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INEQUALITIES ON POLYNOMIAL ROOTS

DORU STEFANESCU

Abstract. The paper presents a survey of inequalities involving roots of univariate polynomials
with complex coefficients. These allow improvements in the methods of Bernoulli and Graeffe.
Inequalities involving the length of a polynomial are also deduced.

1. Introduction

Let P(X) = aqX? + -+ + a1X + ay be a polynomial with complex coefficients
of degree d > 2 and let z;, z2, ..., zg € C be its roots. The determination of the
roots z; arises frequently in applications. Since the exact computation of the zeros in
function of the coeffients of the polynomial is not possible for general polynomials, for
all practical purposes it is useful to handle efficient methods for estimation. With these
devices there are related various inequalities satisfied by moduli of polynomial zeros.
Bounds for roots were obtained, among other, by Cauchy, Kuniyeda, Fujiwara, Landau
and Montel. Upper and lower bounds can be derived using polynomial sizes defined in
function of the coefficients, such that the norm, the length, the heigth and the measure.
(See [12], [11], [8], [14]).

The methods of D. Bernoulli and of Dandelin—Graeffe give estimates for the largest
absolute values of polynomial roots (see, for example, [7]). The method of Bernoulli
involves inequalities on linear recurrent sequences, derived through an approximation
theorem of Dirichlet [2].

Finally we discuss inequalities on the length of a polynomial divisor. They allow
us to obtain other upper bounds for polynomial roots.

2. Bounds for polynomial roots

If z € C is a root of the polynomial P € C[X]\ C one searches for positive
numbers so, 1y such that
so <z < ro.
The first significant result was obtained by Cauchy [3]:
THEOREM 2.1. (A.-L. Cauchy, 1829) All the roots of the nonconstant complex
polynomial P(X) = ap + a1X + - -+ + azX¢ are contained in the disk |z| < &, where
& is the unique positive solution of the equation

lag|X? = |ag| + |a1|X + - -+ + |ag_1|X*7". (1)
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Among other estimates for ry we mention the results of Fujiwara and Kuniyeda:
THEOREM 2.2. (M. Fujiwara, 1926) If A1,...,As € (0,00) and

L Loy
A O

then all the roots of the polynomial P are contained in the disk |z| < &, where

=

& = max (/lk‘ad_k )

1<k<d ay

THEOREM 2.3. (M. Kuniyeda, 1916) If and p,q > 0 are such that Il) + é =1,
then all the roots of the polynomial P are contained in the disk |z| < &, where

There exist many other useful results, see, for example, [8] and [14].

3. Dominant roots

A root a € C of the polynomial P € C[X] is called dominant if |ct| > || for
any other root f3.

The computation of dominant roots was considered by Newton (1707) in his
Arithmetica Universalis [17], no. 133-137. His idea was deleloped by Daniel Bernoulli
(1728, [1]), who used linear recurrent sequences for approaching the dominant roots.
The method of Bernoulli was improved by Jacobi (1834, [10]), and another approach
was proposed by Dandelin (1826) and Graeffe (1833), see [9].

3.1. Bernoulli

Daniel Bernoulli (1728, [1]) invented a method for estimating the dominant roots,
based on the study of appropriate linear recurrent sequences.

Linear recurrent sequences

If P(X) = aopX? + a1 X" + -+ ay alinear recurrent sequence (Irs) associated
to P is a sequence (x,),en that satisfies the relations

apx, +aix,_ 1+ +agxn,_qg =0 forallneN, n>d.
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Newton’s relations

THEOREM 3.1. (I. Newton) Let P € C(X]\ C, P(0) #0,
P(X) = aocX?+a X+ tag = agX — o) (X — o).

Let (x,) be the linear recurrent associated to the polynomial P and with starting values
X0, X1, ... Xg—1 given by
ap kay + ag_1a0 + - - - + arag—»

X0 = ——, Xp—1 = for k=23,...,d.
ap ao

Xy = o o 4 o™ forall neN.

Proof. Consider Newton’s sums

Pe=oaf+- +ap

and the reciprocal polynomial
0X) = XP(X™Y) = agX 4+ ag_ X'+ 4 ap.

We have
() = B(X— =) (= o),

1 Oy
with ﬁ = (71)da0061 oy €C \ {0} .
Let f(z) = —0'(z)/0(z) and its Taylor series at z =0

flR) = x".

n=0
On the other hand
- 1 d Q;
I S e M
i Y j:ll_ajz
d o] [e) d
— Z (Z Oﬂ;rHZn) — Z Z 06;1+1 7.
j=1 \n=0 n=0 \ j=I1
It follows that
d
.xn - Zajn+l - Pn+1.
j=1
Now we compare the coeffients of z” in both sides of the relation Q(z)f (z) = —0'(2),
i. e.
o) d—1

D (aoxy + arxai + -+ aaxa-a)? = =Y (G + Dajd

n=0 j=0
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and we obtain

apXy + aixg—1 + -+ agxg—aq = 0 for k>d,

)

aoxk+a1xk_1—l—-~-—|—adx,,_d+(k+1)ak+1 = 0 for k=0,1,...,d—1.

which are equivalent to Newton’s relations. It follows that the linear recurrent sequence
(xn)n associated with P and having the initial values

x():—al/ao, xk_l:—(kak—l—ak_lxo+~-~+a1xk_2)/ao for k=2,3,...,d,
isx, =o'+ ot O

For another proof see [16].

Theorem 3.1 has applications to the problem of estimating the dominant roots (see
[16]). For obtaining upper bounds it is necessary to consider other linear recurrent
sequences. In [16] such an upper bound is obtained using the linear recurrent sequence
(vn)n associated to P and with initial values

vo=vi=-=vg2=0,vg1 =1.

Finally these inequalities allow to obtain the absolute value of a dominant root as a limit.

3.1.1. The approximation theorem of Dirichlet

Other bounds for dominant roots can be deduced by Dirichlet’s approximation
theorem.

DEFINITION. The norm of the real number 0 is

[|0]] = min{|6 —n|;neZ}.

REMARK. Note that ||0]| is the distance between 0 and the nearest integer, with
the convention ||n + %|| = 5. We have

161l = min{{6},1 - {6}}

and
[161 + 6| < ||64]| +1|6:2|] forall 6,6, €R,

[|n0]] < |n||6]] forall neN, 0eR.

THEOREM 3.2. (Dirichlet) Let 0,...,0r € R, Q > 1. There exists q € Z such
that 0 < g < (Q+ 1)* and ||q6)|| < § forall j=1,2,... k.

Proof. We first assume that Q is an integer. Then we decompose the cube [0, 1]*
into Q% “small” cubes and look to the points

0, = ({ro},....{r6}), rezZ,0<r<o,
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where {g6;} is the fractional part of g6;.
There exist two points ©,, O,/ in the same cube. We have
uj+1
0
We put ¢ = |/ — r|. Therefore ¢ # 0, 1 < g < Q.
On the other hand we have {r6;} = r6; — s, with s = |r6;] € Z and, similarly,
{r'6;} =r'6; — ', with s’ € Z. Therefore

g < {r0}. {70} < with 0<u;<Q.

. 1
lg6l] = min{|g6; —n[} < [(r=r)6 — (s =) = [{r} —{rG}] < 3
SO 1
g6l < 3 forall j=1,2,...,r.

Note that if Q & Z the theorem is verified with |Q] + 1 instead of Q. Let ¢ € Z
be such that 0 < ¢ < (O] + l)k and ||¢6)|| < (1O] + 1)_l for all j. Therefore
1<g<(Q+1)* and

1 1
90| < 7=—— < = forall j. O
REMARK. We observe that for k = 1,then 1 < ¢ < Q.

If k>2and Q € Z onecanfind 1< ¢q< Q.

The < in the theorem cannot be improved to strict inequality. In fact, if we take k = 1
and 0, = Q! then ||0;¢|| > Q! forall 0 < g < Q.

Lower and upper bounds for dominant roots

LEMMA 3.3. If (x,), is the Irs defined in Theorem 3.1, we have

1/(n+1)

a < ol .

d
Proof. By Newton’s relations we obtain

d
|xn| < Z‘ai‘rﬂrl < d‘a1|n+l7
i=1

which gives d~'|x,| < |oy|"*!, therefore |x,/d|"/"+) < |ay|. O

COROLLARY 3.4. Let
X, = max{|x1\1/2’ |x2\1/3,...,|xn\1/("“>}
and
Y, = max{|x;/d|"? |xp/d|"3, ..., |x,/d) "D}

We have
X, -d V) ey| and Y, < o).
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Another lower bound is described below.

PROPOSITION 3.5.  If (un), is a linear recurrent sequence associated to the
polynomial P, there exists a constant C = C(u,) > 0 that depends only on (u,), such
that

|un|l/n . (Cnd—l)_l/" < ‘al‘ )

Proof. We may write u, = Z;:l Pj(n)a,-j , where o, , ..., oy, are the distinct
roots of the polynomial P and P; is a polynomial of degree at most m; — 1, with m;
the multiplicity of ¢, . Note that deg(P;) < d — 1.

Choosing C to be the sum of the absolute values of the coefficients of the polyno-
mials Py, Py, ..., Py, we get

‘un‘ < C- nd71 : ‘al‘n )
which gives the inequality. [

For obtaining upper bounds for dominant roots one needs a linear recurrent se-
quence (u,), associated to the polynomial P that satisfies the condition

Uuo ui e Ug—1
ui u ... Ug
# 0. (%)
Ug—1 UuUqg ... Uzd—2

PROPOSITION 3.6. If (uy), is alinear recurrent sequence that satisfy the condition
(%), there exists a constant C = C(u,) > 0 that depends only on (uy,), such that

low| < CV" - max{|un|, [tnstl, - - ., [tnra—1|}V/" forall neN.

Proof. Let (s,), be a linear recurrent sequence associated with P. By Lemma 3
of [16] there exists a constant C > 0 such that

Isa| < C-max{|u,|, |uns1, ..., tnsa—1|} forall neN.
Because
apof +arof ™ - tagof ™ =0,

the sequence (o), isalrsand we find C. O
COROLLARY 3.7. Let (uy,), be a linear recurrent sequence that satisfy the con-

dition (x). There exist a constant C = C(u,) > 0, K = K(uy) that depend only on
(tn)n such that

—1/n
\un\l/ﬂ.(md*l) <lon|<CV max{|ual, [insr1], - .. tnra—r|}1/" forall neN.

Proof. The right hand—side inequality follows by Proposition 3.6, and the other
inequality by Proposition 3.5. [
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The approach of Jacobi
G. Jacobi (1834, [10]) proposed a modification of Bernoulli’s method.

Let o, ..., ¢ be the dominant roots of the polynomial P of degree d > 2.
Instead of Newton’s sums
Sy =of +---+ 0o,
Jacobi considered the truncated sums
T, =o+ - +of
and the polynomial
T=X-o)X—m) - X—a) =X +AX""+... +A.
Eliminating Ay, ..., As; from 7 = 0 and Newton’s relations

Torg + Tspp—1A1+ -+ TiAs =0 for k=nn+1,...;,n+s—1

leads to the sth degree polynomial equation

X* Xt . 1
Tn+s Tn+s—1 e Tn
Qn,s = =0.
Tatos—1 Tayas—2  Thps—

Jacobi then states that, because they have the same order of magnitude, the truncated
sums can be replaced by Newton’s sums in the polynomial equation Q, s = 0, obtaining
another polynomial R, ;. He finally concludes that the roots of R, have the absolute
values approximately equal to those of the dominant roots of P.

Jacobi gives no proof of this rule but it can be proved that his method is valid for
polynomials having only simple dominant roots. A detailed discussion of Jacobi’s rule
is given by Mignotte-Stefinescu [16]. We present briefly the case of three dominant
roots, namely s = 3.

REMARK. Jacobi’s rule does not work for polynomials with multiple dominant
roots.

Let us consider, for example,
P=(X-a)?'(X~-b)? with l|a|>|b|.
We obtain
S, = 3d" +2b"

and
T, = 3a".
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Note that the quadratic equation formed with the truncated sums of Jacobi is the null
equation. Using Newton’s sums we obtain

Ay = —6d"b"(a—Db)*, A} = 640" (a+Db)(a—b)?, Ay = —6a""(a—b)?,
SO
Rix(X) = —6ad"b"(a —b)* - (X* — (a+ b)X + ab)

whose roots are a and b. But for infinitely many a and b the absolute values |a| and
|b| are not approximately equal.

But a is a dominant triple root of P, in contradiction with Jacobi’s rule.
However we have the following result.

THEOREM 3.8. Let P be a polynomial with three dominant roots 0, O, 03.
Then

On = Ons = (nenos)" - [ — ) - (X — ) (X — ) (X — at)

j<i
and Q, # 0 if and only if o, 0 and oz are simple roots.
Proof. Denote by «;, 0z, ..., 0 theroots of P. We have
lou| = |oo| = || > |ay| for j>=4.

Then Jacobi’s polynomial Q, is of degree three and o, o and o3 are its zeros. It
follows that
Qn = An (X — Oll)(X — (Xz)(X — 053)

and the leading coefficient is

Tn+2 Tn+1 Tn
An = Tn+3 Tn+2 Tn+1

Tira Thys Thro

We observe that

T2 Tor Ty 11 1 o artt ort?
1 2
Twis T2 Topt | = [0 o o |- | of o5 ogt
2 2 2 1 2
Twsa Tz Tura o o oy of ot ooyt
Therefore
1 1 1
2 2 2
An = (061062053)" 10 O O3 = (061062063)" . (063 *061) (053 *062) (Olz — 053) .
2 2 2
ay g 0g
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It also follows that Jacobi’s polynomial Q, is nonzero if and only if ¢, o and o3
are distinct. [

COROLLARY 3.9. The rule of Jacobi holds if the polynomial P has only three
simple dominant roots.

Proof. Inthiscase Q, # 0 and its roots are the dominantroots of P. The corollary
then follows by the theorem of continuity (Weber, [19]) of the roots of a polynomial
with respect to the coefficients. [

3.2. The method of Graeffe

The method of Graeffe was introduced independently by Dandelin (1826), Graeffe
(1833, 1837) and Lobatchevskii (1834), see [9] for a historical presentation. In the

restricted version there are used the polynomials F,(X) = Res y( P(Y), 2 _ X) )
For n = 2 consider

P(x) = ap(x —oy)(x — o) -+ - (x — 0g),

(=1)2 P(—x) = ap(x + 00) (x + 02) - - - (x + Olg),

and
Fa(x) == (=1)F(—x)F(x) = a(x* — o) (¥ — 05) -+ (** — 0 .
If
lou| > |oa| > - > |oy|
then

If we continue the process we find

1

Fy(x) = a%nil(x ) (x— 0522’171) (x—of ) 1 Z a; Jxd=i.
For example, taking F(x) = 2x> — 7x> — 13x + 16, we have
Fip)(x) = 4x° + 101x* + 393x + 256
F3)(x) = 16x° + 7057x* + 102 700x + 65 540
Fa)(x) = 256x° + 4651 - 10* x> 4+ 9622 - 10°x + 4295 - 10°

and the estimates

46510000\ /8
9622000000\ /8
ool = ( 46510000) ~ 194

4295000000\ '/
| = ( ) ~ 0.904

9622000000
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which are very closed to the true values of the roots.
In the general case, the method of Graeffe is based on the study of the sequence
(P,), of polynomials associated to P, where

Py(X) = Resy(P(Y),Y" —X).
Let

d
P,(X) = Zal(”)Xd*" forall neN,
i=0

with the convention P;(X) Z X4

Both approaches use relations between the roots and the coefficients of the polynomial
P. The simplest case is that of a unique dominant root o; whose absolute value is
“larger enough" than the modules of the other roots. In this case || ~ |a;1/ao| -

Note that if
lon| > o] > - > oy, we have
o Q, a
|a1|N|al‘.‘1+_2+...+_d’ — ’_
(041
003 Olg—104
lonon| ~ Jogon| - ’1+ + ‘_‘
000 000
) a N‘ .
il ~ |
We observe thatif |og| > |op| > -+ > |oy|, then oy, &z, ..., 0y arereal numbers.
Bounds by Graeffe

Instead of estimating a dominant root of the transformed polynomial P,, we
estimate a dominant product ¢ - - - o ofroots of the given polynomial P by considering
(oq -+ - og)" as a product of roots of P, (see [15]). Then the approximation theorem of
Dirichlet 3.2 is again invoked.

The next result was implicitely used in [15]:

LEMMA 3.10. Let By, B2, ..., Ba be distinct complex numbers such that

=B == P
Then y
lim sup| B}’ + B B < Bl

n<«—oo
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Proof. We have
B+ BY 4+ Ba| < dll",
hence
B+ By 4o+ Bl < @t 1B,
which proves the inequality. [

This allows to obtain
COROLLARY 3.11. (Mignotte-Stefanescu) We have

: n n n|l/n
l1msup|[31 + B3 +--~+[3d| /m_ |B1] -

n<«—oo

Proof. We use Lemma 3.10 and Dirichlet’s theorem, by which

r

2V/2

1/n
|[311+[3§+...+[33|1/" 2( > -|B1]  for infinitely many n

with » < d.
This proves the converse inequality. [

The following result is then true:
THEOREM 3.12. (Mignotte—Stefdnescu) If %, = B + BY + - - - + B, we have

nl}_rrolo (max{‘ZnL|Zn+1|7"'7|zn+d—l|}) = ‘Bl‘

Note that Theorem 3.12 allows the computation of dominant roots by both the
methods of Bernoulli and Graeffe (see [15] and [16]).

Remarks:

1. In practice the method of Graeffe is slower than that of Bernoulli.

2. There exist still open problems for estimating the dominant roots. For example,
let us suppose that a complex polynomial P has exactly four dominant roots o, ...,
ay such that o, o, are real and o, o4 are complex conjugate. Neither Bernoulli’s
nor Graeffe’s methods gives convenient results.

4. Bounds for the length

If P(X) = 3¢ a;X' € C[X], the length of P is L(P) = Y%, |a;| . If P divides
Q in C[X], we obtain estimates of L(P) as functions of L(Q). The first step is
obtaining inequalities between lengths in the particular case deg(Q/P) = 1. Then in
the general case it is possiblle to derive inequalities between L (P) and L(Q) involving
the size of the roots of Q. The similar problem for the height H(P) = max?, |a;| was
solved by Mignotte [13].

Suppose that P € C[X] andlet O(X) = (X —a)P(X), with oc € C\ {0} . Assume
that d = deg(P) > 1 and let

d+1

d
P(X)=> aX, Q(X)=) bX'
i=0 i=0
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LEMMA 4.1. If oo € C\ {0}, then

Zdj(zfaw) 1b

| L(P
i=0 j=0
Proof. We have
bi=a;_1 —oa; foralli=0,...,d+1,
with the conventions a_; = ayz+; = 0. We obtain
ala; = o gy —a b,
a tay = a"raio —a T b,
a2a2 = Olal—OCbz,
oa = ao— by,
therefore
da; =ay — Za"lb = —a 'y — Za"lb = —Zaj_lb
j=1 j=1 j=0
which gives
o] - ao| = |bol,
1
la| - |ai] < = - |bo| + |b1],
[«
1 1
|| - |aa] < 5 " 1bol + 7= - |b1] + |bal,
[« [«
1 1
o faa| < =7 |bol + o= - b1l + -+ + [bal-
o] o=
By summation we get the result. [
PROPOSITION 4.2. If |a| > 1, then
1
(o =) L(P) < (1= ) LQ)
Proof. By Lemma 4.1, we have
y d 1— |a| ¢!
o L(P (Z\oq ) () < e L)
i=0
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which gives the inequality. O

PROPOSITION 4.3. If 0 < |a| < 1, then
(1= led) L(P) < (1= [a™") L(Q).

Proof. We apply Proposition 4.2 to the reciprocal polynomials P*, Q* associated
to P, respectively Q. Since Q* = (X — 1)(—a P*), L(P*) =L(P) and L(Q*) =
L(Q), it follows that

1
(= 1) ledL(p) < (1- o) - L(Q).
|of
therefore (1 —|a|) L(P) < (1 —|a/®)L(Q). O
COROLLARY 4.4. We have

|1 —a||-L(P) < L(Q) for all a€C.

Proof. For oo = 0 we have equality. If |ot| > 1 we apply Proposition 4.2, while
for 0 < |a| < 1 we use Proposition 4.3. [
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