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DOUBLE INTEGRAL INEQUALITIES BASED
ON MULTI-BRANCH PEANO KERNELS

A. SOFO

Abstract. The Ostrowski inequality in one dimension has been known for about seventy years.
In the last two or three years an Ostrowski type inequality in two dimensions has been developed.
In this paper we extend these ideas in two dimensions to obtain double integral inequalities that
are based on multi-branch Peano kernels.

1. Introduction

Ostrowski [1], in his now classical result, obtained an integral inequality in one
dimension that indicates a two-sided bound between a function evaluated at an interior
point x and the average of that function over a finite interval. As with a lot of
mathematical ideas, that are extended in various directions, so too has the Ostrowski
result been generalised and extended in a multitude of ways:- one such way has been to
impose more stringent demands on the mapping function f .

Dragomir [2], [3] and [4] obtained the following result.

THEOREM 1. Let Iy : a = xp < x1 < -++ < Xp—1 < X = b be a division of the
interval [a,b], o (i=0,...,k+1) be k+2 points so that oy = a, o € [xi_1,X/]
(i=1,...,k) and g4y = b. If f : [a,b] — R is absolutely continuous on [a,b],
then we have the inequality:

[ (x)dx — Z (0ip1 — o) f (x:) (1.1)

—1 k=1 k=1 Xi + Xit1 2
rUED W CHEL=S N
L i=0 i=0
/
1,

1
(q+1)7
—v (h) + max ‘aiﬂ -

N

1
k—1 L
{Z [(a’“ - xi)qﬂ + (Xip1 — (Xi+l)q+1:|:|
i=0
Xi + Xig1 L i=0,...  k— 1}} 1l

2

2
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l
T th < b-ayvm)f..
“fl”p k—1 5 bh—a é
<3 e v (255) e,
(g+1)7 ; q+1 ’
1 1
p> 1a -+ -= 1a
P 9
v(r) Il
where hi :==xi31 —x; (i=0,...,k—1), v(h) :=max{k]i =0,...,n} and
If'llc = =ess sup [f' (1),
t€(a,b]
171, (/v "dr>,
= [ ol
are the usual Lo [a,b], L, [a,b] and L, [a,b] norms.

Dragomir [2] further extended Theorem 1. to include functions of bounded varia-
tion.
For a smooth mapping function f , Sofo [6] generalised Theorem 1 to the following:

THEOREM 2. Let I} : a = xg < x1 < -+- < X1 < xx = b be a division
of the interval [a,b], and o (i=0,...,k+ 1) be k+2 points so that oy = a,
o € [xi—1,x] (i=1,...,k) and o4y =b. If f : [a,b] — R is a mapping such that
=Y is absolutely continuous on [a, b], then for all x; € |a, b] we have the inequality:

/ f(x 1)] Z{ (Xi*aiﬂ)j}f(FU ()| (1.2)

{(az+l - xl) i (Xip1 — Ofi+1)n+1}

In the paper [7], Barnett and Dragomir developed a two dimensional version of the
Ostrowski inequality, which Dragomir, Barnett and Cerone [8] further developed for the
L, [a,b] norm.

Hanna, Dragomir and Cerone [9] obtained the following result of Ostrowski type
in two dimensions
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THEOREM 3. Let f : [a,b] x [c,d] — R be a continuous mapping such that the
I+k
partial derivatives 0() kfs 1> k=0,1,...,n—1, 1 =0,1,...,m — 1 exist and are

continuous on |a,b] x [c,d], then the following inequality holds

n—1m—1
/f (t,8)dsdt — >N " X (x) - Vi (y aka(x ) (1.3)

k=0 =0 Rz
mZXk / Vs )%a(;n;s)ds
Zl Yi(y / Ko ( Lﬂia(; ) 4
< m ((xia)nJrl +(b7x)n+l)

()n+m

if g € Loo ([a,b] x [c,d]) forall (x,y) € [a,b] x [c,d], where

8n+mf ([, S)
oros™

" (1,s)
omos™

)

‘ = sup
(t,5)E€a,b] X [cd]

(b _ x)k+1 + (—l)k ()C _ a)k+1

and (1.4)
d=y)"+ (=)' -0
(I+ 1) '

Yi(y) =

Furthermore, for K, : [a, b]2 —Rand S, : [c, d]2 — R we define the two branch
kernels as

. (e ;'a)n, t € [a,x]
Rt I T
nlow ’ . (1.5)
S (5) = o e e
(s :n'd) , 8 € (y,d]

In this paper we use the results of Theorem 2, with a multi-branch version of the Peano
kernels (1.5), to further generalise the double integral inequality of Theorem 3.

2. A double integral identity

The following theorem holds.
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THEOREM 4. Let I : a = x9p < x1 < -+ < X1 < xx = b be a division
of the interval [a,b] and o; (i=0,...,k+ 1) be k+2 points such that o9 = a,
o € [xi—1,xi] and o1 =b. Let J;: ¢ = yo <y < - <y—1 <y =d beadivision
of the interval [c,d] and B, (p=0,. +1) be l+2 points such that By = c,

B € [yp 1,yp] and Ppi1 = d. Further let f [a,b] x [c,d] — R be a continuous
ot (xivp)

mapping such that all the partial derlvatlves oy — ) ,r=0,....m, j=0,...,n
i%p
m,n € N exist and are continuous on |a,b] x [c,d] and let K,y : [a,b}z — R,
Smy * [c, d]2 — R be defined as
t—oy)"
(71), t € [a,xi]
n!
Kn,k ()C, l) =
t— a n
( n'k) s Z‘E[xk_l,b] (2 1)
(S _ Bl)ﬂ'l .
| ) [nyl}
m!
Sm,l (y,S) = :
§ — m
ﬂa s € [yl*hd}
m!

then for all (x;,y;) € [a,b] X [c, d] we have the identity

/ / £ (t,8)dsdi=3" ZXJ x) ZZW #(xj’ylp) (2.2)

j=1i=0 r=1 p=0

m . i ajer_l i
1) ZZXJ(?Q)/ S (¥, ) 3x§+8(:ms>ds

j=1 i=0 ¢

n an+r7 lf (ta Yp)
E E Y’ ———=d
yp / & (2, 1) 8t"8y"1 1

r=1 p=0

n - an+m t
= + / / Knk )C l ml(y7 ) at’fa("’S)d dl,

where

X (x;) := (7,1)] ((x,- - Oli) — (% — Ofi+1)‘) )

J!

Y () = (7})r ((yp ~Bo)" — (v~ ﬁpﬂ)r) :

r!
Proof. The following identity is valid (see [6])

/ 0 di +z DS~ (= o — - o) 6V ) 24
i=0

b
— (-1 / Ko (6,1) g™ (1) di,

(2.3)
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where K, x (x,t) is given by the first part of (2.1).
For the partial mapping f (-,s), s € [c,d] we have from (2.4)

b n
/f(t,s)dt Jrz
a =1
8’7‘ (t7 S) dt

b
= (fl)n/u Kk (x,1) o

S (i) (2.5)

ik
(,1)112(; ((xi*ai)j — (=0t ) 8x§71

forevery x; € [a,b] and s € [¢,d].
Now, integrating over s on [c,d] we have

k / (2.6)

/b/df (t,s)dsdt—&-zn:(j—'l)jZ{(xi—O‘i)j_(xf_a"“)}
a Je =t 7 =0

YL (s . [° T onf (1,5
x/c O S s) oy / Ko (x,1) (/ %m) dt

!

forall x; € [a, b].
Utilising (2.4) again for the partial mapping dx{fl 2 on [c,d] we obtain

i

1 Z
/ aj; Xln ds +Z Z{ Yo— ﬁp yp ﬁpﬂ) } (2.7)
c =0
ar—l &7f(xi7yp) o 1\m 4 a" (&_lf (X,‘,S))
Xayffl ( 8/&{:71 - ( 1) [ Sm,l (ya S) W W dS,

hence

/cdw zm: ZI:{ (o—=Bp)" = (o—Bps1)" } (2.8)

axéil r=1 p=0
8"+j*2 . d 1+m ;
X +(x7)1)p) — (_l)m / Sm,l (y7 s) wds
oxl "oy} ] o Losm

Again, utilising (2.4) for the partial mapping at(,f") on [c,d], we obtain

d an s 1YV 1 . )
/ 81;7;“)01”2 ( r}) Z{(yP*ﬁp) — (Vo = Bp+1) } (2.9)
¢ r=1 ! p=0

an+mf (l, S)

o= lf (t, _Yp) d
—— = = (=" ml (V,8) ——m—
< = (D [ Surtons) T as
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Now, substituting (2.8) and (2.9) into (2.6) we have

//f tsdsdt—i—z )Jzk:{ —ai)f—(xi—ai“)f} (2.10)

m o gy ! , o 2 (x,
*Z( ?) Z{()’p*ﬁp) *()’p*ﬁpﬂ) }f_(_yp)

ooy,

n b m ¢ an+mf (t> S)
= (—1) /{; Kn,k (.X, l) l(—l) [ Sm’] (y,S) st

m ! , p an+r—l :
72 Z{ p— Bp) (J’pﬁpﬂ)}Wétly‘)) dt.

p=0

Rewriting (2.10) we have

m -1 l , . ar+j—2 5
g Z( r!) 2 {(y" = Bo)" = (o = Bo1) } aﬂ—{a(xrylp)
r=1 p=0 j ;
noo ok
iy ED S~ {6 - o — 01— o'}
J=1 VAR
d gi—+m ’
X \/L SmJ (y, S) 8)65-]:8(:’” S)

— (-1 i (_r—})r ZO{(yp - Bp)r - (yp - Bp+1)r}n

b anJrr—l ¢t
X / Ko (x,1) #’fp)dt
a oroyy,

0 (1)
n+m
/ / nk Xt ml Ya ) D Os ————~dsdt

and using (2.3) we arrive at the required identity (2.2). O
REMARK 1. For k = 2 and [ = 2 the Peano kernels of (2.1) reduce to those of
(1.5) in which case the identity (2.2) reduces to an identity obtained in [9].

If we now assume that the points of the rectangular division /; and J; are fixed,
we obtain the following corollary.
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COROLLARY 1. Let Iy ca=xo <x1 < -+ < X1 <X =band J; : ¢c =
Yo < y1 < -+ < yi—1 <y = d be a division of the rectangle [a,b] X [c,d]. If
f t]a,b] x [c,d] — R is as defined in Theorem 4, then we have the equality

k

/ab/cdf (“)‘M[:anzjisz{_hH(_l)jhf_l} 212)

m Y 1 ar+j xi,
S G (g gy )

o ayn!

- d P d Am—1 Xi,
_(_l)mZLZ{_WI—"_(_l)}hifl}/ Sml(y> )%18(5‘”’)‘1‘9

0
1\ ! nt+r—1
44)”22??2{% A agd [ Kt T ),
r=1 p=0

omayy!
an+mf (l S)
n+m
n t m ) )
/ / & x A (y ) 8[}18 m o aon dsdt

where h; := xiy1 —x;, hoy =0, b := 0 and Ay = Ypr1 — Yp, A—1 = 0 and
Ap :=0.

Proof. Choose

a -+ x; X1 +x2
JEE— oy = ———

ao :a7 al frng 2 s 1 2 gooee
Xk—2 + Xg—1 Xk—1 + X
O—1 = — O = 5 Ot = b,

c+ +
Bo=c, Bi= cTy ﬁ—y12y2>~-~

2+ V- -1+
Bl*l = N2 TN 17 Bl = ao yl7 ﬁl+1 =
2 2
Substituting these values into (2.11), we obtain the result (2.12). O

The case of equidistant partitioning is important in practice, and with this in mind
we obtain the following corollary.

COROLLARY. Let

b—a

Ik:x,-—aJri(

gl (2.13)
Jiiyp=c+p , P
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be an equidistant partitioning of the rectangle [a, b] X [c,d]. Then we have the equality

/ / [ (t,5) dsdt (2.14)

par o™ ay
. n b— ( 1)” a/'+m—1f ()C,',S)
— 71 . , ZJ oY)
(1) ]—Z1< 2% > Z/ (v, s o Togm ds
. m d— 8n+r lf ([ yp)
- (=1 ;( 3 ) Z/ Ky i (x,1) Py, — s
b pd
nm 8n+m [,S
+(=1)" / / Koni (x,1) Sy (v, 5) #Em)dsdt.
Proof. From (2.13) we note that
h,:b;a i=0,... k
and
A’P - d;C p= 07 'al

and substituting into (2.12) we arrive at the equality (2.14). O

3. The inequalities

The following theorem will now be proved.

THEOREM 5. Let f : [a,b] X [c,d] — R be continuous on [a,b] X [c,d] and
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assume that % exists on (a,b) x (c,d). The following inequality is valid:

4 (3.1)
b d n k l ri—2
i oIS (x, yp)
= f(t,s)dsdt — ZXJ (x:) Z Z 'd (yp) . p—
/“ ¢ j=1 i=0 r=1 p=0 axé 9 p
i [ IV (xi,5)
+(=1)" X (x; / Sm1 (v, 8) ——2 """ s
OSSN N [ i) =
m 1 b n+r—1
o (1,3p)
+ (71)" Z Y” (yp) / K’Lk (x, t) ﬁd[
=1 p=0 a o dyp
. r kf {(oc- —x)" = i — )"“}
(n+ Dlm+ Dz L i S
-1 ml mal 8n+mf
x Z:: {(Bpﬂ )’p) - ()’p+1 - ﬁp+1) } ‘ ards |
. anerf .
o2 Lo ([a8] % [e,d); |
(5 {(aiJrl —x)" T = (i1 — Og) "qH !
< n'm! ng+1
1
_ mg+1 m +1 q
Zi):i) {(ﬁpﬂ *)’p) - (Yp+1 Bp+1 a ! omf
mq + 1 o osm p’
8n+m
if oogen € Lo (la, b xe.d]), p>1, p~" + "+q =1
L vy |22 if aHmf € L1 ([a,b] % [¢,d])
n'm! H orosm||,’ O osm AL ’
forall (xi,y:) € [a,b] X [c,d], where
n+m n-+m
’ oy . sup A" (1,'5) 7
Or0s™ || (rs)elab|xca)| OF"Os™
an+mf anerf 1, S P
Hat"asm (/ / “orost i ‘”) =00
and
8n+mf 8n+mf
’ o osm / / tna m ‘ dsdt < 0,

v(h) : =max{h|i=0,...,k—1},
pu(A) : =max{Ap=0,...,1—1}
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and
hi = Xip1 = Xi, Ap 1= Ypr1 = Yp-

Proof. From Theorem 4, we use (2.2) to obtain

8n+m t
nk X t ml (y7 ) 8t’{8(m S)d dt (32)
anerf (l S)
/ / Ko (0, 2) St (v, 8) || =2 5 | s

Using the properties of the modulus and integral together with Holder’s inequality, we

have
8n+mf (l S)
/ / |Kn ke (x,8) S (3, 9)] SETT dsdt (3.3)
n-+m
/a /C |Ko ke (x,2) Syt (v, 5)| dsdt - gt”@sfm N
1
b d q
an+mf
< K, " q .
( [ [ oS0 05 dsdr> et
8n+mf
sup |Ko ke (%, 1) St (v,5)] - ‘— .
(t,5)E€[a.b] X [c.d] ords™ ||,

Now

b d , )
/ / |Kn,k (.X, t) Sm,l (y, S)‘ dsdt = / ‘Kn,k (.X, l)‘ d[/ |Sm’l (y7 s)‘ ds7 (34)
b k=1 iy |,
/ |Kn,k (-x, t)‘ dt = / %dt

i=0
k—1 . .
St s
i—0 L/ nt i1 n!
k—1
= 1 {(a _x_)n+1 _ (x Y )n+1}
(n+1)! & il A i+l — Gt ,

and similarly

-1
/ IS (3, )] ds = ﬁ Z{(Bpﬂ *)’p)mﬂ — (Vps1 — ﬁp+1)m+l} :

p=0
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From (3.4),

b d
/ / ‘Kn,k (x7 t) Sm,l (y, S)| dsdt

k—

._.

= T N 1 _ +1 X . n+1
- (l’l + ' pan { az+l Xz ()Cl+1 O{l+1) }
-1 : 1
m+ m+
XZ{ Bort =30)" " = (o1 = Bpr1) }
p=0

and from (3.3) and (3.2) we obtain the first part of the inequality in (3.1).
From the second part of (3.3),

1

</“b / Ko 1) S0 025 dsdf> |
(/ | Kk (x, 1 th) (/ 1St (v, 5 qu>

! Eis {(a”l — )" = (i1 — Oti+1)nq+l}
nlm! ng + 1

_Q=

N

<=

Z‘l‘)_:lo {(Bp“ 7yP)mq+1 - ()’p+1 - Bp+1)mq+l}
mq +1

X

and using the second part of (3.3), we obtain the second part of the inequality in (3.1).
Finally, from (3.3),

sup Kok (x,1) S (v, 8)| = sup [Kug (x,0)[ sup |, (y,8)l,  (3.5)
(t,5)€la,b] x[c.d] t€la,b) s€lc.d)
t— o "
sup |Kux (x,1)] < sup ﬂ‘
t€(a,b] 1€ X Xit1] n:
1

T iy 1{‘(06"+1 —x)[" [ (eipr = oipn)["}

1 n
< E L_énax {(al+l _-xz) (xi+1 - O{i+1)}
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_ 1 max Xit1 — Xi " Xit1 + Xi !
! =0, k-1 2 i 2
- " n
= —| max q—,+ max |[&]
n! |i=0,..k—1 | 2 i=0,....k—1
_ r h; N : n
= ol _1:5,1.1?}11 2 i:(g??l,?fl 2
i h;
(since & : = o4y — % and therefore |5;| < E)
1 "ovi(h)
ol i_éf}?‘,?_l{h’}] T
and similarly,
(A
sup Sy ()] < 22
s€[c.d] m:
From (3.5)
vﬂ h m A’
Sup Kk (5,0) St (v,5)| < LR
(t,5)E€a,b] X [cd] n:m:

and from (3.3) we obtain the third line of the inequality (3.1), hence the proof is
complete. [J

When the points of the division [; and J; are fixed, we obtain the following
inequality.

COROLLARY 3. Let f, I and J; be defined as in Corollary 1, then

mo oy rHi=2f (%,
« 3 1? Z{fx;ﬂfl)’xg_l}a;f—(y")

r 1o r—
B B oxi~tayp !
n k d j+m—1
1 , P I (xy8)
+ (=" — —H+ (1Y H_ / Syt (v, 8) —————""2ds
(-1) Z J!;{ (I [ Smalr0) ==
. m (—l)r [ ortr— lf (t Yp)
+(=1) 27! D A+ (= 1}/ i (1) ooyl “aroy 1
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1 k—1 1 -1 x i an+mf
hi.l m .
(n + l)! (m + 1)12m2m Z;) ! pX::O e H oros™
if =L oy € Lo ([a,b]  [¢,d]);
omosm con® e
1 : - an:mj: -\l - (kz:l hl’.’le) ¢ li:l A;)ﬂqﬂ
n!m!272" (ng + 1)4 (mq + 1) 01" s p \i=0 0=0
n+m
i T ey (ab x ed), p> 1 p~ gt =
1 an mf ) 6n+mf
—_— —— €L b .
n!m!vn( H orosm ||, lfat"asm € Lt ([a, 6] x [e, d])

Proof. The proof follows directly, using the same substitutions as those used in

Corollary 1. O

(1]
2]

Bl
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