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EXTENSIONS OF FATOU’S INEQUALITY

Liviu C. FLORESCU

Abstract. Using some compacity techniques in the space of integrable functions we obtain an
expression of the gap in the Fatou’s inequality. Also, we derived as corollaries some results of
H.-A. Klei.

1. Introduction

For a sequence of integrable functions there are two impediments which, when its
occur, lead to a bad comportation of the sequence with respect to the strong convergence:
e the concentration of mass disturb the weak convergence,
e the asymptotic oscillatory behaviour troubles the convergence in measure.
The following example (inspired by [8]) seems to be typical:
Let u, : [-27,21] — R,uy(x) =n-x (x) + sin(nx) "% (0,27 (x),

Vx € [-2m,2x),Vn € N.

The sequence concentrates the mass in {0} and has an asymptotic oscillatory
behaviour on (0, 27].

There are two main instruments for control of these two deviations: the modulus
of uniform integrability gives a measure of the concentration of mass meanwhile the
asymptotic oscillatory behaviour is controlled by a Young measure.

M. Saadoune et M. Valadier ([8]) use two compacity results (“biting lemma” and
Prohorov’s compacity theorem for Young measures) for obtain a structural result which
is the most complet result about the comportation of a bounded sequence of integrable
functions.

We present the result of Saadoune and Valadier and we obtain some importants
consequences. Finally, we obtain as corollaries some convergence results of H.-A. Klei.

[~ 7. 0]

2. Biting lemma

Let (Q, <7, 1) be a space with a positive bounded measure y on the o—algebra
o/ andlet L'(A) be the space of all real-valued integrable functions on the set A € 7 .
For every sequence (u,),en € L'(Q),

N((u,)) = lim sup sup/\un\du

€=0 4 (E)<e neN
Mathematics subject classification (2000): 28A20, 46E30.
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is the modulus of uniform integrability of (u,) (H.P. Rosenthal, [7]).
Obviously, (u,) is uniform integrable if and only if n((u,)) =0.

DEFINITION 2.1. ([1]). A sequence (u,) C L'(Q) is w?—convergent to u €
L'(Q) if there exists a sequence of “bits” (B,) C < ,B, 2 By1, 4(B,) | 0 such that,

Vp€N, (un|g\B’,)n€N is weakly convergent to u| in L'(Q\ B,).

Q\Bp

2
We denote in this case u, — u and we can proof that

N((un)) = imlim [ |u,|dp

p By

([2, Proposition 5] and [3, Corollary of Proposition 4]).

2
So, if u, = u, (un) concentrates the mass on the sets B,,Vp € N .

A very useful result concerning w? —convergence is the Brooks—Chacon’s lemma
or biting lemma ([1]).
We give an improvement of this lemma as it appears in [3, Theorem 6].

THEOREM 2.2. For every bounded sequence (u,) in L'(Q) there exists a subse-
quence (u}) w*—convergent such that N((u,)) = n((u2)), for every subsequence (u?)

of W), '

Particularly this means that, for (u}), the concentration of mass is maximale among
all subsequences of (uy,).

3. Young measures

DEFINITION 3.1. ([9]). Let & be the o-algebra of all Borel sets of R; a Young
measure is a positive measure 7: o/ ® % — R suchthat 7(A x R) = u(4),vA €
o .

Let % be the space of all Young measureson Q x R.

For every measure 7 € % there exists a family (7,).cq of probabilities on R
such that, VW € L'(Q x R, & ® £,1),

Pxan(en) = [ | [ weeaso)] .

QxR

(Ty)xeq 18 the disintegration of T ([9]).

In an equivalent form, a Young measure is a (& — % )-measurable mapping
T:Q — X, 17(x) =1, Vx € Q, where & is the family of all probabilities on R and
% is the family of all Borel sets in the narrow topology on &2 ([4, Théoréme 2.2)).

Foreach u € LI(Q ), the Young measure associated to u is 7¢: Q — &7, where
7(x) = Ty = Oy(y) (the Dirac mass concentrated in u(x) ). So, the mapping u — 7 is
an embeding of L'(Q) in Z (L'(Q) — % ).
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The narrow topologyon % , .7 , is the weakest topology on % making continuous
the mappings

T Xy (&) -f v)dr(x, y),
QxR
VA € & and f € Cyo(R) (the space of all real continuous mappings f with
limpy oo f (x) = 0) (see [9, Theorem 3]).
If () C LY(Q) — & and 7 = (T)req € ¥ then u, —2+ 7 iff, Vf €
Co(R),VA € &,

|t e = [ st — [ ( [ o) )

If we denote us (x) = [, f (v)dz(y) then u, T, Tiff ( (#n)),en is weakly convergent
to uy in L'(Q), Vf € CO( ) (see [4, Théoreme 5.4]).

T
PROPOSITION 3.2. If u, — 7 then

©(G,) = supTim p(lu, — ul > a),

a>0 M

Vu: Q — R measurable, where G, = {(x,u(x)) : x € Q} is the graph of u and
=(Q x R)\G,.

Proof. For every measurable mapping u : € — R and for every a > 0,¥; :
QxR—-R,Y = are measurables in (x,y)

and l.s.c. in y. Then

Xy —uil <)’ T2 = Xy uw) > a

Yidt < h_m/ W, (x, uy (x))du(x)
QxR n Jo

(see [9, Lemma 3]).
It follows that, Va > 0

oy — u(x)| < a) < limp(lu, — u| < a), and (1)
oy — u(@)| > a) <limu(ju, —u > a) < Tmp(lu, —ul >a).  (2)
It follows that
7(Gu) = inf 7(]y — u(x)| < a) < inf lim p(|u, —u| < a) (3)
a> a>0"",
and L
©(G,) = sup(ly — u(x)| > a) < supTim (|ue, — u| > ) (4)
a>0 a>0 "

= suplim u(|u, — u| > a).

a>0 "
From (3) we obtain
#(GL) > supTim a(Ju, — u] > a) (5)

a>0 "
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and from (4) and (5) we have 7(G,) = sup,. o lim, u(|lu, —u| > a). O

REMARK 3.3.  u, —— u iff 7(G,) = 0 iff [, oy — u(x)|dt(x,y) = 0 <

Jo (v = u(0ldn(y)) dua(x) = 0 & fyly —u@ldn(y) = 0 p-ae. & nly #
u(x)) =01 = Su(x) , H—a.e.

Particularly, if T € L'(Q)(Ju € L'(Q) such that T = 7*) then u, -2 7* iff

1y —— u ((u,) is convergent in measure to ).
So ‘u(g) is the topology of convergence in measure on L'( Q).

PROPOSITION 3.4. Let (u,) C L'(Q) be a bounded sequence such that u, Z,
T € % . Then T has a barycenter u € L'(Q).

Proof. The mapping ¥: Q x R — R, ¥(x,y) =|y[,Vye R is (& @ B)-
measurable and lower semi—continuous in y. Then

Pl y)dex,y) <lim, [ ¥(xy)de™(x,y) ()
QxR QxR
(see [9, Lemma 3]).
But [, p V7 (x,9) = [o (Jx Vd8u,0)) di(x) = [ lualx)|dp(x)

< sup, ||l < +o0.
Therefore, from (x),

yldz(y) ) du(x) < +oo. (%)
1. )

so that T has a barycenter u : Q — R, u(x fR ydt.(y) and, from (xx),

| llau < AKAMﬁ@OW@<+m

and therefore u € L'(Q). O

T . . . .

If uy — 7 € % then 7 contains some informations about the asymptotic
oscillatory behaviour of (u,) .

The following compacity result is a variant with parameter of Prohorov’s theorem.

THEOREM 3.5. ([9, Theorem 7]). For every norm-bounded sequence (u,) C
LY (Q) — & there exists a subsequence (ul) 7 —convergent to a Young measure
Te .

4. Convergence results

Combining the biting lemma and Prohorov’s theorem, M. Saadoune and M. Val-
adier proved the following general result:

THEOREM 4.1. ([8, Theorem 4.5]). Let (u,) be a bounded sequence in L'(Q).
There exist a subsequence (u)) and a Young measure T € % such that:
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(1) b 25 T and 7, (Ls(ua(x))) = 1 a.e.

n

(L1 () = M () s> nF)

(2) The mapping u : Q — R, u(x) = bar(t;) = [ ydt(y),Vx € Q,
is integrable on Q.

(3) W, wand n((u?)) = n((u,)), V(u?) a subsequence of ().

n n n

4) (a) u,ll|M A, ul,, where M = {x € Q : fR ly — u(x)|dz.(y) = 0};

u
(b) ull, 4 ul,,VA € o ,withA C Q \ M and u(A) > 0.

(5) fim, [luy = vi[i = n((a)) + Jo,r [y = v¥)|dT(x,3), Vv € LY(Q).

REMARK 4.2. Even if the original sequence (u,) is .7 —convergent the result
does not hold without extraction. Indeed, if Q@ = [0, 1], u is the Lebesgue’s mesure
on Q and u, : Q — R is defined by u,, = ZnX[O 2 and up, ;1 = 0,Vn € N, then

"
M,1L>0:u so that uniu@)&)e uag .
2

M= Q, u, = 0 but n((u,)) =1 # 0 = n((u2n11)) so that (3) is false for
(tn) -

(5) is also false because the sequence (||un, — u||1)nen = (||#a]l1)nen has not a
limit.

PROPOSITION 4.3.  Let (u,) C L'(Q) be a bounded sequence such that u, 7,
1€ % and N((u,)) = n((ul)), for each subsequence (ul) of (u,).

Then (uy) satsfies the condition (1), (2), (4) and (5) of the theorem 4.1 without
extraction a subsequence.

Proof. If uy 7, T then 1, is carried by Ls(u,(x)), pu—almost everywhere (see
the proof of [9, Theorem 10]). From the proposition 3.4, T has a barycenter u € L' (Q).

Obviously, the condition (4) is fulfiled.

Let v € L'(Q); for every subsequence (|lui — v|1) of (|ju, — v|i), from

the theorem 4.1, there exists a subsequence (u2) of (ul) such that u? 7, 7 and

timy, [l =vI[1=n((p))+ for Y0106 Y)=1(()+ [, [y—v(x)ldT(x, y)=L.
Then, every subsequence (||ul —v||;) has a subsequence (||u> —v||;) convergent
to L sothat ||u, —v|y = L. O

REMARK 4.4. Generally, the condition (3) is not fulfiled in the conditions of
previous proposition.

Indeed, Vn € N*,k =0,...,n—1let f¥ =n-x e € L'([0,1]) and let

[ﬁv n

(@m)men be the sequence: f0,£0 F4 ... fO fL ... fr=1 ... Then ¢ - 0 hence

Wn
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Om Z, Uu®d € % (u is the Lebesgue’s measure on [0,1]) and n((¢n)) =
n((pl)) = 1 for each subsequence (@) of (¢,), but (¢,) is not w? —convergent

2
in L'([0,1]) (if T suppose that ¢, -~ f then, from [3, Proposition 3], f = 0,
a.e. so that there exists (B,) with u(B,) | O such that fQ\BP Qndu — 0; but, if
W(By,) < %, then, Vn € N*, 3k, € {0,...,n—1} suchthat u ([%, &)\ B, ) > L;
S0 fQ\B’,Uf,f"dH > 3)

REMARK 4.5. From the condition (5) of the theorem 4.1, if v = u then we obtain:

tim [lu, — [ = 1((un)) +/ v — u(x)ldz. (%)

QxR
We remark that [, o |v — u(x)|dt = [ |y — u(x)|dt = 0 iff 7(G,) = 0 and, from

3.3, iff u, - u.

Therefore the relation (%) gives a decomposition of the deficiency of strong
convergence in a “weak part” and a “measure part”.

Of course, () isa generalization of Lebesgue—Vitali theorem because ||u,—ul|; —
0 iff n((ua)) =0 = [, g [y — u(x)|dTr = 0 hence iff (u,) is uniform integrable and
convergent in measure to u .

EXEMPLE 4.6. We take again the sequence u, : [-2m,21] — R

uy(x) = nx[il o

nv]

(x) 4 sinnxy 0.27] (x).

T .. . .
Then u,, — 7 where the disintegration of 7, (Tx)xe[—zmzn] is given by

b (B), x € [-2m,0],
. (B) =
' 7 Sy ﬁdﬂ(t), x € (0,27].

u(x) = bar(t,) = 0,u, 2 0 (B, = [~1,0],vp € N).

{0},  xe€[-270),
Ls(u,(x)) = < 0, x=0,
[~1,1], x € (0,27].
M = [-2m,0] and [, |sin(nx)|du(x) = 2u(A) /4 0,VA € &/ ,A C (0,27].

N((ux)) = 1 = n((ul)), for every subsequence (ul) of (u,).
From the proposition 4.3, we can write (5) without extraction a subsequence:

fim iy — vy = 1 + / y — () ld(x,y).
n QxR

X
If v=u =0 we obtain lim, ||u,||; = 5.

We remark again the concentration of mass on the sets [— %, 0] and an asymptotic
oscilatory behaviour on (0,27] (where 7, is not a Dirac measure).
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5. Improvements of Fatou’s lemma

We try to obtain some localization of w?—limit u in the theorem 4.1.

THEOREM 5.1. Let (u,) be a bounded sequence in L'(Q); then there exist a

subsequence (u}) and a Young measure T = (T,)ycq € % such that u} 7, ¢ and
limu, < u < limu, where u(x) = bar(z,),Vx € Q.

If u, > 0,Yn € N then

lim/ utdu :n((u,,))Jr/ udp, hence

Q Q

[ timundu () < tim [ e < [ T+ i)
Q Q Q

In addition, if we suppose that there exists lim,, ||u,|; € R then
/ limu,du + n((u,)) < lim/ updu < / lim u,dp + n((uy))-
Q Q Q

Proof. From the theorem 4.1 there exist a subsequence (u!) and a Young measure
T which accomplish the conditions (1)—(5).

Because Ls(ul(x)) C Ls(u,(x)), from (1) we obtain 7(Ls(u,(x)) = 1 a.e.

Vx € Q,Ls(un(x)) C [limu,(x),limu,(x)] hence

u(x) = / ydz(y) = / ydz(y) = / — ydn(y).
R Ls(un(x)) [hm 1 (x), 1M 1y ()]

Therefore

lim u, (x) < u(x) < limu,(x) a.e. (¥)
If u, >0,Vn € N then Ls(u}(x)) C [0,400), hence 7,(—00,0] = 0, a.e. Therefore,
from (5) of 4.1,

MJVW—MW$—WM)/ ylde(r,y)

([ blas ) auto
= +/Q (/Om ydT(y >du(X)
( _

and from (x)

/li_mu,,du + (1)) < lim/ uldu < / lim u,du + n((u,)).
Q Q Q

In addition, if 3lim [ju,||; € R then lim [, updu = lim [, u,du. O
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COROLLARY 5.2. For every bounded sequence (u,) C L) (Q) there exists a
subsequence (u}) such that

/hmundu + n(( hm/ Updh.

Proof. Let (ul) be a subsequence of (u,) such that

lim / updit = lim / uldu.

From the previous theorem, there exists a subsequence (u2) of (u}) such that

lim/ widu = n((ul)) +/ udp and limu, < u < Timuy,.
Q Q
Then

/ limudpt + () < / limudp + () < / udpp + ()

_11m/udu_hm/und,u ]

REMARKS 5.3. (i) Without extraction of a subsequence the result does not holds.
Indeed, for the sequence in the remark 4.2,

/li_m”ndu +n((u,)) = 1> h_m/ updpl.
Q Q

(i) If 0((u,)) = inf {n((u})) : (u}) subsequence of (u,)} then, for every bounded
sequence (u,) C L1 (Q),

/ lim u,dpt + 6(()) < lim / .
Q Q

Now we derive some convergence results of H.-A. Klei as corollaries.

COROLLARY 5.4. ([5, Theorem 3]. Let (u,) be a bounded sequence in L' (Q)
such that (fg undu)neN convergesin R .
Then the following assertions are equivalents:
(i) lim [ u,du = n((un)) + [ limu,du and n((un)) = n((uy)) for each
subsequence (ul) of (u,).

(ii) Uy —— limu,.
Proof. (i) = (ii). For each subsequence (u!) of (u,) there exist, from the

Es
theorem 5.1, a subsequence (u2) and a Young measure T = (7;),cq suchthat u> — 7
and

lim/ wrdu = n((ul)) +/ udp and limu, < u < Timu,,
Q Q
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where u(x) = bar(1).
From (i), [qudu = [,limu,du so that

u=Ilimu, ae. (a)

From the proposition 4.3, (u?) satisfies the condition (5) of the theorem 4.1. Then
im s = () + [y~ u(a)ldr
QxR

But, from (a)

/ |y—u(x)|d‘c:/ / |y = limu,(x)|dz(y) | du(x)
QxR Q \ J [lim uy (x), 1im sy (x)]

-/ (/ _ <yn_mun<x>>drx<y>>du<x>
Q \ Jlim u () Jim u, (x)]

= [ (o= uenan) aut =0 () = [ yasn).

Therefore, from 4.5, uﬁ . u. Hence each subsequence of (u,) has a subsequence

convergent in measure to u#. So that u, HAou= limu), .
(ii) = (i). Let (u,) be convergentin measure to « = lim u, . From the theorem
5.1 there exist a subsequence () and T = (8,())xeq € % such that

lim /Q u,dp = lim /Q urdu = n((u,)) + /Q udu (b)

(bar(z,) = / YT, (y) = / ydld,0(3) = u(x)).

2

For every subsequence (u;,

) of (u,), using (b) we obtain
lim/ wrdu = n((u?)) +/ udu.
Q Q

Because lim [, u,du = lim [, u2du , using (b) again,

() + |

= I/t2 U
Qudu =n(( n))+/ du

Q

so that n((u,)) = n((u2)). O

COROLLARY 5.5. ([5, Theorem 5)). Let (u,) be a bounded sequence of L} (R).
Then the following assertions are equivalents:

(i) 3lim, [ wadpt = [, lim, w,dpt.
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(i) u, I ll-Ih

Proof. (i) = (ii). From the theorem 5.1 there exist a subsequence (u.) of (u,)
T= (T )req € ¥ such that

hm/und,u_hm/ urdu = n((u,)) + /ud,u,

— lim, u,,.

where u(x) = bar(z,) > limu,(x) a.e.

Hence, from (i),

() + / udyt = /Q tim

so that N((u,)) =0 and u = limu, a.e.

Il

uy

Now, from the corollary 5.4, u, LN limu, and, from Lebesgue—Vitali’s theorem,

— lim, u,.
(ii) = — (i) is obviously. O

COROLLARY 5.6. ([6, Proposition 3]). Let (u,) be a bounded sequence in L} (Q)

converging in measure to u. Then

tim [ s = 0((u) + [ ua
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