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A NOTE ON THE LEINDLER’S CLASS Sα , α > 0

ŽIVORAD TOMOVSKI

Abstract. In this paper we generalize two inequalities of Telyakovskii type (see [2], [5], [6], [7]),
by considering the class Sα , α > 0 (see [2]) and positive derivate of order α for cosine and
sine series. Also, an equivalent form of the Leinder’s class Sα , α > 0 is given.

1. Introduction

The following class Sr , r = 0, 1, 2, . . . , was introduced in [6]. A null seqence
{an} belongs to the class Sr r = 0, 1, 2, . . . if there exists a monotonically decreasing

sequence {An} such that
∞∑

n=0

nrA(r)
n < ∞ and |Δan| � A(r)

n , for all n .

Specially for r = 0 , we obtain the Sidon-Telyakovskii class S ([4]), where
A(0)

n = An .
In [5], [6] the author obtained two new L1 -estimates for the r -th derivate of the

cosine and sine series:

f (x) =
a0

2
+

∞∑
n=1

an cos nx (1.1)

g(x) =
∞∑

n=1

an sin nx . (1.2)

THEOREM A ([6], [7]). Let the coefficients of the series (1.1) belong to the class
Sr r = 0, 1, 2, . . . . Then the r -th derivate of the series (1.1) is a Fourier series of
some f (r) ∈ L1(0, π) and the following inequality holds:

π∫
0

|f (r)(x)|dx � M
∞∑

n=0

nrAn , where 0 < M = M(r) < ∞.
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THEOREM B [7]. Let the coefficients of the series g(x) belong to the class Sr ,
r = 0, 1, 2, . . . . Then the following relation holds for m = 1, 2, 3, . . .

π∫
π

m+1

|g(r)(x)|dx �
m∑

n=1

|an| nr−1 + Or

( ∞∑
n=1

nrAn

)
,

where Or depends on r . Moreover, if
∞∑
n=1

|an| nr−1 < ∞ , then the r -th derivate of the

series (1.2) is a Fourier series of some g(r) ∈ L1(0, π) and

π∫
0

|g(r)(x)|dx �
∞∑
n=1

|an| nr−1 + Or

( ∞∑
n=1

nrAn

)
.

The direct proof of this theorem the author has given in [5]. We note that, for
r = 0 , we obtain the Telyakovskii type inequalities, proved in [4].

Very recently, L. Leindler [2], defined the generalization of the classes Sr , r =
0, 1, 2, . . . , repleacing the positive integer r , by positive real number α , and denoting
by Sα , α > 0 . In the same paper L. Leinder [2], established new proofs of the Theorem
A and Theorem B, by proving the following theorem.

THEOREM C [2]. Let γ � β > 0 . If {an} belongs to the class Sγ then the
sequence {nβan} belongs to the class Sγ−β and

∞∑
n=1

nγ−βA(γ−β)
n � (β + 1)

∞∑
n=1

nγA(γ )
n

holds.

This result was proved also by the author in [7] for γ = β = r .
In this paper, we shall extend the Theorem A and Theorem B by considering the

positive real derivatives of order α for series (1.1) and (1.2)
The definitions for derivatives of non-integer order, firstly was introduced in [9] by

H. Weyl (see also [3] p.263; [10], XII). For α � 0 , let us consider the series

∞∑
k=1

kαak cos
(
kx +

απ
2

)
(1.3)

∞∑
k=1

kαak sin
(
kx +

απ
2

)
(1.4)

DEFINITION 1.1. If the series (1.3) and (1.4) are Fourier series of some functions
f (α) and g(α) respectivelly, then these functions are called the α -th derivatives of the
series f and g .
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The following more generally definition is also very used in the literature (see
[10]).

Namely, for α, λ � 0 let we consider the series

∞∑
k=1

kα
(

ak cos
(
kx +

λπ
2

)
+ bk sin

(
kx +

λπ
2

))
. (1.5)

If the series (1.5) is Fourier series of some function ϕ(x) , then the derivate f (α)
λ (x)

denotes its sum function. If λ = α , then we get the derivate of order α , and if
λ = α − 1 , we get the function, conjugate by the derivate f (α)(x) .

Now, let us consider the following class of sequences. We shall say that a sequence
{an} belongs to S2

α , α � 0 , or {an} ∈ S2
α if there exists a null sequence {An} such

that ∞∑
k=1

kα+1|ΔAk| < ∞ (∗)

and |Δak| � Ak , for all k .
If α = 0 , we obtain the class S2 , defined by Garrett-Rees-Stanojević (see [1]).
In this note, we shall prove that the classes Sα and S2

α , are identical.

2. Lemma

For the proof of our new result we need the following well known lemma.

LEMMA 2.1. If An ↓ 0 with
∞∑
n=1

nαAn < ∞ , α � 0 , then nα+1An = o(1) ,

n → ∞ .

We note that this lemma was elegant proved by the author in [9] (see Lemma 2,
[9]).

3. Main results

By Definition 1.1, and by Theorem C, Theorem A, B (case r = 0 ), in connection
with the classes Sα , α � 0 , we obtain the following two generalized theorems of the
Theorem A and Theorem B.

THEOREM 3.1. Let the coefficients of the series (1.3) belong to the class Sα ,
α � 0 . Then the series (1.3) is a Fourier series of some f (α) ∈ L1(0, π) and the
following inequality holds:

π∫
0

|f (α)(x)|dx � M
∞∑
n=0

nαAn , where 0 < M = M(α) < ∞ .
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THEOREM 3.2. Let the coefficients of the series g(x) belong to the class Sα ,
α � 0 . Then the following inequality holds for m = 1, 2, 3, . . .

π∫
π

m+1

|g(α)(x)|dx �
m∑

n=1

|an| nα−1 + Oα

( ∞∑
n=1

nαAn

)
,

where Oα depends on α . Moreover, if
∞∑
n=1

|an| nα−1 < ∞ , then the series (1.4) is a

Fourier series of some g(α) ∈ L1(0, π) and

π∫
0

|g(α)(x)|dx �
∞∑
n=1

|an| nα−1 + Oα

( ∞∑
n=1

nαAn

)
,

THEOREM 3.3. For all α � 0 , the classes Sα and S2
α are identical.

Proof. Let {an} ∈ S2
α . Since An → 0 , by (∗) , we obtain

nα+1An = nα+1
∞∑
k=n

ΔAk � nα+1
∞∑
k=n

|ΔAk| �
∞∑
k=n

kα+1|ΔAk| = o(1) ,

n → ∞ , i.e. nα+1An = o(1) , n → ∞ .
But

n∑
k=1

kαAk =
n−1∑
k=1

(ΔAk)
k∑

j=1

jα + An

n∑
j=1

jα �
n−1∑
k=1

kα+1|ΔAk| + nα+1An .

Letting n → ∞ , we obtain
∞∑

n=1

nαAn < ∞ .

This implies that {an} ∈ Sα .
Now, if {an} ∈ Sα , α � 0 , it suffices to show that (∗) holds. By partial

summation,

n−1∑
k=1

kα+1|ΔAk| =
n−1∑
k=1

kα+1(ΔAk) =
n∑

k=1

[kα+1 − (k − 1)α+1]Ak − nα+1An

� (α + 1)
n∑

k=1

kαAk + nα+1An .

Leting n → ∞ and appliying the Lemma 2.1, we obtain that (∗) holds, i.e. {an} ∈ S2
α .
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[1] J. W. GARRETT, C. S. REES AND Č. V. STANOJEVIĆ, L1 -convergence of Fourier series with coefficients
of bounded variation, Proc. Amer. Math. Soc. 80 (1980), 423–430.

[2] L. LEINDLER, On the utility of the Telyakovskii’s class S, Journal of Inequalities in Pure and Appl.
Mathematics 2(3) (2001), Article 32, URL: http://jipam.vu.edu.au/.

[3] S. G. Samko, A. A. Kilbas, O. I. Mariqev, Integraly i proizvodnye, drobnogo por�dka
i nekotorye ih prilo�eni�, Moskva, 1987.

[4] S. A. TELYAKOVSKII, On a sufficient condition of Sidon for the integrability of trigonometric series,
Mat. Zametki (Russian) 14 (1973), 317–328.
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