condition for all
values of u, if there exists a constant K > 0 such that M(2u) < KM(u), u > 0.

It is also easy to see that always K > 2. The A;-condition equivalent to the
satisfaction of inequality M(lu) < K(Iu)M(u) for all values of u and forall [ > 1.
(see [6]).

THEOREM 2.3. For any Orlicz function M which satisfies the A, -condition, we
have [w®)s C W, M].

To prove this theorem we need the following lemma.
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LEMMA 2.4. Let M be an Orlicz function which satisfies the A, -condition and let
0 <8 < 1. Then foreach x > 8§ we have M(x) < Kx§~'M(2) for some constant
K >0.

Proof. Tt follows by a straightforward computation using the A, -condition.

Proof of Theorem 2.3. Let x € [w°],. Then we have

1
Ar = h_ Z ‘tkm(x - l)| —0

r kely

as r — oo, uniformly in m, for some [.

Let € > 0 and choose § with 0 < § < 1 such that M(¢) < € for 0 <t < 9§.
We can write

S Mt D)) = 2 S Mt — D)) + - S Mt~ 1))

" kel " kel " kel
‘tkm(x*l)‘ < 6 ‘tk,,,(X*l” > 5
< hy Y (he) + b ' KST'M(2)h,A,,

by lemma 2.4. Letting r — oo, it follows that x € [w? M|, .
This completes the proof of Theorem 2.3.

By using the method of the proof of Theorem 2.3. it is not hard to see that
wole € [w?, Mg and [WO]5° C [w?, MIe.
In the following two theorems we prove the inclusion [w, M, pls C W%, M, pls

and [w? M, p|s C [w,M,p]s under certain restrictions on 0 = (k).

THEOREM 2.5. Let 6 = (k,) be a lacunary sequence with liminf, g, > 1. Then
for any Orlicz function M, [w,M,pls C W%, M, p|s, where

(w, M, plo = {x = (x) :lim nl? Z {M(W)]pk ~0

k=0

uniformly in m, for somel and p > 0}.
(In case | = 0, we write [w,M,pls = [w,M,pl]%).

Proof. Ttis sufficient to show that [w, M, p|% C [w?, M, p]%; the general inclusion
follows by linearity. Suppose liminf,q, > 1, then there exists 6 > 0 such that
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gr = (ky/ky—1) = 1+ 8 forall r > 1. Then for x € [w, M, p]%, we write

-LEb ) -2 T

Since, h, = k, — k,_, we have

=
N\

The terms ;! i {M<tka(x)|)] and kL Z { (;km >:|I’k

k=1

both converge to zero uniformly in m, and it follows that A, convergesto 0 as r — oo,
uniformly in m, that is, x € w9 M, p]% . This completes the proof.

THEOREM 2.6.. Let 6 = (k.) be a lacunary sequence with limsup, g, < 0.
Then for any Orlicz function M, [w®, M, pls C [w,M, pls.

Proof. If limsup, g, < oo, there exists B > 0 such that g, < B forall r > 1
Let x € [w?,M,p]2 and &€ > 0. There exists R > 0 such that for every j > R and all

m,
1 m P
o by (Bt
7 ke p

We can also find K > 0 such that A; < K forall j =1,2,....

Now let n be any integer with k,_; < n < k., where r > R.
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kel keh
fom Pk
kel p
ki (|tkm(x)>}pk k — ki —1 |: (tkm(x)>]pk
= k M + ky — k M
kr 1 ! ICEZI P kr—l ( ) kZ P
1 eh
kr — kg_, -1 [tim (x)] P
oo+ ——— (kg — k M| ———
et (ke —kr_) ") )
kel
kr - kr—l —1 |tkm(x)| Pk
oot ——(k, — &k — M| ———
ot T ng{(l)
ki ky — ki kr — kr—1 kri1 — kg ky — k—1
= A A e A A o+ —A,
kr—l ' kr—l 2 * kr—l R kr—l Rt * kr—l
k k- —k
< <suij) R+ <suij) R
i>1 kr 1 >R kr 1
kr
<K + €B.
kr—l

Since k,_1 — oo as n — o0, it follows that

(] e

k=1

uniformly in m and consequently x € [w?, M, p]2.
This completes the proof.

THEOREM 2.7. Let 8 = (k) be a lacunary sequence with 1 < liminf, g, <
limsup, g, < oo. Then for any Orlicz function M, [w,M,plec = W%, M, pl;.

Proof. Theorem 2.7 follows theorems 2.5 and 2.6.
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