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LOWER AND UPPER BOUNDS FOR THE PROBABILITY
THAT AT LEAST r AND EXACTLY r OUT OF rn EVENTS OCCUR

LINCHUN GAO AND ANDRAS PREKOPA

(communicated by Z. Dardczy)

Abstract. Lower and upper bounds are presented for the probability that at least r or exactly r
out of n events occur, in terms of sums of joint probabilities of at most m events, where m < n.

1. Problem formulation and preliminary Lemmas

Let Ay, ..., A, be arbitrary events in an arbitrary probability space. Introduce the
indicator variables:

X — 1,if A; occurs,
" 7 ] 0,otherwise,

and let
v=X+--+X.

Clearly, v designates the number of events which occur. In this paper we present new
lower and upper bounds for P(v > r), and P(v =r), where 1 < r < n. The bounds
for P(v > r) generalize bounds presented in Prékopa, Vizvari, Regos and Gao [7], who
dealt with the case of r = 1.

Our new bounds are different from those presented in Boros and Prékopa [1],
for P(v > r) and P(v = r) and also from those in Sathe, Pradha and Shah [8], for
P(v = r). The new bounds are based on joint probabilities of at least » and at most
m + r events which are taken into account in more detailed forms, than in the above
cited papers. In Section 6 we present numerical examples and in almost all of them our
bounds outperform the just mentioned other ones.

In what follows, the sets

Ay N---NANA,, N---NA,, (1)

which subdivide the sample space into 2" disjoint parts, will be referred to as atoms. Our
bounds are based on simple lemmas and linear programming formulations, where the
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optimum values provide us with the bounds. The first lemma enunciates a well-known
fact. For a proof the reader is referred to Prékopa [5] (pp. 182-183).

LEMMA 1.1. We have the equality

(‘11): Yo XX 2)

1§i1<---<ik§n

LEMMA 1.2. Let 1 <j; < --- < j, < n. We have the equality

V—r

()wow- L xew o
1<ii<---<ix<n
{i17"'7ik}3{j1>"'7jr}

where 1 <k <r.

Proof. Equation (3) holds trivially, if k = r. Otherwise, it can be written in the
following equivalent form:

vV—r
(k_r)&~-~&,—&l-~-&, >, Xiy - Xy, (4)
I1<n<---<ip_,<n

{iv, oo yie—ry C{L.coon} \ Uiy 0dr}

If X;; = O, for at least one i, then both sides are 0. If X; = --- = X;, = 1, then
(4) follows by (2), if we reduce the sample space determined by these equations.

LEMMA 1.3. Let 1 <j; <---<j,<n,and
Xjyoojeh = P(.le :1,...7}(}'r:1,\/:]’l), (5)
where h > r. We define
pil‘“ik = P(X,'l = 1, .. 'Xik = 1),

forany 1 <ip <--- <i.<n.
Then we have the equality:

“(h—r

Z(k—r)le'"j’h - Z Piy-igs (6)

h=r I<ihi<---<ig<n
{i1>~-~7ik}3{j17"'7jr}

where k > r.

Proof. TIf we take the expectations on both sides in (3), then we obtain (6).
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LEMMA 1.4. Introduce the notation:

= S (7)

yjl"'jrh h
r

> Yiesn = P(v=h) (8)

L1 < <jr<n

We have the equalities

and

Z Zyjl"'jrh = P(V}r). (9)

1< <jr<n h=r

Proof. As ji,...,j, vary suchthat 1 <j; < --- < j, < n, any atom for which

v = h will came up <}; > times in the events A; M ---NA;, . This implies that

h
Z Xjyeojph = <r>P(V:h). (10)
IS <---<jr<n
Equation (10) is the same as (8). Finally,

n
S Vi

1<i<jr<n h=r

¥ (’;)11 S g (1)

i< <jr<n

2. Linear programming formulations of the probability bounding problems

We rewrite equation (6) by replacing <}: > Yji--jrh for x;,..j, and introducing

/ 1
Sjl"'jrk = k— Z Diy i - (12)
> 1<ip <~ <ix<n

{il,...,ik} D{jl,...,jr}

() () = ()6

r

Since
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equation (6) takes the form

n h ,
<k> Yivirh = Sjyojps (13)
h=r

where k > r and 1 < j; < - - <j, < n. If we consider (13) as a system of linear
equations, then we observe that for a fixed ji, .. .,j, the right hand side values SJ’.l ks
k > r uniquely determine the values of y;..;», A > r. In fact, the matrix of the

equation is
r r+1Y n
r r r

r+1 n
r+1 r+1 7 (14)

n
n
where in the blank positions we have zeros, and this matrix is clearly nonsingular. Thus,
/ . .
the sets of values Sjl“‘jrk’ k > r and yj,..;n, h > r uniquely determine each other for
fixed ji,...,jr,and also if jj,...,j, vary in all possible ways.

In practice the probabilities x;,...;,, hence also the values y;,..;» , are unknown

but known are the S;l---jrk for some k. Assume that we know

/

S

i k=14 L my (15)

forall 1 <j; <---<j, <n.

Now we relax the equation (13) in such a way that we keep only those which have
right hand side values (15). The obtained equations, together with the nonnegativity
restrictions

Vjyjoh 2 0, forh=r,...,n, (16)

forall 1 <j; <. <j, < n,determine a set of feasible solutions. For such a feasible
solution the equation (11) is not necessarily valid any more. However, the optimal
solutions of the LP’s:

min(max) Z z”: Vjrejrh (17)

1<i<<jr<n h=r

subject to
n h ,
k yjl“‘jrh = Sjl"'jrk’ k:r,rJrl,...,mjl...jr
h=r
yjl jrh>07h_r’r+l7 an (18)
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are lower and upper bounds, respectively, for P(v > r). Similarly, the optimal solutions
of the LP’s:

min(max) > Y (19)
1<ji<<jr<n
subject to (18)
are lower and upper bounds, respectively, for the probability P(v =r).

The constraints (18) split into - subconstraints such that they contain disjoint

sets of variables. These variables are coupled only in the objective function, which is the
sum of the objective functions of the subproblems. Thus, the minimization, as well as

the maximization problem (17) splits into (’ZA ) subproblems and the optimum value

of the original problem is simply the sum of the optimum values of the subproblems.
Let us introduce the notations:

Py = probability that at least r out of the n events occur
Pj; = probability that exactly r out of the n events occur
L,y = optimum value of the minimization problem (17)-(18)
Uy = optimum value of the maximization problem (17)-(18)
L) = optimum value of the minimization problem (19)
Uj,y = optimum value of the maximization problem (19)
li.j.(y = optimum value of the minimization subproblem (17)-(18), corre-
sponding to jj - - - j,
. () = optimum value of the maximization subproblem (17)-(18), corre-
sponding to j; - - - j,
li..j,y = optimum value of the minimization subproblem (19), corresponding
to ji -« - Jjy
uj,..j,y = optimum value of the maximization subproblem (19),corresponding
to ji---Jjr-
Then, we have the relations
Ly = > s (20)
Iji<---<jrsn
Un = D Wity (1)
1< < <jr <n
Ly = > il (22)
Iji<---<jrsn
Uy = Z Wy .- (23)
1j1<<jr<n
Since the true probability distribution, that provides us with the input data SJ’.l ks
k=rr+1,....m.;,1<j <--j <n,is among the feasible solutions of the

constraints (18), it follows that Ly < Py, Ly < Py, and these bounds are sharp.
For the same reason we also have the inequalities: Py < Uy, P < Upy . However,
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it may happen, that U,y > 1 and U},) > 1. In these cases the sharp upper bounds are
equal to 1. Summarizing, the sharp bounds for P, and P} are given by:

L) < Py < Min(Ujy, 1) (24)
Ly < Py < Min(Up, 1). (25)

Luckily, we are able to provide simple solutions to the subproblems, which, in turn,
provide us with the sharp bounds (24) and (25).

3. Solutions to the subproblems of problems (17)-(18)

Let us pick one subproblem from problem (17)-(18), and, for the sake of simplicity,
suppress the subscripts ji, ..., j, in the variables as well as the right hand side values.
Assume that r + m < n and introduce the notations:

r r+1 r—+2 o fr+m\ n
r r r r

’
r+1 r—+2 o frtm\ n
A = r+1 r+1 r—+1 r+1

() ()

Yy = Uryrets o)’
! ! /
b = (Sr>Sr+17 T 7Sr+m)T

¢ = (171a""1)Ta

where ¢ has n — r + 1 components. Then the subproblem takes the form

min(max) ¢’y
subject to

Ay = b (26)
y=0.

The LP (26) falls into the category of totally positive linear programs (see Prékopa

[4]), meaning that all minors of order m + 1 from A and all minors of order m + 2
T

from ( 4 ) are positive. This fact is ensured by a theorem on binomial determinants

proved by Gessel and Viennot [2] and Prékopa [3], stating that any minor of the matrix

k
ik=0
In what follows we use some notions, notations and facts in linear programming.
For a simple and short presentation of the basic ideas, methods and theorems of linear

programming the reader is referred to Prékopa [6].

. n
< ) , that has all positive entries above its main diagonal, is positive.
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Let a,,...,a, designate the columns of the matrix A and take m + 1 of them
to form a basis B. The basis is said to be primal feasible, if B~'b > 0, and dual
feasible in the minimization (maximization) problem, if ch*Iak < c,k=r...,n
(cEB™'ay > ¢, k = r,...,n). If k is the subscript of a basic vector, then
cEB~'a; = ¢. If for all other k subscripts the inequalities are strict, then we call the
basis dual non-degenerate.

The following theorem specializes the assertions of theorem 12.1, 12.2 and 12.3 in
Prékopa [4] to the present case. Since the proof is short, we present it for the reader’s
convenience. We remark, however, that the main ideas of the proof are the same as
those in the proofs of Theorems 8, 9, 10 in Prékopa [3].

THEOREM 3.1. All bases in problem (26) are dual non-degenerate and the dual
feasible bases have the following structure, described in terms of the subscripts of the
basic vectors:

m+ 1 even m+ 1 odd
min problem i,i+1,....jj+1 ii+1,....j,j+1,n (27)
max problemr,i,i+ 1,....j,j+ Lnrii+1,...,5,j+ 1.

Proof. Let B designate the basis. Since we have the equalities

1eEN"" (1=chB!
0B —\o B!
1ch\ ! o\ _ (1-ciB! &\ _ (¢ —chiB la,
0B a) — \0 B! a, ) B7'a, ’
it follows that
10179w Cp— 2 (o
o) (757 ) = (7). %)

where r < p < n, d, = B~ 'a,, z, = c;B'a,. Equation (28) is a system of linear

. . T . .
equations for the unknown components in (cp - zp,dlf ) , but at this point we are
interested only in the first component of it. By Cramer’s rule we obtain

Cp Cg
a, B
|B|

Cp—2p = , r<p<n. (29)
If p is a nonbasic subscript, then the determinant in the numerator is different from
0. In fact, the determinant is either a minor of the matrix A or can be made one by
changing the order of the columns. Thus, all bases are dual non-degenerate.

If we use the above result, then we can state that the basis B is dual feasible in the
minimization problem (26) iff ¢, — z, > 0 for every nonbasic p, i.e., the determinant
in the numerator of (29) is positive for every nonbasic p .

This is, however,equivalent to the requirement that the basis has the structure
presented in the first line of (27).
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Similarly, if B is a basis in the maximization problem (26), it is dual feasible iff
¢, — zp < 0 for every nonbasic p, i.e., the numerator in (29) is negative for every
nonbasic p. This takes us to the structure in the second line of (27).

Based on this theorem we can derive formulas for the optimum values of problem
(26), if m is small. Otherwise we can give simple dual type algorithm that solves the
problem for the general case. As the formulas are simple and elegant only if m < 2,
we restrict ourselves to these cases. We have the formulas for m = 3, but we disregard
their presentations because they are too complicated.

/ . .
Case m = 0, S, is known. We mention it for the sake of completeness, because
the bounds are trivial. The optimum values of the minimization and maximization

problems are S; / <’1) , and S; , respectively, hence

S :
Iy = —, uy = S, 30
") N o) (30)
r
and the sharp bounds can be expressed by the relations
Sr .
< Py < min (S, 1). (31)

n
,
Case m =1, S:,S; +1 are known. Minimization problem. Any dual feasible

basis is of the form B = (a,1i—1,d,+i), where 1 < i < n — r. This is also primal
feasible, i.e., optimal, if for the solutions of the equations

r+i—1 r+i _
( r )yr+i—l + ( r )erri—Sr

r+i—1 r+i _
< . >yr+i1 + <r+1))’r+i—sr+1 (32)

weobtain y,; 1 2 0, y,q; 2> 0. The optimum value is I(,) = y,4;—1 +yry;. The result
is
1

Iy S
) <r+i1> { i T (e )
r—1

AU U O Y } (33)

where

r

S/
i =1 =L,
i *{(”)s’J

Case m = 1, S:,S; ,; are known. Maximization problem. The only dual
feasible basis is B = (a,,a,). Since problem (26) has feasible solution, (we assume
that the components of b have been computed exactly by the use of the real data) and

finite optimum, it follows that there exists a basis which is both primal and dual feasible.
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This implies that B has that property. The optimum value is u, = y, + y,, where y,
and y, are obtained from the equations

n /
e+ (r)yn—Sr

n ’
<r+ 1) Yn=S41- (34)

Simple calculation shows that

(35)

Case m = 2, S S, 1o S; +» are known. Minimization problem. Any dual
feasible basis has the form B = (ar4i—1,ar+i,ay) , where 1 <i < n—r. Theequations
for the basic variables are the following:

r+i—1 r+i n
( r )erri—l + ( r )yr+t + (r)yn - S
rti—1 rti B
< r+1 >yr+i1 + <r+1))’r+z <r 1>yﬂ Sr+1 (36)

r+i—1 A r+i
V+2 Yrti—1 V+2 yr+t r4 2 Yn

If we introduce the new variables

r+i—1 r+i n
( rF—1 )erri—l = Zr+i—1, (l‘ 1>yr+i = Zr+iy (r1>yn = Zn, (37)

then (36) takes the form

izryict + ((+ Dzpyi + (n—r+ 1)z, = rS;
(= Vvt + (4 Dizgess + (n—r+ D(n—r)z, = r(r+ 1S, (38)
it — )i = 2)zpim1 + (I + 1)i(i — 1)Zr+i
=4 =)= Do = 4 D+ 2)S]0
The condition on i that produces z,4;—1 > 0, z4+; = 0, z, > 0 can be obtained by
simple calculations. After simplification the result is:
—(r+ D) +2)S 0+ (n—r—1D)(r+ 1S,
—(r+ I)S;H + (n—1)S,

(39)

It remains to solve equations (36) and obtain the optimum value / () = Yr+i—1FYrtitYn-
The result is:

Ly = Yrvimt + Yrti + In
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’

11 1 ( J:i)s ! !
= ———— r(r i n—r
Di i— 1 r+l/
l<r+l > r(r+1)(r+2)S, ,i(i—1)(n—r)(n—r—1)

/

1 rS 1
FRENL IR i— 1 s’ (40)
Di+l<r+i) i— r(r+1)8,,, n—r

) = D=2+ D) +2)S (=) —r = 1)

| | | 1 1 rS, /

+_n—r . i—1 i r(r—&-l)SrH’
b “(r 1) (i — )i —2)ili — Dr(r+ 1)(r +2)S..,

That is,

11 1

R ETO 2 A 4
Iy = Di(r+i> [l(}’l Nim+n+1—r —ri—2i—7r)S, (41)

r
+ (r+0)Q2Pn4nr +ri* + 2% —ir —n’r — 1 —r* — 2i)S;+1
+ (r+Dr+2)m—r* —ri— i)S;H}

1 1 1 ,
1 i1
JrDn—r—&—l( n ) [n(l )S,

r—1

~2r(r 4 )i = )8y + 1+ D +2)8,2]
where

1 1 1
D= i—1 i n—r (42)
i—-1D@E-2)ii—)n—r)(n—r—1)
=n—r—i+1)(n—r—1i.

’

Case m =2, S;, Sei1s S; +» are known. Maximization problem. Any dual fea-
sible basis has the form: B = (a,, a,1i—1, a,+i) , the equations for the basic components

are:
r+i—1 r+i !
yr + ( r )Yrﬂ'l + ( r >yr+i—Sr
r+i—1 r+i /
( P )yr+i—1 + (r+ 1>yr+i:Sr+l (43)

r4+i—1 r+i _d
( r+2 )erri—l + (l‘+2> yr+i—Sr+2-
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If we introduce the new varibales y, = z,, <r T lri ! > Vrticl = Zr+i—1 » (r J;l > Vrti =

Zr+i » then equations (43) take the form:

Zr + Zrpio1l Zr+i:Slr
(i = Dariot + izeei=(r+ 1)S,., (44)
(1= 1)(i = 2zrsic1 + ili = Dariy=(r + 1)(r +2)S,,.

The value of i that ensures z, > 0, z,.;—1 = 0, z-; = 0 can be obtained from the last
two equations. Simple calculation shows that

i=2+ {(r+2)§,’*2J . (45)

r+1

For the optimum value u(y = y, + y,;—1 + yr+; We obtain

/ 1 | — 1 2 ’
u<r>:Sr*%2r+l s -2,
<r+z 1) r i r+i

r

+%<(mr—1>i<iln - heT) e @

r

For the case of r = 1 and m = 1 or m = 2 the above bounds coincide with known
lower and upper bounds for the probability that at least one out of n events occur. For
these known formulas and the references see Prékopa [3].

ALGORITHMIC BOUNDS. We have not presented formulas for [,y and u(, if

Sy ,S: +m are known and m > 3. However, a simple dual type algorithm for
the solution of any of the (minimization or maximization) subproblems can be given.
It consists of the following steps.
Step 1. Find an initial dual feasible basis B to the problem in agreement with
Theorem 3.1.
Step 2. Check for B~'b > 0. If it holds, then go to Step 4. Otherwise, go to
Step 3.
Step 3. Pick any k for which (B~'b), < 0. Remove the kth column from B
and replace it by the uniquely determined vector which restores the dual feasible
basis structure in Theorem 3.1. Go to Step 2.
Step 4. Stop, the basis is optimal and the corresponding basic solution is an
optimal solution to the problem.

/

4. Solutions to the subproblems of problem (19)

We keep the notations introduced in Section 3 but now ¢ = (1,0,...,0)7. We
pick a subproblem, suppress the subscripts ji, . .., js and cast it in the form (26).
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Below we state a theorem that can be proved by the use of similar ideas what we
have used in the proof of Theorem 3.1.

THEOREM 4.1. Any basis that does not contain a, is dual feasible in the minimiza-
tion problem (19) ( and it is also dual-degenerate). All other bases in problem (19) are
dual non-degenerate and have the following structure, described in terms of the basic
subscripts:

m+ 1 even m—+ 1 odd
min problemr,r+ 1,i,i+1,... jj+1rnr+ 1,ii+1,,....5,j+ 1,n
max problem r,i,i+1,...,5,j+ 1,n ri,i+1,...,5,j+1.

Below we derive formulas for the optimum values of the problem, when m =
0,1, 2.

Case m = 0, S/, is known. The optimum values for the minimization and
maximization problems are 0 and S;, respectively. Thus,

/

l[r] = O,M[r] = S,.

Case m = 1, S:,S; +1 are known. Minimization problem. The only dual
feasible basis that contains a, is (a,,a,41). The equations for the basic components of
the optimal solution are:

yr+ (r+ 1)yi’+1:Sr7

/

Yr+1 :Sr+l'

The basis is primal feasible iff y, = S; —(r+ I)S: +1 = 0. Otherwise the optimal basis
does not contain a,, and the optimum value is 0. Thus, we have the optimum value:

Iy = Max(S, — (r+ 1)S,,,, 0). (47)

Case m = 1, S;, S; +1 are known. Maximization problem. The only dual
feasible basis is (a,a,). The equations for the basic components of the optimal
solution are the same as in (34). This time, however, y, alone gives the optimum value:

’ r+1
um =S - SrJrl. (48)

r

n—r

’

Case m =2, S;, St S; +» are known. Minimization problem. The only dual
feasible basis that contains a, is: (a,,a,11,ay). The equations for y,, y,1, y, are:

YA (r 4 Dy + (';)yn—sl

n !
Vr+1 T <r+1)yn:Sr+l

n /
<r+2) yn_Sr+2'
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Since y, > 0, the basis is primal feasible iff

’ r+2 ’
Yr+l = Sr+1 - 7’1 — ISr+2 = 0 (49)
/ / 1 2 /
Yro = Sr - (r+ l)Sr+l + %Sﬂd = 0. (50)

If both (49) and (50) hold, then [;,; = y, . Otherwise, I;,) = 0.
Case m = 2, S;, S; 1o S; +» are known. Maximization problem. Any dual

feasible basis has the form B = (a,,a,1i—1,ar+i), 1 < i < n—r. The equations for
the basic components of the optimal solution are identical to those in (43). Thus, i is
given by (45) but now the optimum value is equal to y, . Simple calculation shows that

/ r+1 r+1)(r+2)
upy) = S, — 2——=5,, + T o (51)
where, as we have mentioned above,
S/
i=24 |(r+2)=|. (52)
Sr+l

For the case of r = 1 and m = 1 or m = 2 the above bounds coincide with
the known lower and upper bounds for the probability that exactly one out of n events
occur. For these known formulas and the references see Prékopa [3].

For the case of a general m an algorithmic solution of the optimization problem,
that produces the bound, can be given here too. It follows the same scheme as the
algorithm that we have presented at the end of Section 3.

5. Summary of bounding formulas

We present the complete bounding formulas for the cases of m = 1,2.
Lower and upper bounds for P, . Case m = 1. By (20), (21), (33), (34) and
(35) we obtain the formulas

—1
r+i, L — 1 r(r+1)
> J1Jr .
P> 3 ( r—1 ) LS

L1 < <jr<n

Pir+1) ]
- T . . 3 TN 9 (53)
b (G gy)
where
: Sj{144<jr,f+l
ljlmjr =1 + (r+ 1),7 (54)
J1ijirst
and

P
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. ' r+1 1 ’
< Min Z Sjlmjr,i’ - m - n— Sjlmjr,rJrl ) 1]. (55)
1<j1 < <jr<n ( )
r

Case m = 2. By (20), (21), (39) and (41), we obtain the lower bound:

where

—
—_

l;

1gr(r) = ; :
Dy, _j Ty i <V+ i )
r

X [ijmr(n =)+ L= =i, = 20, =)
+ (r+1)2rn+nr + rijzl P nr—r —r*— 2ij1mjr)S/'
+ (D +2)(m = 7% = rij g, — i)

Sjlmjr,r (57)

Jte-jror+1

Sj1~~Jr,r+2}
1 1 1 . . !
" D]l]r n—r+1 n [ljlmjrr(ljl“‘jr - I)Sjl'»-jr7r
r—1
<21+ )iy = DS + 1+ D+ 208, 1]
where
Dj..j = (n—=r—ijj+ D —r—ip), (58)
and
P 1 —r(r+ 1)(”‘5‘2)5]'1“4,,%2 +(n—r—1r(r+ l)Sjl...jr,r+1 (59)
e 7}"(}" + 1)SJ/'1Mjr,r+l + (l’l - r)rSjl‘l...jr,r '
In case of the upper bound we use (20), (21), (45) and (46). The result is:
Py < Min S Wi 1 (60)
1< <jrsn

where

W .je(r) = Sjl»»-jhr
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B S O L P U U S s
<r—|— g —1 ) r iy r+ii J1edror+1

r

N (r+1)(r+2) <r+zj,-“j,—1> 1
(V + gy — 1 ) d 2 ("jl...jr -
r

r+1 ) S/
(ijpoojy — V) (r + djy.j,) ) ot

and

S
biedr = 2°F {(uz)MJ.

iy el
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(61)

(62)

Lower and upper bounds for Pj;. The bounds given by (53)-(61) reduce to
those in Prékopa, Vizvdri, Regés and Gao [7] if r = 1. Those, in turn, are more general
than the well-known binomial moment bounds for P(1), based on S, $; and Sy, S,

S5, respectively.
Case m = 1. By (22), (23), (47) and (48) we obtain the bounds:

Py > ). Max (Sjlmjr,r = (r DS s 0)

1< < <jr<n
and
. / r+1
Py < Min > (Sjlmjr,r - ﬁsjlmjr»r‘H)’ !
1< < <r<in

Case m = 2. First we look at the lower bound. If

’ r+2 ’

Sjvgrrtt = etz 2 0
’ ’ (r + 1)(r+ 2) ’
Sjvirr = T DS it + S g2 20,

then

’ / (r+ 1)(}’+ 2) /
ljl“:ff[’”] = Sjl~~~jr:r B (r+1)Sjl~~_ir~,r+1 S ——

n—r

otherwise [;, ;.

) = 0. By (22) the bound is given by

Py = S b

Ii<---<jrsn

i Jr 20

(63)

(66)
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The upper bound can be obtained by the use of (23) and (51). It is given by

. / r+1 ¢
Py < Min Z <SJ'1~~~./'V~,V - 21-_—,S.nmjr,r+1
1<ji<<jr<n J1--Jrt
1 2) s
N r+1)(r+2) ]

7N Sidrrs2 |0 L]
2 lJl~~~Jr
2

where

S
gy = 2 + {(NrZ)MJ .

Jieedrirt1

6. Numerical example

(69)

We present one example to illustrate how the method mentioned in this paper
works. Let the elementary events be w;,...,®;s and xi,...,x;s the corresponding

k)

probabilities, respectively. We define three event sequences A;”, j = 1,...,20, k =
1, 2, 3 and the matrices R%) = (ri(/-k>) where ) = 1 if w; € A;k) and rig.k) =0 if

i

w; ¢ A_/(k>, k =1,2,3. We present the matrices R(!), R® |, R®) in detailed forms.

01000000100000000001
10010000010000000010
00100010001010000000
00000000100010000O0T1O0
01001001001001001000
10010010100100101001
01010000010000010000
RV=101000100001000100001
00000101001000010000
10001000000001001001
01000000010100100100
10000001001000101001
01000100000010000100
001000001000000010T10O0
00010100000001000000
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For each event sequence, we compute the bounds for P(v > 2) for three different

probability distributions.

Distribution 1: x; = 0.012, x, = 0.022, x3 = 0.023, x4 = 0.033, x5 = 0.034,
x6 = 0.044, x; = 0.045, x3 = 0.055, x9 = 0.056, x;0 = 0.066, x;; = 0.011,

X12 = 0.077 , X13 = 0.078 , X14 = 0.088 , X15 = 0.356.

Distribution 2: x; = 0.023, x, = 0.034, x3 = 0.045, x4 = 0.056, x5 = 0.067,

0.067,

0045, X10 = 0038, X11

0.315.

Distribution 3: x; = 0.0329, x, = 0.1076, x3 = 0.0599, x4 = 0.1108, x5

0.042, x¢

Xo = 0078, X7 = 0067, Xg = 0056, X9

0022, X13 = 0.033 , X14 = 0044, X15

X12

0.0235,

= 0.0508, xs = 0.1142, x9 = 0.048, x190 =

0.055, x7

0.0441 , X14 = 01265, X15 = 0.1371.

00676, X12 = 00295, X13 =
All the upper bounds are 1. The lower bounds are presented in Table 1.

X11
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Table 1: Lower Bounds for the Numerical Example
[Distribution [Event Sequence|Our method| SPS | BP [S), S, S5

Distribution] 1 0.9061 |0.8228]0.8228| 0.8509
Distribution] 2 0.9022 |0.824410.8244| 0.8530
Distributionl 3 0.9821 |0.8707]0.8707| 0.8988
Distribution2 1 0.8777 10.8239]0.8239| 0.8563
Distribution2 2 0.8900 |0.8272]0.8272| 0.8499
Distribution2 3 0.9784 |0.8398]0.8398| 0.8796
Distribution3 1 0.9379 10.9132]10.9132| 0.9317
Distribution3 2 0.9097 |0.9089]0.9089 | 0.9247
Distribution3 3 0.9896 |0.9358|0.9358| 0.9459

In Table 1, we compare our results with the results obtained by the formulae in
Sathe, Pradhan and Shah [8], Boros and Prékopa [1] and optimal solutions obtained by
using S1,S, and S3. In Sathe, Pradhan and Shah [8], for any integer &, they defined

U= S — k
k(k—1
Vi = $ — ( 3 ),
where
Sy = > P(A; ... A;), m=1,2, 3. (70)

1<ii <y <+ <im<n
Hence, if 2V,_; < (n+r —2)U,_1, then

(i_ 1)l]r—l - Vr—l

Pv2n 2 2= 70
where
i_1+Li?jJ. (72)

In Boros and Prékopa [1], the bounds for P(v > r) incase of m = 2 is given as follows:

(r—1)(r—2i—2)42iS — 25,

Plv 2 r) > G—rt2)i—r+1) 73)
where
. 28— (r=2)8
- 5= 2

In Table 1, column “Our method” corresponds to the results obtained by the use of
(53) and (54), column “SPS ”, column “BP” correspond to the results obtained by (71)
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and (73) respectively, column “S;, Sy, S3” corresponds to the optimal solution of the
following linear programming problem:

n
min Z Vi
i=r
subject to

(l )vi = Su, m:071>273 (75)
i—m m

V,‘?O, l.:O,L...,I’l7

where Sp = 1 and S,,, m = 1,2,3 are defined as (70). From Table 1, we observe that
the bounds proposed in this paper outperforms the other three bounds in most cases.
Meanwhile, we observe that when » = 2, the bounds from Sathe, Pradhan and Shah
[8] are exactly the same as those from Boros and Prékopa [1]. This fact can be easily
shown by replacing r by 2 in (71) and (73).
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