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GENERALISED TRAPEZOID TYPE INEQUALITIES FOR
VECTOR-VALUED FUNCTIONS AND APPLICATIONS

C. BUSE, S. S. DRAGOMIR, J. ROUMELIOTIS AND A. SOFO

Abstract. A generalisation of the trapezoid formula for vector-valued functions and applications
for operatorial inequalities and vector—valued integral equations are given.

1. Introduction

Let X be a Banach space and —oo < a < b < co. A function f : [a,b] — X is
called measurable if there exists a sequence of simple functions f, : [a,b] — X which
converges punctually almost everywhere on [a,b] at f . We recall that a measurable
function f : [a,b] — X is Bochner integrable if and only if its norm function (i.e., the
function ¢ — ||f (¢1)]| : [¢,b] — R, ) is Lebesgue integrable on [a,b]. The Banach
space X has the Radon-Nikodym’s property if every X -valued, absolutely continuous
function f defined on [a, b] is differentiable almost everywhere on [a, b]. For other
details about the Radon-Nikodym spaces, see [2, pp. 217-219]. It is known that if
g : [a,b] — X (X being an arbitrary Banach space) is a Bochner integrable function,
then its primitive function (i.e., the function given by f (1) = fa' g(s)ds, t€a,b])is
differentiable almost everywhere and f’ (1) = g (t) almost everywhere on [a, b].

In this paper we point out a generalized trapezoid formula for vector-valued func-
tions and Bochner integral and apply it for operatorial inequalities in Banach spaces
and for approximating the solutions of certain integral equations. Some numerical
experiments are also provided.

2. Integral inequalities

The following theorem holds.

THEOREM 1. Let (X,||-||) be a Banach space with the Radon-Nikodym property
and f : la,b] — X be an absolutely continuous function on |a,b] with the property
that f' € L ([a,b];X), ie.,

1l 2= es5 sup I (0] < oo.
t€(a,b]
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Then we have the inequalities:

s—a a -5 b
( )f(;:(zb >f<b>_b1a(3)/af<,)d, (2.1)
I )
< =g | sl @l
< 557 (= I Mg+ (6= 1 )
1 s—atb)’
< {;ﬁ(b_;) (b= ) 1l
1 ,
< Q(b*a)\llf [ ia.6),00

forany s € [a,b].

Proof. Using the integration by parts formula, we may write that

b b
(8) / (t—$)f' (t)dt = (b—5)f (b) + (s — @) f (a) — (B) / fd (22)

forany s € [a,b].
Taking the norm on (2.2), we get

b
(b=5)7 1)+ 6= af (@)~ B) [ £

b b
® [ -9 Wi < [leslls Wl ar=:B)

and the first inequality in (2.1) is proved.
We also have

s b
B(s) = /(sft)\b”(t)lldw/ (t— ) I ()]

N

s b
1 Mg [ =00t 1 o [ G0 5)a

1
3 16— @7 I Moo+ 0 = 57 1 0] -

which proves the second inequality in (2.1).
The third and fourth inequalities are obvious and we omit the details. [
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COROLLARY 1.  With the assumptions of Theorem 1, we have the trapezoid
inequality:

Hf (@) +f () bia (B) /bf (1) dt (2.3)

a+b

o
. [an[,ﬂ o+ 11 s o

1 /
< 7 &= a) Ml 0

REMARK 1. We observe that for the scalar function B : [a,b] — R defined above,
we have

s b
- / I (1) i — / IF" ()]l dr, s € (a,b) (2.4)

and

B"(s) =2l (s) =0, s€(a)b), (2:5)
showing that B (-) is convex on |[a, b].
If s, € (a,b) is such that

Sm b
/ IF (o) di = / IF ()] d, (2.6)

b
inf B(5) = Blow) = 5= [ lt—sal I ()]

s€[a,b]
b Sm
. [/ (ol ar - | tlf’(t)lldt]

1 ,
=) sgn (¢t — sp) |If (2)]] dt.

then

Consequently, for a s, € (a,b) satisfying (2.6), we have

Sm— a a — Sm ’
=)/ @)+ 0 )f(b)bia(B)/af(t)dt (27)
b
< g [ san(t—sn) IF" ()] dr.

The version in terms of the p-norms, p € [1, c0) of the derivative f' is embodied
in the following theorem.
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THEOREM 2. Let (X, ||-||) be a Banach space with the Radon-Nikodym property

and f :
that f' € L, ([a,b]; X),

T </|v Wdﬁ < .

Then we have the inequalities:

_ b — b b
<smﬂ2ﬂ f (b) mLfmm
< i [t e
5 |5 = @ N g+ (6= ) N M.
if f' € Li([a,b];X);
<
141 / L ,
wﬁ@ﬂﬁ[@—aw*nvnm@¢+wfsw*uvnmmp
i1 €L, ([ab:X), p>1, b4l
1 _ atb
S+ 1 .
if f' €Li([a,b];X);
<
1 s—a at! b—s gt 1 ,
i f' €Ly (ja,b]:X), p>1, b4 1 =1,

forany s € (a,b).

Proof. We have

B(s) =

[ o= wla+ [Ca-9 ol

a s

s—a/Hf Yl de + (b —s/|[f )| di

(s =a) I M1+ @ =) 1 Mgy

[@,b] — X be an absolutely continuous function on |a,b] with the property
pE[l,0), ie,

(2.9)
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Using Holder’s integral inequality, we also have

B(s) < (st—ﬂdﬁ ([ Vm)
+(1¢ost>q(/bvwanﬁé

7+l
_ Goait HVHIM D) LT

(q+1) (g+1)

m~

and the first inequality in (2.5) is proved.

Now, we observe that

(s = @) I Mgy + 6= 5) 1
< max (s = a6 = 5) 1]l + 11l

e | LT[

and, by the discrete Holder’s inequality

(s = )7 1 g+ 6 =97 1 N,
< (=) + (=97 < [,
— [s=a™ + G- 9] 11 ey

=

4
[s.0]p

and the last part of (2.5) is also proved. [
The following trapezoid type inequality holds.

COROLLARY 2. With the assumptions of Theorem 2, we have the inequalities:

|V();f( L ‘/f

1
b—a

(2.10)

a+b

o
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1 .

3 I M g,00.1 if f' € Li([a,b];X);
< ( )

b—a)i , /
T e 0F 1 Wty * 1 M,
if f' €L,([a,b];X), p>1, %*izl;

1 .

B Hlel[a,b],l if f' € Li([a,b];X);
S 1

1
— b—a)7 |lllf'lll,
2(q+ 1) [ [,pr}
if €Ly ([a,b];X), p>1, b+ 1=1;

REMARK 2. The above results both generalise and extend for vector-valued func-
tions the results in [1].

3. Applications for the operator inequality

Let X be an arbitrary Banach space and £ (X) the Banach space of all bounded
linear operators on X . We recall thatif 7 € £ (X), then its operatorial norm is defined
by

1T = sup {[| ]| = x € X, [|x]| < 1}
We denote by r (T), p(T), o (T) the spectral radius, the resolvent set and the spectrum
of T, respectively. It is well-known that p (7) is the set of all complex numbers A
such that A1 — T is an invertible operator in £ (X). Here T° := I is the identity
operatorin £ (X). The spectrum of T is o (T) := C\p(T) and the spectral radius of
T is given by the following formulae

r(T) =sup{|A|: A € o(T)} = lim ||T"||" = inf ||T"]" .
1
Itis clear that r (T) < ||T)| -
If »(T) < 1, then the series (Z;@o T") converges absolutely and its sum is

(I—T)"". Indeed, if m is a strictly positive integer number such that ||7”|| < 1 and
p > 1, then:

2o < (7 ) Do
n=0 k=0

1

_ TO S Tmfl —_
04+ ) =
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and
I-T)(I+T+T*+--+T"")=1—T" — 1 when p — o0
because
IT"]] < [|[T"||” — 0 when p — oco.
1

Now, let T € £(X) suchthat 0 < r(T) <1 andlet 0 <a<b < w77~ Itis clear that

r(tT) = tr (T) for all # > 0. In the following we will consider some operator-valued
functions defined on [a, b] and we write for them the inequalities from Theorem 1.

The series (ano (tT)”) converges absolutely and uniformly on [a,b] and its
sum is given by

oo

s(t):=> ()" =[1- (7)) =t'R(t7",T),

n=0

where

R(A,l) = (AI—T)71> (A'Ep(T))>
is the resolvent operator of 7.
1. Let 0 <a<b < |T|”" < (r(T))"". Consider the function f defined by

T f (1) =5 (1) : [a,b] — L (X).

In order to apply Theorem 1 for f, we remark that:

(a)
R(L,T)—-R(LT
i |:R <1,T>:| — hm (t’ ) (‘L” )
dt T 1—7 t—7T
— lim iR (E,T)R(E,T)
=TT t T
1 ,/1
= ?R - T)=f (1), T€[a,b].
(b)
d 2 , /(1 2 . (1 2,
— =R (=T)+=R(=T)== 1— .
Sr@l=-28 (17)+ 26 (11) = 2@ U-s()
Moreover,
Is (D)l <> 7" = (1 = |||~
n=0
and -
I1=s (@l < |7 - > lIeT|" = 7|7 (1 - ||T])~"
n=0
and thus

IF" (@)l < 20|T) (1 =7 |IT)}) ", forall 7 € [a,b].
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Then from the second estimate of (2.1) we obtain
Sap (L) e (L) 2 (L r(Lr
a? a’ b? b’ ab a’ b’

7l e
s l(s sy T (1—b||T|>31' G-

If Tisarealnumber, 0 < T <landO0<a<s<b< % then from (3.1)
we get the inequality

<T(sfa)2 T (b—s)
S (1-sT) (1-b7)

s—a b—s b—a

(1 —aT)? * (1-b7)*> (1—aT)(1-0T)

2. Let a and b be two real numbers with @ < b and U € L (X) be a non-null

(’U)n
n!

operator. We recall that the series (Z;@o ) converges absolutely and locally

uniformly for + € R with respect to the operatorial norm in £ (X). From the
third estimate of (2.9), it follows that

(s —a)e®V + (b —s)eY 1 /be’Udt

b—a b—a (3'2)

oo
< |- b—a)- ,b,U),
2 * b—a (b=a) pla :
where
VIl gallvll if a>0;

p(a,b,U) = eIVl — o=olIUI if b<0;

VI 4 e=allUl — 2 if ¢ <0< b.

If s = %2 and U is an invertible operator in £ (X), then from (3.2) we get the

following inequality
U 4 U o U _ palU
2 b—a

< %(b—a)p(a,b,U).

. Let a,b € R with a < b and A, B two linear and bounded operators acting on

X such that ||A|| # ||B|| . Then the following inequality holds:
=94 (B —A) + (B—A)elb—®8

: _ [e(bfa)B _ e(bfa)A} ‘ (3.3)
b—a eb=aIBIl _ (b—a)lA|
< 1B — Al - ([[A[l + [IBI]) -
2 1B]| — (1Al

In order to prove the inequality (3.3), we consider the function

fila,bl — LX), f ()= o(b—1A (B _A)e(t—u)B
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and we apply the first estimate of (2.1) for s = /2.
We have that
b » ,
d d
[rwar = [ leplar [F 4[] e a4
b
-2 [e(b—a)a _ e(b—a)A:| M rva
and
I @l = -7 () +7 () BI
(IA]l + 1BI) 1B — Al §
< gAML = Al (B — 4 et

Using (3.4), it follows that

b
/vfmwmwr

< max{b—s,s —a}-

(Al +1Bl1) 1B — Al [e(b—a)HBH 7e(b—a)\|A\|:| '
B[ — [|A]l

Now the inequality (3.3) can be easily obtained from the first estimate of (2.1) if

we put s = 2.

4. A quadrature formula of generalised trapezoid type

Now, let I, : a =xp < x; < -+ < x,-1 < X, = b be a partitioning of the interval
[a,b] and defined h; = x;41 — x;, V(h) := max{h]i =0,...,n— 1}. Consider for
the mapping f : [a,b] — X, where X is a Banach space with the Radon-Nicodym
property, the following generalised trapezoid rule:

n—1
Ty (f 10, 8) =Y [(& + (xia1 — &) f (xia1)] (4.1)
i=0
where & := (&,...,&—1) and & € [x;,xi11] (i=0,...,n—1) are intermediate

(arbitrarily chosen) points.
The following theorem holds.

THEOREM 3. Let f be as in Theorem 1. Then we have

b
m/fmm:nmma+mv¢@7 (42)
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where T, (f,1,,&) is the generalised trapezoid rule defined in (4.1) and the remainder
R, (f,14,§) in (4.2) satisfies the bound

IRy (f, 1, B)I| (4.3)
<§j/ = &L ()] dr

1 « 2
s:5§:[ N Moo + Gt = €7 I Mmoo

n—1 2

1 Xi + Xit+1

<y +(a LA

i=0

1 n—1 n—1
< 50 hwwmmw\—wmwmzﬁ

1

< 5 G =a) v I M0

Proof. Apply the inequality (2.1) on the interval [x;, x;+1] to obtain

Xit1

H@mv@» (et — E)f (i) — B) [ F (e

Xi

(4.4)

< [Tu-al ol

<

kéfmﬂwwmmw+mﬂ—&ﬁwmmwm4

2
1 (él Xi +xl+l >

< —h2 (17| TS

forany i =0,...,n—1.
Summing over i from O to n — 1 and using the generalised triangle inequality for
sums, we obtain (4.3). O

<

il
|Hf || [xi Xit1],00

If we consider the trapezoid formula given by

T, (f 1) Zh [—x“)] , (4.5)

then we may state the following corollary.

COROLLARY 3. With the assumptions in Theorem 1, we have

b
m/fmm:nmm+mmm, (46)
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where T, (f,1,) is the vector-valued trapezoid quadrature rule given in (4.5) and the
remainder W, (f ,1,) satisfies the estimate

— Xit1
W, (.l < Z/ =

|Hf |H Xit+Xjy| o + ||V‘/||| Xj+Xjy] . o
[ 5 ], [ 7 > l+1]7

Xi +-xl+1

I (@)l dr (4.7)

VAN
| —
M

n—1
1
<2 ?HU‘HIMWOO\ I 00 D 1
i=0 i=0
< Iy h
< I Moo v ().
REMARK 3. It is obvious that ||W, (f,1,)|| — O as v(h) — 0, showing that
T, (f,1,) is an approximation for the Bochner integral (B f f (#) dr with order one

accuracy.

REMARK 4. Similar bounds for the remainders R, (f,I,,&) and W, (f,1,) may
be obtained in terms of the p-norm (p € [1,00)), but we omit the details.

5. Applications for vector-valued integral equations

We consider the Voltera integral equation:

u(t):f(t)—&-/OtK(t—T)Au(r)dT, >0, (A,f)

where A is a closed linear operator on a Banach space X, f is a X -valued, continuous
function defined on R := [0,00) and K (-) is a locally integrable and non-null scalar
kernel on R, . A strongly continuous family {U () : r > 0} C £ (X) (that is, for any
x € X the maps 7 — U (¢)x : R, — X are continuous) is said to be a solution family
for (A,f ) if

AU (1) x = t)Ax forall xe D(A), t>0, and (5.1)

U(t)x

x+A/K t—1)U(T)xdt, x€ X, t > 0. (5.2)

For example, if A is the infinitesimal generator of the strongly continuous semigroup
T={T(r):t>0} C L(X), then the family T is a solution family for (4,f ), i.e
(5.1) and (5.2) hold, see [4], [5].

Also, if B is the generator of the strongly continuous cosine function C :=
{C(#) : t € R} C L (X)then the family {C (¢) : ¢ > 0} is a solution family for (B,f),
see for example [7], [3].

Let 4 > 0. An X -valued, continuous function v () defined on [0, A] is called a
mild solution of (A,f ) if
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() = F (1) + /qK(tT)vh)dL forall £ € 0, 4]. (5.3)
0
0

We denote by W' ([0, h],X) the space of all functions f € L! ([0, 4], X) for which
there exists g € L' ([0, 4], X) such that

() =f(0)+ /Otg (s)ds, forallt e [0,h]. (5.4)

LEMMA 1. Let f € WHL([0,h],X), K (-) a function of bounded variation on
[0,h] and A a closed, densely defined linear operator acting on X . In these conditions
the integral equation (A,f ) has a unique solution v (-). Moreover, there exists a
solution family {V (¢) 1t > 0} C L(X) such that

t
v@:vmf@+/ﬁw—@ﬁuMutepm. (5.5)

0
Here, we only prove the fact that the map given in (5.5) is a solution for the

equation (A,f ), i.e., it verifies the relation (5.3). For more details, we refer the reader
to [6, Proposition 1.2]. Using (5.5) and (5.2) we have that:

A/ZK(I—T)V(T)dT

= /K t—1) f(O)dT—k/t {K(r—r)A/OTV(T—r)f’(T)dr] dt
()
Y

<o K(t—r— )AV(G)f’(r)dO')dr

= V()f (0)~f (0)+

— S

Ly K({t—1)AV(t—r)f’ ()dr)dr

K t—1)AV(t—r)f'(t )dr)dr

(t=r)f' (r)=f"(r)) dr

= VIO ©0)=f©O)+ [ V—=r)f (r)dr—f()+f(0)

= v -1,

i.e., (5.3) holds. Here 1( is the characteristic function of the interval [0, ] .

I

=

=

8

Jr
o\,o\,%c\o\,

Let 0=A) <A < - <A1 <Ay = 1, we [A,',Alur]], i€ {0,1,...,717 1}
and T > 0. We preserve all hypothesis about f, K(-) and A from Lemma 1. In
addition, we consider that the functions V (-) and g (-) (for g see (5.4)) are continu-
ously differentiable on [0, T]. Then the solution v (-) of (A,f ) given by (5.5), can be
represented as

v(t)=V(t)f (0)+ T, (A1) + Ry (N ,t), 1€[0,T],
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where

T, (M 1) (5.6)

_— { = 2) V[ (1 =) g (hit) + (Aigr — ) V[ (1 = Aiv)] g (Wisat) }
i=0

and the remainder R, (A, @, 7) satisfies the estimate

IR O 1) < 52V 00 -0 (). (57)

Here
p(t):= HV/H[O,I],OO ) Hé’H[o,r],oo + ||VH[0,t],oo ) ||g/||[0,t],oo'
Indeed, for a fixed ¢ > 0, consider the function
s—G(s):=V(E—s)g(s), s€]0,7].
Then G is differentiable on [0, 7] and

dG (s
GO v g+ V98
for each s € [0, ¢] . Moreover,
dG (s)
ds

‘ < WV E=s)l-llg@I+ 1V (=9l - I8 (s)]
< p(t), forall s€0,1].

Now it is easy to see that (5.7) follows by the later estimate of (4.3) if we put x; = ¢ A;.
Using Corollary 3, the solution v (-) of (A,f ) can be represented as

v (1) (5.8)

n—1

o L OR e A

i=0

where ||W,|| < £ -0 (7).
For the proof of (5.8), it is sufficient to apply Corollary 3 , with f replaced by G
and x; replaced by I

6. Numerical examples

1. Let X = R?, x = (£,1) € X, |]x|l, = \/E2+ n*. We consider the linear,
2-dimensional, inhomogeneous differential system
u = —Uu +e!
U = —2up +sint (t > 0) . (61)

ui (0) = U (0) =0
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If we let A = (Ol 82); u(t) = (uy (1), u2(2)): g(t) = (e7',sint),
et 0

0 6—21
then the above system can be expressed by the integral equation

V(1) =e= ) ,K(t)=landf (t)= [, g (1) dt=(1—€", 1—cos1),

u(t) —f(t)JrA/OIK(tT)u(T)dT, t=0. (6.2)

The exact solution of (6.1) or (6.2) is
t
u(r) = e (0)+ / Mg (1) dt (6.3)
0

(tet; % (e*Zt — cost + sin t)> .

From (5.8) we obtain the following approximating formula for u (-):

n—1
1 —tn—i) —ti —tn—i—1) —tn—i)
ul([) = % |:e tn .eT’+etn l.e rn :|+Wr(,l>’
=0
n—1
1 —t(n—i ti —2t(n—i— t(i+1
u (1) = o {e i sin (—l)Jre = sin (7(1+ ))] + W,
n =0 n "

where the remainder W, = (W,S”, W,52)> satisfies the estimate

IWally := \/ (W) + (W) < Lop.

The following Figure 1 contains the behaviour of the error &, (1) := [|W,|, .

1. Be-05
1.4e.05]
1.2e.051
Te.05]
Bo-05-
Be-05-
4005
26-05-

o

P
=
[agl
faal
—
[

Fig. 1.
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14005
12005
1e-05]
Be-06
o051
de—DB'E

ZE-DE'E

D.

P
=
[agl
faal
—
[

t
Fig. 2.

2. Let X,A and u beasinl., B= —A?,

oo 2n
Vi) = )= (-1 ((t?n))z = (80” 2052t>, K(t)=t

Uy = (170)7 ui :(071) andf(t):u0+tul~

Consider the system:

I'/iz = —4M2

l/'tl (0) = 0; l/'lz (0) = 1.

The above differential system can be written as the following integral equation

u (t) _f(t)+B/0t(tr)u(r)dT7 t>0.

The exact solution of the above integral equation is

u (1) C(t)uo + /OZC(t — T)udt (6.4)

1
(cost,0) + (0, 3 sin 2t>

1
= (cos t, 3 sin 2t> .
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From (5.8) and (6.4) we also obtain the following approximating formula for

u (t) = cost+ R

u (1) = ég{cos {W] + cos {MH+R’?)’

where the remainder R, = (R,(ll),R,(lz)) satisfies the estimate

IRl \/ (B) + (k%) < Lpto).

The following Figure 2 contains the behaviour of the error

& (1) == ||Rn||2~
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