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APPROXIMATING CSISZAR f -DIVERGENCE BY THE USE
OF TAYLOR’S FORMULA WITH INTEGRAL REMAINDER

N. S. BARNETT, P. CERONE, S. S. DRAGOMIR, A. SOFO

Abstract. Some approximations of the Csiszar f — divergence by the use of Taylor’s formula and
perturbed Taylor’s formula and some applications for Kullback-Leibler distance are given.

1. Introduction

One of the important issues in many applications of Probability Theory is finding
an appropriate measure of distance (or difference or discrimination ) between two
probability distributions. A number of divergence measures for this purpose have been
proposed and extensively studied by Jeffreys [1], Kullback and Leibler [2], Rényi [3],
Havrda and Charvat [4], Kapur [5], Sharma and Mittal [6], Burbea and Rao [7], Rao [8],
Lin [9], Csiszdr [10], Ali and Silvey [12], Vajda [13], Shioya and Da-te [47] and others
(see for example [5] and the references therein).

These measures have been applied in a variety of fields such as: anthropology
[8], genetics [14], finance, economics, and political science [15], [16], [17], biology
[18], the analysis of contingency tables [19], approximation of probability distributions
[20], [21], signal processing [22], [23] and pattern recognition [24], [25]. A number of
these measures of distance are specific cases of Csiszar f -divergence and so further
exploration of this concept will have a flow on effect to other measures of distance and
to areas in which they are applied.

Assume that a set I' and the 6— finite measure u are given. Consider the set of all
probability densities on p tobe Q:= {plp: T = R,p(x) >0, [.p(x)du(x)=1}.
The Kullback-Leibler divergence [2] is well known among the information divergences.
It is defined as:

Dk1 (p,q) = /

p () log [’#} i (x), pgc, (1.1)
T

q(x)
where log is to base 2.

In Information Theory and Statistics, various divergences are applied in addition
to the Kullback-Leibler divergence. These are the: variation distance D, , Hellinger
distance Dy [40], x*— divergence D, , a—divergence Dy, , Bhattacharyya distance
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Dg [41], Harmonic distance Dy, , Jeffrey’s distance Dy [1], triangular discrimination
Dy [35], etc... They are defined as follows:

D, (p.q) ::/r|p<x>fq<x>|du<x>, pqc (1.2)

D (pa) = [ [Vol) = Va@du (). p.ge (13

Dy ()= [ 90 [(%)1} di (), pacQ (1.4
Dulp.d)i= gz [1 - [T ) ¥ ). paca 03
Dr(poa)i= [ VoG (9, pg e (1.6)

Duup.a) = [ 2 ). g e (17)

D)= [ -l P auw), paca 0

DA (p,4) :—/F%duw pacQ. (19)

For other divergence measures, see the paper [5] by Kapur or the book on line [42] by
Taneja. For a comprehensive collection of preprints available on line, see the RGMIA
web site http://rgmia.vu.edu.au/papersinfth.html

Csiszér f — divergence is defined as follows [10]

D )= [p0r |12 aut. pace (1.10)
r p(x)
where f is convex on (0,00). It is assumed that f (u) is zero and strictly convex at
u = 1. By appropriately defining this convex function, various divergences are derived.
All the above distances (1.1)—(1.9), are particular instances of Csiszar f — divergence.
There are also many others which are not in this class (see for example [5] or [42] ). For
the basic properties of Csiszdr f — divergence see [43]—[45].
In [46], Lin and Wong (see also [9]) introduced the following divergence

o Do p(x)
&w@ﬂ%—l}(ﬂglgﬁgigﬂg

This can be represented as follows, using the Kullback-Leibler divergence:

du(x), p,q€ Q. (1.11)

1 1
Drw (p,q) = Dx¢ (Ih 2P + 561) .
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Lin and Wong have established the following inequalities
Drw (p,q) < %DKL P.4); (1.12)
Drw (p,q) + Dow (¢,p) < Dy (p,q) < 2; 1.13)
Drw (p,q) < 1.

(1.14)
In [47], Shioya and Da-te improved (1.12) — (1.14) by showing that

1
Drw (p,q) < EDV (r,q) < 1.

For classical and new results in comparing different kinds of divergence measures,
see the papers [1]-[47] where further references are given.

2. The results
We start with the following result.

THEOREM 1. Let f : (0,00) — R be n— time differentiable and such that ")

is absolutely continuous on [r,R], where 0 < r < 1 < R < co. Assume that the
probability distributions p, q satisfy the condition

réle)éR a.e. onT.
q(x)

(2.1)
Then we have the inequalities:
~f® (1)
Iy (p,q) =1 (1) = oDy (p.a) (2.2)
k=1 )
i O Dy rg) i O € Lo [ R):
< { ——= "IN, D .y pa) if fU) € Lo[rnR],
nl(nf+1)B Izl P
a>1, g+g=1
1 n .
a1 F I D () s
n n+1 . n .
e o R=n)"if U € Lo [1R];
< { L [ R—r)E i £ € Ly (R,
n!(nf+1)P ' .
. . o > 17 o + B = 1,
ar (VPO R =)
where
(p(x) —q()"
Dy (p,q) @ = Fwdﬂ (x)
P (x) —q ()|’
D|X‘A(p>CI) L= s—1
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and ||-||,, are the usual Lebesgue norms, i.e.,

R
Hf(n+l) — / V(»m)
o r

Proof. We start with the Taylor representation with the integral remainder

1
o o
dt) , a>1, Hf(”“)H = ess sup |[f "D (t)‘
oo te[r.R]

_ - (Z — a)k (k) 1 : n e (nt1)
ra=r@+> S @ o et wa @)

forall z,a € (0,00).
Using the properties of the modulus, we have

: (Z — a)k 1 : n n
}f @ @-Y @] < | [ -l w]al e
k=1 a
- M (f(n+l);a7z) _
Now, assume that a, z € [r, R]. Then, obviously
1 Z
M (f<”+1);a,z) < sup W”“) (t)‘ — ’/ |z — 1" dt (2.5)
t€[r,R) n! a

1 n n+1
= wro e

forall a,z € [r,R].
Also, by the use of Holder’s integral inequality, we have:

| 1 ¥4 nﬁ é Z 1 o é
M(f(”);a,z) < - / |x7t‘ dt |:/ V(iﬂ’)([)’ dt:| (2.6)
1
np+171 B
S iHﬂ”ﬂ) e —a* |7
T a| nf+1
1 et L 1 1
- Wl) —al"F, a>1,—+ =1
n! (nf+ 1) o a B

and, obviously,

1
M(f("“);a,z) < —l—ad' (2.7)

Z
/ V@m) (t)’dt
V(nﬂ)”
1

n

< —lz—a
n

forall z,a € [r,R].
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Consequently, by (2.4)—(2.7), we may write (see also [48] for a similar inequality)

- (Z*a)k (k)
(&) —f (@) = > =" () (2.8)

k=1

wmm eI le—al™ i f € Lo [ R];

N

% Hf (n+1) H _anJré if f(n+1) €L, [}’,R],
n!(nB+1)

Hly el e

forall z,a € [, R].

a>1, g+5=1

If in (2.8) choose z = % , a =1, then we obtain

) (1)
(28) —r - XA ) 29)
k=1 ’
n+1
(n+11)' Hf(nJrl)Hoo % -1
1
< 1 ()| |p) _ 1‘H+E
n!(nBJrl)% Hf Hoc q(x)
nl Hf . H )v(c
ot Il R =)
< =l (R = )"
n!(nf+1)B
ar [l (R =

forae. xeI.

If we multiply (2.9) by ¢ (x) > 0 and integrate on I", and then use the generalised
triangle inequality, we may state that
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" k) O — a (N
”@m‘“”‘iﬁkwﬁﬁwﬁlgndmm
k=1 :

|n+l

(nil Hf s H f lebi=gil

du (x)

N W“ka%%?%imw
3 e, g ),
o I eV (R =y
) | (R~ "

n!(nﬁ+l)é

O R =)

and the inequality (2.1) is proved. [

The following theorem also holds.

THEOREM 2. Let f be as in Theorem 1. If p¥), /) (j = 1,2) are probability
distributions such that

< Rae onTandj=1,2. (2.10)

Then

< 20+ (=20 )
S A0+ (=27 )

<R ae onTand A €0,1] (2.11)
and we have the inequality, for f "+ € Ly, [r, R],
‘zf (/lp“) +(1=2)p?P AqV 4+ (1= 2)¢g? (2.12)

—Aly (p )q! )) —(1=2) (pu),q(z))

N—

n

AL M) (x
'*Z%Aﬁﬁ;%«NM@N(QLDW@
n ©) (x
(12 Zklv A PEreTak “ <Z<2>Ex;>dH(X)
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1 Hf(n+1)||

(n+1)!
= A (0= 2)
_ 1) |
= n+o—1 n+L
y optE | a=n"E AP ()
fl—“n( )| l[q(l)(x>]n+él [ 2()]’”11;71 “’( )
n n (lfl)nil },"71
% Hf( Jrl>||1/1 (1 A)fr |17(x)‘ |:[q(1)(X)]nl * [q@(x)]nl} d‘u (X)7
where
PV (x) p® (x)
det
gV (x) ¢ (v)
AqW (x) + (1 —2)q® (x)’

nx) =n (/Lp“),p 2 Cl<l>76](2)) (x) =

forall A €[0,1] and x € T

Proof. We use the inequality (2.8) to write
(1-4)p®? (X)> s (
q" (x)

ApW (x) +
2q" (x) + (1= 4) 4@ (x)
n k
-y 1 (V) +1-2)pP ) pY () £ P (x)
k=1 k! )Lq(U () +(1-2) ‘1(2> (x) C](l) (x) q(l) (x)
1 Hf(n+l)|| ‘)me(x)+(l—l)p(2)(x _ p(l)(x n+1
! o0 | 2§V 0+(1=2)gP () — ¢V ()
n ApY () +(1=A)p (x ey
< n(n;mﬁ Hf ) H xzuu T(1—21)g@(x) I;(”(x)
n W+1-2p?Yw PV |"
1 Hf (n+1) H ‘ T Z(Z (x) - I;l)(x) )
and
2pW (x) + (1= 2) p® (x) s p? (x)
24 (0) + (1= 4) g (x) @ ()
k
A () + (1 =2)p® (x)  p® (x) e p? (x)
(x) q® (x)  q® (x) q@ (x
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n+1

1 Hf<n+1)H AV w+1-2p2w  p? )
(n+1)! 00 | AU H(1-2)g@(x) ¢ (x)

N

P W+1=2p? ) pP )
(x)+(1—=2) q

= I

n!(nB+1)B

L ||£(n+1) AV E+1-2p? 0 pP)
n! Hf Hl 20X +(1-2)gD(x) D (x)

If we multiply (2.13) by A¢() (x) and (2.14) by (1 — A) ¢ (x), add them and apply
the triangle inequality, we end up with

gV (x) Zn: 1 A (x) + (1 = A) p@ (x) B pW (x) kf<1<) W (x)
q “— k! Ag (x)+(1—=2)g? (x) 4O (x) 70 )
(1) —~ 1 (ApV )+ (1 -1)pP (x) p? (x) kf(k) p? (x)
P k! )tq(l) (x) + (l — )t) q(2) (x) q(2) (x) C](2> (x)
n ApW (1= @ (x ) (x n+l
(nil)! Hf( Jrl>||<><> |:/1‘1(1> ( ) ‘AZU)E ;JrEl,)L;Z(z)Ex; - Z(I)EX;
2 ApW (@) +(1=2)p? (x) (2)(x> n+l1
(1= 2)q® () | rigta=ie el
n+ﬁ

Jron, g o st gt
gD @)+(1-2)gP () 4

n+l:|

B

n:|
b

L

n!(nB+1) B

AW (x 1=2)p@ (x (z)x
+u—xm@<WJ@HI&Qg—%8

N

n AW () +(1=1)p@ (x (M) (¢
Bl g 0 3Emtntd - oot

AW (x)+(1—2 (z)x 2 (x
+(1-2)4% @) |t — )
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which is equivalent to

ApM () + (1= 2)p® (x)
A 0+ (1= 202 )5 (755 2.16)
‘( AqW (x) + (1 = 24) g (x)
(1)
P ¥ (x
S 0s ()~ - ma wr (25 2)
g (x) q (x)
1 1 — 1) (Detrr)* (1)
7/127 S etz,l)k kflf(k> <p(1) (X))
= K [AgW () + (1= 2) ¢ (0] [q0) ()] g™ (x)
~ 1 Ak (Det; )k @)
~(1=4) k! [ g1 : 6(21’2) kroe k—lf(k) (p(2> EB)
o1 [AgW () + (1-2) @ (0)]" [¢@ (x)] q
1 Hf(VH’l)H A(l—l>n+l|Detzﬁl‘nH
e a0+ 2g 2 ] g ]
(1= M)A | Dety, | _
[ @+(1-2)g2 )] g (0)]"
nt L nt L
: Hf (n+1) H A(1-2) ﬁ‘D€t2i1| B 1
S\ P a1 fgo ] P
3 et | B
+ (1- ?L ‘Dn:211| -
[A4M @) +(1-2)g? ()] B[qm(x)] B
Hf (n+1) H |: "|Det21|
P A0 0+(1-2)62 @] g0 ()"
( )Ln‘06121| .
[Aq(l)(x)+(l_l)q(2)(x>}n[q(Z)(X)]nfl 5
1 (n+1) )L(l—}»)‘Delz,lr’H (1-A)" A )
(n+1)! Hf Hoo [lq(”(x)+(l—)t)q(2)(x)]"“ [q(”(x)]" + [q(z)(x)}n 5
ﬂ+l
1 (n+1)H A(1=2)|Den,| P
B P
= ] P “ @20 0] " P
nid—1 ntk—1
o [T e
[qm(x)}"*ﬁ ! [,ﬂz)(x)]"*ﬁf1
1 ||£(n+1) ‘Dele‘ (1—2)"! =1
Il M 4 )" {[qm(x)}”l i [q<2><x>]”l}’
where

o) ()
Det, . = det {IZ x) p | Ex)
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Integrating (2.16) over x € I' and using the generalised triangle inequality, we deduce
the desired inequality (2.12). O

In the recent paper [49], S. S. Dragomir proved the following perturbed Taylor’s
formula which is an improvement of a recent result due to Mati¢, Pecari¢ and Ujevié¢
from [50]. It is instructive to give the details here for the sake of completeness.

LEMMA 1. Let f : I C R — R be such that ™ is absolutely continuous and
fU+Y € Ly (I). Then we have

n (Z B a)k (Z o a)nJrl
(n+1)!

{f(m;a,z} + Gy (f3a,2) (2.17)

kel

=0

forall z € I, where

() (7) — £
|:f(”);(1, Z:| — f (Zi _i ((1)

and G, (f;a,z) satisfies the estimate

1

ot e R [ Lol ()] s

forall z > a.

Proof. Recall Korkine’s identity for the mapping 4, g

Z_la/azh(l)g(t)dtﬁ/ﬂzh(t)dt-/;g(t)dt (2.19)

1 Z Z
B m/ / (h(1) = h(s)) (g (1) — g (s)) drds.

Using (2.19), we have

c (. an 1 (oA z
L (Z n't) f(n+1) (t)dtfz_—a/ (Z 't) df'/af<”+1) (I)dl

n:

_ ﬁ /: /: ((Z -1 ; (z as)”) (f(n+1) (1) — £ (S)) dids.

and then, using Taylor’s representation (2.3) and the formula (2.17), we may conclude
that

Gn(f3a,2) (2.20)
= ﬁ/:/: {(Z—I) ;!(Z—S) } (f(n+1) () _f(n+1) (S))dtds.
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Now, using the Cauchy-Buniakowski-Schwartz integral inequality for double integrals,
we have

\Gn(f a,z)| (2.21)
- l (Z _ S)n 2
[ / [ } dtds
z —a) n!
1
2 2
/ / f n+1 (ﬂ+1) (S):| dtds} .
Elementary calculations show that
L [0 =e=9"] n(z—a)
— ' dtds = 3
2(z=a)" Ja Ja n [(n+ DY (20 + 1)
and (see also [50])
2
/ / (n+1) (n+1) (S):| dids
(z—a)
2
_ (n+1) . (n).
z—aHf Hz ({f ’a’ZD ’
and so, by (2.21), we deduce (2.18). O
Now, by the Griiss inequality, we may state that
L [ o) | Y ?
< n _ n
0 < z—a/a {f (t)} dt (za/af (t)dt)
1
< 0@ -7,
where
v (2) <FUY (1) <T(z) forallz € [a,z], (2.22)

then, by Lemma 1, we can obtain the resultin [49], showing that (2.18) is an improvement
on the pre-Griiss result obtained in [50].

COROLLARY 1. Let f : I C R — R be such that " is absolutely continuous
and £ s bounded and satisfies (2.22). Then we have the representation (2.17) and
the remainder G, (f ;a,z) satisfies the estimate

)n+1

n(z—
2(n+1)V2n+1

G (f3a,2)] < (F'(@) -7 @) (2.23)

forall z > a
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If z < a, then a similar bound can be stated and so, in general, for any a € I, we
have the representation (2.17) and the bounds

G (f3a,2)| (2.24)
n |Z B a|n+l faz [f(nJrl) (t)]zdt . 1
(n+D)W2n+1 z—a 7([f ’a’ZD
n |Z - a|n+1

2(n+1)W2n+1 (T'z)—v (),

where

[:=supf ™V (z) < 0o and y :=inff " (z) > —oo.
z€l €l

In what follows, we use the estimate (2.24).
THEOREM 3. Let f : (0,00) — R be n -time differentiable and such that f ()

is absolutely continuous on [r,R], where 0 < r < 1 < R < co. Assume that the
probability distributions p, q satisfy the condition

r < w <R aeonT. (2.25)
q (x)
Then we have the inequalities
~f® 1)
If (p7q) -f (1) - X ka (p>CI) (226)
k=1 ’
L, o,
- m (-—DFFRI() (p>CI) + (n+ 1)! X" (p7CI)
n
— —  B(p,qf=tV
(n+)W2n+ 1 (p e/ )
n(®—9) n(®—9) nl
— Y Dopg) < — L (R— ,
ot Do ) S Gre e (R
where
®:= sup f"V(z) <00 and ¢ := inf fOHV (7)) > —o0
ZE€[nR] Z€[rR]
and
B (p.af ") =1 (p.q)
where

1

() = o1 [; / et ) - (f<"> (2) S <1>ﬂ N

z—1 z—1
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Proof. Apply the inequality (2.24) for a = 1 and z = G ; to obtain

(5) -0 ()

o () -0\l s i@
- IO S (n+1)2n+1

If we multiply by p (x) > 0, integrate over x € I and use the generalised triangle
inequality, we deduce

Iy (p,q) —f (1) =

2n+ / ’(—i_l
v () o 0f ]
<p<( o7 | MW

n(®-9¢) (p.q) < n(®-—9¢)
2+ 1)V2n+ 1 RGN 2+ D)IV2n+ 1

(R _ r)n+1

and the theorem is proved. [J
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3. Some particular inequalities

The following proposition holds.

PROPOSITION 1. Let p,q be two probability distributions satisfying the condition

0<r<&<R<ooa.eonF. (3.1)

(%)

Then, for n > 1, we have the inequality

<

n _1 k
Dia (a.p) - %ka (. q) (3.2)
k=1 '
1 b .
D 0)
1 {R(nﬂ)otl B r(n+1)oc1} & ( )
n —lpn — D et \Psq),
s (nB + 1)/% (n+1)a— 1)@ RO+ Da—1,(n+T)a—1 P
1 1 _ 1.
| R a>1,a+3_1’
g D (p,4):
1 ntl
Gt R
1 RtDa—1 _ ,(n+o—17@ -
< L L R+Do—1p(n+1)o—1 (R — r) B, (33)
(s + )P [+ 1) ot 1]
1 R a>1, g+p=1
no_n

z R—r)
n Ry ( r)

Proof. Consider the mapping f () = Inz. We have

pa) = [ator (29 )aunw = [atm (2 ) au

( q(x)
= —/Fq(x)ln (%) du (x) = —Dxkz (q,p) ,
f(k>(,):( 1)k_1(k71)', keNk>1
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for a > 1 and

1 !
A Y e R R e
o° ] ]

P
te[r,R te[r,R "
Hfom)

1 1
R o o R dt o
R (n+1) — ! -
L (/,V (t)‘ dt) n! {/r ;(n+1>a]
(—(n+Da+l R @
= n! — d

———at
n+1)o+1

RHDa—1 _ (ntla—1 &
! |:[(n + 1) o — 1] R(n+1)oc1,-(n+1)a1]
Applying Theorem 1 and using the above assumptions, we deduce the desired
inequality (3.2). O

The following proposition also holds.

PROPOSITION 2. Let p,q be as in the above Proposition 1. Then we have the
inequality

n

(-1
Dg1.(q,p) — Z mek (P, 4q)

k=2

(3.4)

1
n (I’l + 1) ntl D|7€|’Prl <P’ q) ;

—_

N

1
Rmxfl 7rnoc71 o
L L |: Rno—1yna—1 :| D ”+é (P’q)’
nnf+1)8 (nor— 1)@ r %1
oa>1, é + % =1;

1 R — -1
(n — 1)}’1 ' Rn—1yn—1 D\X|" (p7Q) B

[y

1
Rmxfl _ rnocfl o L
|: Rno—1pna—1 :| (R - }’) P ’
r

N

n(nf+ )P (no— 1)@

1 1 _ 1.
Oﬂ>1,&+g—1,

1 R \
(n—1)n  Re—1p—1 (R=r)"

for x > a.
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Proof. Consider the mapping f () = ¢In (¢) . We have

p(x) px) (P
I ,q-/qxf(—)d,ux—/qx—ln(— du (x
1 pa) = [a@r (555 )anw = [ae Zsm (25 ) du
X
— [rem (23 au) = D 00).
r q (x)
Y@ = Inr+1,
(=" (k—2)!
f(k> (t) - tkfl ) k = 2
Hf(MH _ (=1
0o r ’
Rmxfl _ rmxfl o
n+1 _
Hf( ) o - (l’ll)'|: Rno—1yna—1 :| ’ o>1
and 1 :
R — =
(n+1>H -2
Hf 1 (n=2)! Rn—1pm=1 "~
Applying Theorem 1 for the mapping f (¢) = 7Inz, we have
(1) (k- 2)!
Dat (p.a) ~ £V (1) Dy () - > CLEZD ) )
k=2 ’
1 (=1 .
o Dy (P 4);
1
L YT
n(ﬂﬁ+l)zl§ ("OC*l)% Reeetpne %] B (p )
n—1__ n—l1
% (n— 2)’%@%\” (P, q)-
That is,
D) -3 A b (g
kL \4,DP (k—l)k v \Psq
k=2
1 :
WD\X\”“ P,q);
1 1 &
1 Rro—1_no—17a
< T |: noL—1 1100 — :| D n+ L (PaCI)§
n(nﬁ+1)ﬁli(mxfl)é R lx" P
nfl_rnfl
ﬁ%ﬁDm” (P, q)

and the first inequality in (3.4) is proved.
The second inequality is obvious and we omit the details.

O
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REMARK 1. Similar results can be obtained if we apply Theorem 1 for other

particular mappings f , generating the Hellinger, Jeffrey’s, Bhattacharyya, or other
divergence measures as considered in the introduction.

REMARK 2. Perturbed inequalities, such as those stated in Theorem 3, may also

be considered. We omit the details.
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