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EXPONENTIAL STABILITY AND UNSTABILITY OF

SEMIGROUPS OF LINEAR OPERATORS IN BANACH SPACES

M. MEGAN, A. L. SASU, B. SASU, A. POGAN

Abstract. Necessary and sufficient conditions for uniform exponential stability and uniform
exponential unstability of semigroups of linear operators are given, in terms of Banach function
spaces and Banach sequence spaces, respectively. We generalize some well-known theorems
proved by Datko, Pazy, Rolewicz and Neerven concerning the exponential stability of C0 -
semigroups. We shall obtain the versions of the theorems mentioned above, for the case of
uniform exponential unstability of C0 -semigroups.

1. Introduction

Let X be a Banach space. The norm on X and on the space B(X) of all bounded
linear operators from X into itself will be denoted by || · ||.

We recall that a family S = {S(t)}t�0 of bounded linear operators is a semigroup
on X, if S(0) = I (the identity operator on X ) and S(t+ s) = S(t)S(s) , for all t, s � 0 .

DEFINITION 1.1. The semigroup S = {S(t)}t�0 is called
(i) C0 -semigroup, if lim

t→0+
S(t)x = x, for all x ∈ X;

(ii) strongly measurable if for every x ∈ X the function S(·)x is measurable;
(iii) injective if S(t) is an injective operator, for all t > 0 ;
(iv) exponentially bounded, if there are M,ω > 0 such that

||S(t)|| � Meω t, ∀t � 0;

(v) uniformly exponentially stable, if there are N, ν > 0 such that

||S(t)|| � Ne−νt, ∀t � 0;

(vi) uniformly exponentially unstable, if there are N, ν > 0 such that

||S(t)x|| � Neνt||x||, ∀x ∈ X, ∀t � 0.

REMARK 1.1. Every C0 -semigroup is strongly measurable and exponentially
bounded (see [3]).

In the theory of C0 -semigroups in Banach spaces some of the most notable results
on exponential stability are due to Datko, Pazy, Rolewicz and Neerven and they are
given by the following theorems:
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THEOREM 1.1. A C0 -semigroup S = {S(t)}t�0 is uniformly exponentially stable
if and only if there exists p ∈ [1,∞) such that∫ ∞

0
||S(t)x||pdt < ∞, ∀x ∈ X.

This result was originally proved by Datko in [2] for p = 2 in Hilbert spaces and
Pazy (see [17]) obtained the case p ∈ [1,∞) in Banach spaces.

A discrete-time theorem of characterization for uniform exponential stability of
C0 -semigroups has been formulated by Zabczyk in [19] and it is given by

THEOREM 1.2. A C0 -semigroup S = {S(t)}t�0 on the Banach space X is uni-
formly exponentially stable if and only if there is a strictly increasing continuous convex
function N : R+ → R+ with N(0) = 0 such that for every x ∈ X there is α(x) > 0
with ∞∑

n=0

N(α(x) ||S(n)x||) < ∞.

One of the most important results has been proved in [18] and it is given by

THEOREM 1.3. The C0 -semigroup S = {S(t)}t�0 is uniformly exponentially sta-
ble if and only if there exists a non-decreasing function N : R+ → R+ with N(t) > 0 ,
for all t > 0 such that for every x ∈ X there is α(x) > 0 such that∫ ∞

0
N(α(x)||S(t)x||)dt < ∞.

The above result has been obtained by Rolewicz for the more general case of
evolution families. In the original proof, there was an additional condition imposed on
the continuity of N , because the author used category theorems. The result has been
also treated by Neerven in [13], for the case of semigroups, where he did not assume
that the function N is continuous.

An unified treatment of these results has been presented by Neerven in [13], as
follows

THEOREM 1.4. The C0 -semigroup S = {S(t)}t�0 is uniformly exponentially sta-
ble if and only if there exists a Banach function space B over R+ with lim

t→∞ |χ[0,t)|B = ∞
such that ||S(·)x|| ∈ B , for all x ∈ X.

The purpose of the present paper is to give an unified treatment for uniform
exponential stability and uniform exponential unstability, using the theory of Banach
function spaces. For the case of uniform exponential stability our main tool will be the
use of functionals on function spaces. We shall prove, that even when we give up at
the strong continuity of S for the uniform exponential stability of S it is sufficient that
one of the conditions from Theorems 1.3. and 1.4. respectively, holds on a subset of
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X which is of the second category. Thus a recent results due to Neerven (see [15]) is
generalized.

In the second part of the paper we shall present characterizations for uniform
exponential unstability of semigroups, in the spirit of Neerven’s approach. We shall
use the theory of Banach function spaces and Banach sequence spaces, respectively,
and the concept of uniform exponential unstability will be characterized in terms of
the ownership of some orbits to certain Banach function spaces. We shall obtain the
versions of the theorems of Datko, Zabczyk, Rolewicz and Neerven for the case of
unstability.

2. Banach function spaces

In this sectionwe shall present some definitions, notations and results aboutBanach
function spaces. Therefore, let (Ω,Σ,μ) be a positive σ -finite measure space. We
denote by M(μ) the linear space of μ -measurable functions f : Ω → C , identifying
the functions which are equal μ almost everywhere.

DEFINITION 2.1. A Banach function norm is a function N : M(μ) → [0,∞] with
the following properties:
(i) N(f ) = 0 if and only if f = 0 μ almost everywhere;
(ii) if |f | � |g|μ almost everywhere then N(f ) � N(g) ;
(iii) N(af ) = |a|N(f ) , for all a ∈ C and all f ∈ M(μ) with N(f ) < ∞ ;
(iv) N(f + g) � N(f ) + N(g) , for all f , g ∈ M(μ) .

Let B = BN be the set defined by B := {f ∈ M(μ) : |f |B := N(f ) < ∞}. It is
easy to see that (B, | · |B) is a normed linear space. If B is complete then B is called
Banach function space over Ω .

REMARK 2.1. B is an ideal in M(μ) , i.e. if |f | � |g|μ almost everywhere and
g ∈ B then also f ∈ B and |f |B � |g|B .

REMARK 2.2. If f n → f in norm in B , then there exists a subsequence (f kn)
converging to f pointwise (see [12]).

Let (Ω,Σ,μ) = (R+, M , m) , where M is the σ -algebra of all Lebesgue measu-
rable sets A ⊂ R+ and m the Lebesgue measure. For a Banach function space over
R+ , we define

FB : R∗
+ → R̄+, FB(t) :=

{ |χ[0,t)|B, if χ[0,t) ∈ B

∞, if χ[0,t) /∈ B
,

where χ[0,t) denotes the characteristic function of [0, t) . The function FB is called the
fundamental function of the Banach function space B .

In what follows, we shall denote by E (R+) the set of all Banach function spaces
B with the properties |χ[0,t)|B < ∞ , for all t � 0 and lim

t→∞FB(t) = ∞.
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We shall denote by L (R+) the set of all Banach function spaces B , with the
property that for every ε > 0 there exists t0 ∈ R+ such that

|χ[t−t0,t)|B � ε, ∀t � t0.

REMARK 2.3. If B ∈ L (R+) then lim
t→∞ FB(t) = ∞.

Similary, let (Ω,Σ,μ) = (N, P(N),μc) , where μc is the countable measure and
let B be a Banach function space over N (in this case B is called Banach sequence
space). We define

FB : N∗ → R+, FB(n) :=
{ |χ{0,...,n−1}|B, if χ{0,...,n−1} ∈ B

∞, if χ{0,...,n−1} /∈ B
,

called the fundamental function of the Banach sequence space B .
We shall denote by E (N) the set of all Banach sequence spaces with the properties

|χ{0,...,n}| < ∞ , for all n ∈ N and lim
n→∞FB(n) = ∞ .

We shall denote by L (N) the set of all Banach sequence spaces B with the
property that for every ε > 0 there exists n0 ∈ N such that

|χ{j−n0,...,j}|B � ε, ∀j ∈ N, j � n0.

REMARK 2.4. If B ∈ L (N) then lim
n→∞FB(n) = ∞.

REMARK 2.5. If B is a Banach function space over R+ , which belongs to L (R+)
(or to E (R+) ), then

SB := {(αn)n :
∞∑

n=0

αnχ[n,n+1) ∈ B},

with respect to the norm

|(αn)n|SB := |
∞∑

n=0

αnχ[n,n+1)|B,

is a Banach sequence space which belongs to L (N) (to E (N) , respectively).

EXAMPLE 2.1. (Orlicz spaces) Let g : R+ → R+ be a non-decreasing, left
continuous function, which is not identically 0 or ∞ on (0,∞) . We define the
function:

Yg(t) =
∫ t

0
g(s) ds,

which is called the Young function associated to g .

Let (Ω,Σ,μ) ∈ {(R+, M , m), (N, P(N),μc)} . For every h : Ω → C we
consider

Mg(h) =
∫
Ω

Yg(|h(ω)|) dμ.
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The set of all functions h : Ω → C with the property that there exists k > 0 such that
Mg(kh) < ∞ , is easily checked to be a linear space. With respect to the norm

|h|g := inf {k > 0 : Mg(
1
k
h) � 1},

it is a Banach function space over Ω called Orlicz function space, for Ω = R+ and
Orlicz sequence space, for Ω = N . For Ω = R+ we shall denote it by Eg and for
Ω = N by Og , respectively.

REMARK 2.6. Let p ∈ [1,∞] . The Orlicz function spaces and the Orlicz sequence
spaces associated to

gp(t) = p tp−1, if p ∈ [1,∞) and g∞(t) =
{

0, t ∈ [0, 1]
∞, t > 1

, if p = ∞

are Lp(R+, C) and lp(N, C) , respectively.

REMARK 2.7. If g : R+ → R+ is a non-decreasing left continuous function with
g(t) > 0 , for all t > 0 and g(0) = 0 , then the Orlicz function space Eg belongs to
L (R+) ∩ E (R+) and the Orlicz sequence space Og belongs to L (N) ∩ E (N) .

3. Uniform exponential stability of semigroups
and functionals on function spaces

In this section, we denote by S (R+) the Fréchet space of all real sequences
with the topology of punctual convergence. By S +(R+) we denote the set of all
s ∈ S (R+) with s(n) � 0 , for all n ∈ N.

Let F be the set of all functions F : S +(R+) → [0,∞] with the folowing
properties
(i) if s1, s2 ∈ S +(R+) with s1 � s2 then F(s1) � F(s2);
(ii) F(s) = ∞ , for all constant sequence s ∈ S +(R+) with s > 0;
(iii) F(lim inf

n→∞ sn) � lim inf
n→∞ F(sn) , for all sn ∈ S +(R+) .

For every semigroup S = {S(t)}t�0 and every x ∈ X we associate the sequence
sx ∈ S +(R+) by sx(n) = ||S(n)x|| for all n ∈ N.

In [11] we have proved the following characterization for uniform exponential
stability:

THEOREM 3.1. An exponentially bounded semigroup S = {S(t)}t�0 is uniformly
exponentially stable if and only if there exist a function F ∈ F and a set A ⊂ X of the
second category such that F(sx) < ∞ for all x ∈ A.

We shall use the above result in order to obtain some characterizations for uniform
exponential stability in terms of Banach sequence spaces. After that, we shall present
the result for the case of functionals on function spaces and thus, we shall obtain another
condition in terms of Banach function spaces.
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THEOREM 3.2. An exponentially bounded semigroup S = {S(t)}t�0 is uniformly
exponentially stable if and only if there are a Banach sequence space B ∈ E (N) and a
set A ⊂ X of the second category such that sx ∈ B , for all x ∈ A.

Proof. Necessity. It is sufficient to choose B = l1(N, C) and A = X.

Sufficiency. For every m ∈ N let Fm : S +(R+) → R+ , Fm(s) = |sχ{0,...,m}|B.
Then Fm is continuous, for all m ∈ N . If F = sup{Fm : m ∈ N} it is easy to see that
F ∈ F and F(sx) < ∞ , for all x ∈ A . By Theorem 3.1. it results that S is uniformly
exponentially stable. �

Let M (R+) be the space of all locally bounded and measurable functions f :
R+ → R with the topology of uniform convergence on compact sets. By M +(R+)
we denote the set of all f ∈ M +(R+) with f � 0.

Let G be the set of all functions G : M +(R+) → [0,∞] with the properties
(i) if f , g ∈ M +(R+) with f � g then G(f ) � G(g) ;
(ii) G(f ) = ∞ , for all constant functions f ∈ M +(R+) with f > 0 ;
(iii) G(lim inf

n→∞ f n) � lim inf
n→∞ G(f n) , for all f n ∈ M +(R+) .

For every strongly measurable semigroup S = {S(t)}t�0 and every x ∈ X we
associate the function f x ∈ M +(R+) by f x(t) := ||S(t)x|| .

THEOREM 3.3. Let S = {S(t)}t�0 be a strongly measurable and exponentially
bounded semigroup. Then S is uniformly exponentially stable if and only if there exist
a subset E ⊂ X of the second category and G ∈ G such that G(f x) < ∞ , for all
x ∈ E.

Proof. The necessity is immediate for E = X and

G(f ) =
∫ ∞

0
f (t)dt.

Sufficiency. For x ∈ X we consider the function tx : R+ → R+ defined by

tx(u) =
1

Meω
||S(n + 1)x||, ∀u ∈ [n, n + 1), ∀n ∈ N,

where M and ω are given by Definition 1.1. Then tx(u) � f x(u) , for all u ∈ [n, n+1)
and for all n ∈ N.

For every sequence s ∈ S +(R+) we associate the function f s ∈ M +(R+)
defined by f s(t) := s(n + 1)/(Meω), for t ∈ [n, n + 1) and n ∈ N. If G ∈ G then the
function FG : S +(R+) → [0,∞], FG(s) := G(f s) belongs to F and

FG(sx) = G(tx) � G(f x) < ∞, ∀x ∈ E.

By Theorem 3.1. it follows that S is uniformly exponentially stable. �

We shall denote by N the set of all non-decreasing functions f : R+ → R+ with
f (0) = 0 and f (t) > 0 , for all t > 0 .
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COROLLARY 3.1. A strongly measurable and exponentially bounded semigroup
S = {S(t)}t�0 is uniformly exponentially stable if and only if there exist a subset
E ⊂ X of the second category and a function N ∈ N such that∫ ∞

0
N(||S(t)x||)dt < ∞, ∀x ∈ E.

Proof. The necessity follows for E = X and N(t) = t , for all t � 0 .
Sufficiency. Let Ψ : R+ → R+ be the function defined by

Ψ(t) = N
( t

Meω

)
,

where M and ω are given by Definition 1.1. Without loss of generality, we assume
that Ψ is left continuous. Then Ψ ∈ N and

Ψ(||S(n + 1)x||) �
∫ n+1

n
N(||S(t)x||)dt, ∀n ∈ N.

Hence ∞∑
n=0

Ψ(||S(n + 1)x||) �
∫ ∞

0
N(||S(t)x||)dt < ∞, ∀x ∈ E.

From Theorem 3.2. applied for B = OΨ (the Orlicz sequence space generated by Ψ ),
it results that S is uniformly exponentially stable. �

THEOREM 3.4. For every strongly measurable and exponentially bounded semi-
group S = {S(t)}t�0 the following statements are equivalent:

(i) S is uniformly exponentially stable;
(ii) there are a subset E ⊂ X of the second category and a Banach function space

B ∈ E (R+) such that f x ∈ B , for all x ∈ E ;
(iii) there is a Banach function space B ∈ E (R+) such that EB := {x ∈ X : f x ∈

B} is of the second category.

Proof. The implications (i) =⇒ (ii) and (ii) =⇒ (iii) being trivial, we shall
prove (iii) =⇒ (i) .

Let QB be the space of all sequences s ∈ S (R+) with the property that∑∞
n=0 s(n + 1)χ[n,n+1) ∈ B , which is a Banach space with respect to the norm

|s|QB = |
∞∑
n=0

s(n + 1)χ[n,n+1)|B + |s(0)|.

Since B ∈ E (R+) we have that QB ∈ E (N) . If M,ω are given by Definition 1.1. we
observe that |sx|QB � Meω |f x|B + ||x|| , for all x ∈ EB . It follows that EB ⊂ ASB , so
the last set is of the second category.

By Theorem 3.2. we conclude that the semigroup S is uniformly exponentially
stable. �

REMARK 3.1. Theorem 3.4. is an extension of the Neerven’s result given by
Theorem 1.4.
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4. Uniform exponential unstability of
semigroups in terms of Banach function spaces

In what follows, we shall present the versions of the theorems from the first section,
for the case of uniform exponential unstability of semigroups. We shall also characterize
the concept of uniform exponential unstability in terms of Banach sequence spaces and
Banach function spaces, respectively, our purpose being to obtain some theorems of
Neerven type for uniform exponential unstability. We shall give the versions of the
theorems of Zabczyk and Rolewicz, for uniform exponential unstability of semigroups
of linear operators.

Let X be a Banach space and let C = {x ∈ X : ||x|| = 1} . We shall denote by N
the set of all non-decreasing functions f : R+ → R+ with f (0) = 0 and f (t) > 0 , for
all t > 0 .

We start with a technical lemma:

LEMMA 4.1. Let S = {S(t)}t�0 be an exponentially bounded semigroup on the
Banach space X . Then S is uniformly exponentially unstable if and only if there are
t0 > 0 and c > 1 such that

||S(t0)x|| � c||x||, ∀x ∈ X.

Proof. Necessity is trivial. To prove sufficiency, let ν > 0 such that c = eνt0 .
Let t > 0 . Then there are n ∈ N and r ∈ [0, t0) such that t = nt0 + r . It follows

eνt||x|| � ||S((n + 1)t0)x|| � Meω t0 ||S(t)x||, ∀x ∈ X,

which ends the proof. �

First, we give a characterization for uniform exponential unstability of semigroups,
using Banach sequence spaces.

THEOREM 4.1. Let S = {S(t)}t�0 be an exponentially bounded semigroup on
the Banach space X . Then S is uniformly exponentially unstable if and only if it is
injective and there exist a Banach sequence space B ∈ L (N) , a function N ∈ N and
a constant K > 0 such that for every x ∈ C the mapping

ϕx : N → R+, ϕx(n) = N

(
1

||S(n)x||
)

belongs to B and |ϕx|B � K , for all x ∈ C .

Proof. Necessity is immediate for N(t) = t , for all t � 0 and B = l1(N, C).
Sufficiency. Since B ∈ L (N) there is n0 ∈ N∗ such that

|χ{j−n0,...,j}|B >
K

N(1)
, ∀j � n0. (4.1)
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Let x ∈ C . Denote by x̃ = Lx , where L = Meωn0 and M,ω are given by
Definition 1.1. Let p ∈ N. For every i ∈ {0, . . . , n0} we have

||S(p + i)x|| � Meω i||S(p)x|| � ||S(p)x̃||.
It follows that

N

(
1

||S(p)x̃||
)

� N

(
1

||S(p + i)x||
)

, i ∈ {0, . . . , n0}.

Thus, we obtain that

χ{p,...,p+n0}N
(

1
||S(p)x̃||

)
� ϕx.

Using (4.1) we deduce that

K
N(1)

N

(
1

||S(p)x̃||
)

< K.

The last inequality implies

1
||S(p)x|| � L, ∀x ∈ C, ∀p ∈ N. (4.2)

Let x ∈ C and x̃ = Lx . There is m0 ∈ N∗ such that

|χ{j−m0,...,j}|B >
K

N
(

1
2L

) , ∀j � m0. (4.3)

For every i ∈ {0, . . . , m0} , using (4.2), we have

||S(i)x||
||S(m0)x|| � L,

so

N

(
1

||S(m0)x̃||
)

� N

(
1

||S(i)x||
)

, ∀i ∈ {0, . . . , m0}.
It results that

χ{0,...,m0}N
(

1
||S(m0)x̃||

)
� ϕx,

and hence from (4.3) and N ∈ N we deduce that

1
||S(m0)x̃|| <

1
2L

.

It follows that
||S(m0)x|| � 2, ∀x ∈ C.

From Lemma 4.1. we conclude that S is uniformly exponentially unstable. �
As a consequence, we obtain a theorem of Zabczyk type, for uniform exponential

unstability, given by
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COROLLARY 4.1. Let S = {S(t)}t�0 be an exponentially bounded semigroup on
the Banach space X . Then S is uniformly exponentially unstable if and only if it is
injective and there exist a function N ∈ N and a constant K > 0 such that

∞∑
n=0

N

(
1

||S(n)x||
)

� K, ∀x ∈ C.

Proof. Necessity is immediate for N(t) = t, for all t � 0 .
Sufficiency follows from Theorem 4.1., for B = l1(N, C) . �
THEOREM 4.2. Let S = {S(t)}t�0 be a C0 -semigroup on the Banach space X .

Then S is uniformly exponentially unstable if and only if it is injective and there exist a
Banach function space B ∈ L (R+) , a function N ∈ N and a constant K > 0 such
that for every x ∈ C the mapping

ψx : R+ → R+, ψx(t) = N

(
1

||S(t)x||
)

belongs to B and |ψx|B � K , for all x ∈ C .

Proof. Necessity is trivial.
Sufficiency. Let x ∈ C. If M,ω are given by Definition 1.1. we define

Ñ : R+ → R+, Ñ(t) = N
( t

Meω

)
and

ϕx : N → R+, ϕx(n) = Ñ

(
1

||S(n)x||
)

.

From
||S(t)x|| � Meω ||S(n)x||, ∀t ∈ [n, n + 1), ∀n ∈ N,

we have that

Ñ(
1

||S(n)x||) � N

(
1

||S(t)x||
)

, ∀t ∈ [n, n + 1), ∀n ∈ N.

It follows that ∞∑
n=0

ϕx(n)χ[n,n+1) � ψx. (4.4)

If SB is the Banach sequence space associated to B , according to Remark 2.5., then
SB ∈ L (N) . Moreover, from (4.4) we deduce that ϕx ∈ SB and

|ϕx|SB � |ψx|B � K, ∀x ∈ C.

From Theorem 4.1. applied for SB and for Ñ , we finally have that S is uniformly
exponentially unstable. �

We end this section with a condition of Rolewicz type for uniform exponential
unstability given by



EXPONENTIAL STABILITY AND UNSTABILITY OF SEMIGROUPS OF LINEAR OPERATORS 567

COROLLARY 4.2. Let S = {S(t)}t�0 be a C0 - semigroup on the Banach space
X . Then S is uniformly exponentially unstable if and only if it is injective and there
exist a function N ∈ N and a constant K > 0 such that∫ ∞

0
N

(
1

||S(t)x||
)

dt � K, ∀x ∈ C.

Proof. Necessity is immediate for N(t) = t, for all t � 0 .
Sufficiency follows from Theorem 4.2., for B = L1(R+, C) . �
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