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SOME REMARKS ON HILBERT’S INTEGRAL INEQUALITY

IOAN GAVREA

Abstract. In this paper we generalize Hilbert’s integral inequality.

1. Introduction

If f , g ∈ L2[0,∞) , then

∫ ∞

0

∫ ∞

0

f (x)g(y)
x + y

dxdy � π
(∫ ∞

0
f 2(x)dx

∫ ∞

0
g2(x)dx

)1/2

(1.1)

where π is the best value.
The inequality (1.1) is well known as Hilbert’s integral inequality.
Yang Bicheng [1] gives a generalization of Hilbert’s integral inequality as follows:

∫ ∞

0

∫ ∞

0

f (x)g(y)
(x + y)λ

dxdy � B

(
λ
2

,
λ
2

){∫ ∞

0
x1−λ f 2(x)dx

∫ ∞

0
x1−λg2(x)dx

}1/2

(1.2)
where B(p, q) (p, q > 0) is the beta function and λ ∈ (0, 1] .

In [1] is proved also the following result:
Let b > a > 0 and 0 < λ � 1 , f , g ∈ L2[a, b] . Then

∫ b

a

∫ b

a

f (x)g(y)
(x + y)λ

dxdy � B

(
λ
2

,
λ
2

)[
1 −

(a
b

)λ/4
]
×

×
(∫ b

a
x1−λ f 2(x)dx

∫ b

a
x1−λg2(x)dx

)1/2

. (1.3)

In this paper we generalize inequality (1.2) and improve inequality (1.3).

Mathematics subject classification (2000): 26D15.
Key words and phrases: Hilbert’s integral inequality.

c© � � , Zagreb
Paper MIA-05-46

473



474 IOAN GAVREA

2. Main results

A generalization of the inequality (1.1) is given in the following theorem.

THEOREM 1. Let n be a natural number, n � 2 . If f i ∈ Ln[0,∞) , i = 1, 2, . . . , n
then ∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) . . . f n(xn)
(x1 + x2 + · · · + xn)λ

dx1dx2 . . . dxn

�
Γ2

(
2 − n + λ

2

)
Γ(λ )

(
n∏

k=1

∫ ∞

0
xn−1−λ f n

k (x)dx

)1/n

(2.1)

for any λ ∈ (n − 2, n − 1] where Γ(x) (x � 0) is gamma-function.

Proof. The following equality holds:∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) . . . f n(xn)
(x1 + x2 + · · · + xn)λ

dx1dx2 . . . dxn

=
∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)
(

x1

x2

) α
n

f 2(x2)
(

x2

x3

) α
n

. . . f n(xn)
(

xn

x1

) α
n

(x1 + x2 + · · · + xn)λ
dx1dx2 . . . dxn,

(2.2)

where α =
−λ + n

2
.

By Cauchy’s inequality and (2.2), we have∫ ∞

0
· · ·
∫ ∞

0

f 1(x1)f 2(x2) . . . f n(xn)
(x1 + x2 + · · · + xn)λ

dx1dx2 . . . dxn

�
n∏

k=1

(∫ ∞

0
· · ·
∫ ∞

0

(
xk

xk+1

)α f n
k (xk)

(x1 + · · · + xn)λ
dx1 . . . dxn

) 1
n

, (2.3)

where xn+1 = x1 .
We have

xα1

∫ ∞

0
. . .

∫ ∞

0

1
xα2

1
(x1+. . .+xn)λ

dx2 . . . dxn=xαk

∫ ∞

0
. . .

∫ ∞

0

dx1. . .dxk−1dxk+1. . .dxn

xαk+1(x1+. . .+xn)λ
,

for k = 1, 2, . . . , n .
Putting xk = x1uk , k = 2, . . . , n , we obtain

xα1

∫ ∞

0
· · ·
∫ ∞

0

1
xα2

1
(x1 + · · · + xn)λ

dx2 . . . dxn

= xn−1−λ
1

∫ ∞

0
· · ·
∫ ∞

0

u−α
2

(1 + u2 + · · · + un)λ
du2 . . . dun. (2.4)



SOME REMARKS ON HILBERT’S INTEGRAL INEQUALITY 475

But

∫ ∞

0
· · ·
∫ ∞

0

u−α
2

(1 + u2 + · · · + un)λ
du2 . . . dun =

Γ2

(
2 − n + λ

2

)
Γ(λ )

. (2.5)

From relations (2.5), (2.4) and (2.3) we obtain inequality (2.1).

REMARK 1. For n = 2 inequality (2.1) becomes (1.1).

REMARK 2. For λ = n − 1 we obtain the following inequality

∫ ∞

0
· · ·
∫ ∞

0

f 1(x1) . . . f n(xn)
(x1 + · · · + xn)n−1

dx1 . . . dxn � π
(n − 2)!

(
n∏

k=1

∫ ∞

0
f n
k (x)dx

) 1
n

.

This inequality can be considered as Hilbert’s integral inequality for n functions
from Ln[0,∞) .

The following theorem is an improvement of inequality (1.2).

THEOREM 2. i) Let a be the a real number such that a > 1 . If f , g ∈ L2

[
1
a
, a

]
,

then

∫ a

1
a

∫ a

1
a

f (x)g(y)
(x + y)λ

dxdy � ka(λ )

(∫ a

1
a

x1−λ f 2(x)dx
∫ a

1
a

x1−λg2(x)dx

)1/2

, (2.6)

where

ka(λ ) =
∫ a

1
a

x
λ−1

2

(1 + x)λ
dx (λ ∈ R).

ii) Let 0 < a < b . If f , g ∈ L2[a, b] , then

∫ b

a

∫ b

a

f (x)g(y)
(x + y)λ

dxdy � k√ b
a
(λ )

(∫ b

a
x1−λ f 2(x)dx

∫ b

a
x1−λg2(x)dx

)1/2

. (2.7)

Proof. i) By Cauchy’s inequality we have:

∫ a

1
a

∫ a

1
a

f (x)g(y)
(x + y)λ

dxdy �
(∫ a

1
a

w(x)f 2(x)dx
∫ a

1
a

w(x)g2(x)dx

)1/2

, (2.8)

where

w(x) = x1−λ
∫ a

x

1
ax

t
λ−2

2

(1 + t)λ
dt.
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The function h , h :

[
1
a
, a

]
→ R+

h(x) =
∫ a

x

1
ax

t
λ−2

2

(1 + t)λ
dt

is strictly increasing on

[
1
a
, 1

]
and is strictly decreasing on [1, a] because

h′(x) = a
λ
2 x

λ−2
2

(
1

(ax + 1)λ
− 1

(x + a)λ

)
.

Hence
h(x) � h(1) = ka(λ ).

Using this inequality from (2.8) we obtain inequality (2.6).
ii) Putting x = x1

√
ab and y = y1

√
ab we have

∫ b

a

∫ b

a

f (x)g(y)
(x + y)λ

dxdy = (ab)1− λ
2

∫ √ b
a

√
a
b

∫ √ b
a

√
a
b

f (x1)g(y1)
(x1 + y1)λ

dx1dy1.

Now inequality (2.7) follows by inequality (2.6).

REMARK. We have

k√ b
a
(λ ) � B

(
λ
2

,
λ
2

)[
1 −

(a
b

)λ/4
]

. (2.9)

For this is enough to prove the inequality:

∫ a

1
a

t
λ−2

2

(1 + t)λ
dt � B

(
λ
2

,
λ
2

)
(1 − a−

λ
2 ), a > 1. (2.10)

This inequality can be written in the following form:

∫ ∞

0

t
λ−2

2

(1 + t)λ
dt −

∫ 1
a

0

t
λ−2

2

(1 + t)λ
dt −

∫ ∞

a

t
λ−2

2

(1 + t)λ
� B

(
λ
2

,
λ
2

)
− a−

λ
2 B

(
λ
2

,
λ
2

)
,

or

2
∫ ∞

a

t
λ−2

2

(1 + t)λ
> a−

λ
2 B

(
λ
2

,
λ
2

)
. (2.11)

On the other hand we have

2
∫ ∞

a

t
λ−2

2

(1 + t)λ
dt = 2a

λ
2

∫ ∞

1

x
λ−2

2 dx
(1 + xa)λ

� 2a−
λ
2

∫ ∞

1

x
λ−2

2 dx
(1 + x)λ

,

and so inequality (2.11) is true.
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