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SOME REMARKS ON HILBERT’S INTEGRAL INEQUALITY

JOAN GAVREA

Abstract. In this paper we generalize Hilbert’s integral inequality.

1. Introduction

If f,g € L?[0,00), then

/OOO /Ooo]%g(yy)dxdyé n(/Omj”(x)dx/000gz(x)dx)l/2 (1.1)

where 7 is the best value.
The inequality (1.1) is well known as Hilbert’s integral inequality.
Yang Bicheng [1] gives a generalization of Hilbert’s integral inequality as follows:

0o poo A A oo o 1/2
/ / f(x)g(yl)dxdy <B (_7 _) {/ xl_lfz(x)dx/ xl—)tg2(x)dx}
o Jo (x+Y) 2°2 0 0
(1.2)
where B(p,q) (p,q > 0) is the beta function and A € (0, 1].
In [1] is proved also the following result:
Let b>a>0and 0 <A <1, f,g€L*a,b]. Then

[ [5ERen<n(z5) -]
X (/abxl—‘ﬁ(x)dx /abxl—‘g%x)dx) 1/2. (1.3)

In this paper we generalize inequality (1.2) and improve inequality (1.3).
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2. Main results

A generalization of the inequality (1.1) is given in the following theorem.

THEOREM 1. Let n be a natural number, n > 2. If f; € L"[0,00), i=1,2,...,n

then - -
/ e Hx0fa() - S (an) dxidx; . . .dx,
0 0o (r+xat+-+x)

2—n+A
2 7> \ U
2 > —1-2 "V
< (H/ v fk<>d> 1)
0)

forany A € (n—2,n— 1] where I'(x) (x > 0) is gamma-function.

Proof. The following equality holds:
/Oom f10)f2(x2) - fn ()
0 0

(1 X2+t

dxidx; . ..dx,

@) e @) e ),

—)k—&-n

.. dxy,
(2.2)

where o =

2
By Cauchy’s 1nequa11ty and (2.2), we have
/""... X fil)fa0n) - falw)
0 0

dx,...d
(X1+X2+"'+Xn)x X1axp Xn

1

n (/ / (xkﬂ)a%dmmdxn>ﬁ7 (2.3)

where x,11 = x1.
We have

)Ca /OO /ooi 1 dx dx— a/oo /OO dxl...dxk_ldxk+1...dxn
1 AT 2 e AXp =Xy o 7 ,
0 o X5 (x4 Axy) 0 0 xg ()

for k=1,2,...,n
Putting x; = xjux, k =2,...,n, we obtain

> 1
— _dxy...dx,
XI/ / X] +xn) 2 ~

n—1—24
- duy . . du,,. 2.4
=X / / —|—u2+ +btn))t Uz u (2.4)
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But

F2(2—n+/l>
2

duy. o duy = — =)
/ / +uz+ +un)A e

From relations (2.5), (2.4) and (2.3) we obtain inequality (2.1)

REMARK 1. For n

2 inequality (2.1) becomes (1.1).
REMARK 2. For A

n — 1 we obtain the following inequality
1
/ fl xl fn (xn)

p n fo%e) i n
ot T rdxy ... dxy, < m (H/o fi (x)dx)

This inequality can be considered as Hilbert’s integral inequality for n functions
from L"[0, c0).

The following theorem is an improvement of inequality (1.2)

THEOREM 2. i) Let a be the a real number such that a > 1. If f, g € L? [ ] ,
then

1/2
‘[ x)gy) C am a2
/é /é Gty dxdy < ka(A) </$ x (x)a’)c/é x'"tg (x)dx) . (2.6)

where

k(M) = / %dx (A €R).

ii)Let 0 <a<b.Iff,g € L*a,b], then

b bf(x)g(y) ’ 1—A g2 ’ 1-2 2 "
// Gty P sk p) (/ Kf (X)dX/a x g(x)dx> .27

Proof. i) By Cauchy’s inequality we have

where

[ 2y [ i | o)
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1
The function &, h : {—, a] — R,
a
=2

§ =
hx) = /L ar o

is strictly increasing on {—, 1] and is strictly decreasing on [1,a] because
a

h’(x):a%xTz( P 1 )

(ax+1)*  (x+a)*

Hence

h(x) < h(1) = ka(A).
Using this inequality from (2.8) we obtain inequality (2.6).
ii) Putting x = x;v/ab and y = y;v/ab we have

[ [ 1 o [ [,

Now inequality (2.7) follows by inequality (2.6).

REMARK. We have

k p(h) gB(%,%) [1 (%)m} (2.9)

For this is enough to prove the inequality:

« A A A
——dt<B| =,z |(1—a ?2), 1. 2.10
/HHN (53)n-at o (210
This inequality can be written in the following form:
A—2 1 A—2 A—2
< T a T Al e A A A (A A
——dt — dt — <B|=,=|—a *B|{=,= |,
/O (1 + 1) /0 1+ 07 / 1+ 07 <2 2) ¢ <2 2)
or a
—2
< T A
2 2B =, = 2.11
[ ot (53) @10

On the other hand we have

oo A2 o APy < g

A X X A X X
2 ————dt = 2a% - >2a77 ,
/u (1+0)* /1 (1 +xa)* /1 (14 x)*

and so inequality (2.11) is true.
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