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ON SHARPNESS OF SOME INTEGRAL INEQUALITIES
AND AN INTEGRAL EQUATION OF VOLTERRA TYPE

JosIP PECARIC, IVAN PERIC AND LARS-ERIK PERSSON

(communicated by L. Pick)

Abstract. The sharpness of some recent integral inequalities is discussed and the corresponding
extremal functions are pointed out. It is also proved that the cases of equality can equivalently be
obtained by solving an integral equation of Volterra type with discontinous kernel x4 (7). This
integral equation of independent interest is solved for every measurable set A on (a,b),—00 <
a<b<oo.

1. Introduction

In this paper we consider nonnegative real valued functions f, g defined on an
interval (a,b), —0o < a < b < oco. First we recall the inequality

4
q

b b
/fq(X)(xfa)qfldx Sl’qf%/fp(X)(xfa)”fldx,0<p<q<00 (1)

which holds for every decreasing function f . Here and in the sequel decreasing means
non-increasing and increasing means non-decreasing.

The inequality (1) is sharp and equality occurs for every function of the type
f(x) = AXan(x),a <t < b (x denotes the characteristic function and A any positive
constant). Moreover, (1) holds in the reversed direction if f is increasing. For the case
q = 1 the inequality was probably first discovered by Lorentz [9, p.39], c.f. also [7,
p.100]. Moreover, various proofs and extensions can be found in [2], [3], [4], [8], [10],
[11], [12], [13] and [14]. Moreover, also the analogous inequality

b ‘?1 b
/fq(X)(b*X)qfldx Smfg/fp(X)(b*X)”fldx,0<p<cI<OO (2)
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holds for every increasing function f. Also (2) is sharp and equality occurs for
f(x) = A (x),a <t < b,and (2) holds in the reversed direction if f is decreasing.
See e.g. [5], [6], [8], [11], [12], [13] and [15] for some different proofs and extensions.

In this paper we first consider the generalizations of (1) and (2) recently proved
in [13] (see Theorem 1 and Remark 1 below). We say that f is C-decreasing [C -
increasing], C > 0, if f(¢) < Cf(s) [ f(s) < Cf(¢)] whenever s < t,s,t € (a,b).
If g is absolutely continuous, increasing and g(a + 0) = 0, then we say that f is
C -decreasing in mean relatively to g if, for all x € (a,b),

rwe <c [ F(0)ds (1),

and if g is absolutely continuous, decreasing and g(b — 0) = 0, we say that f is
C -increasing relatively to g if, for all x € (a,b),

b
F(Rg) < C / () [~5(1)).

Some concrete illustrations of these concepts can be found in our Example 1.

In the sequel we assume that —co < a < b < oo and g is absolutely continuous on
[a,b]. Also, if y isconcave (convex) and x € R isapoint where  isnondifferentiable
then we assume that ¥’ (x) € [y/(x+0), y/'(x—0)] (v'(x) € [/ (x—0), y'(x+0)]).
Inequalities (such as in Theorem 1) are interpreted to mean that if the right hand side is
finite so is the left hand side. The Lebesgue-Stieltjes integral is assumed.

THEOREM 1 [13]. Let y : [0,00) — R be a continuous, concave increasing
Sfunction such that y(0) = 0.

1. If f is C-decreasing in mean relatively to g, where g isincreasing and g(a) = 0,
then
b b
v (c / f(t)dg(t)> <c [ Weososoan. )

2. Iff is C-increasing in mean relatively to g, where g is decreasing and g(b) =0,
then

v (C/ fd [—g(t)]> < C/ v () f (d[—g@)].  (4)

Ifthe condition “ y is concave” is replaced by “ \y is convex”, then the inequalities
(3) and (4) hold in the reversed direction.

REMARK 1. We note that if f is C-increasing [ C -decreasing], then f is C-
increasing [ C -decreasing] in mean with respect to any g of the considered type. The
reversed implication is of course not true. In particular this means that Theorem 1.
holds if we replace ““ C -decreasing | C -increasing] in mean with respect to g” by only
“C -decreasing [ C -increasing]”.
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In the first part of this paper we study the sharpness of (3)-(4). In Section 2 we
make a reformulation of the cases of equality in (3)-(4) as some integral equations (see
Proposition 1), study the special case when f is just C-decreasing [ C -increasing] (c.f.
Remark 1) and find, in particular, that in this case the inequalities (3)-(4) are sharp
only when C = 1 (see Theorem 2). For the general case studied in Theorem 1 we
obtain a much more interesting theory, which, in particular, shows that now each of
the inequalities (3) and (4) are sharp for every C > 0 (see Theorem 3). In Section 3
we study the fact that the integral equations which characterize the cases of equality in
(3) and (4) are of independent interest and we give necessary and sufficient conditions
for the existence of solutions (see Theorem 4). Finally, Section 4 is reserved for some
concluding remarks and examples.

2. Sharpness of Theorem 1

In this section we derive a reformulation of the cases of equality in (3) and (4) in
terms of some integral equations. This result is crucial for our further investigations. In
the sequel we assume that g’ # 0 on (a,b) and that all equalities are assumed to hold
almost everywhere.

PROPOSITION 1. Let v : [0,00) — R be a concave [convex] continuous function,
such that y(0) = 0 and ' is strictly decreasing [increasing] on (0, 00).

1. Suppose that f is C-decreasing in mean relatively to g, where g(a) =0 and g
increasing. Then we have equality in (3) if and only if for x € (a,b)

c/?vwao:f@mu>orf@w:o (5)

2. Suppose that f is C -increasing in mean relatively to g, where g(b) =0 and g
decreasing. Then we have equality in (4) if and only if for x € (a, b)

b
c / fd[—g (0] =f(*)g(x) or flx)=0. (6)
Proof. Assume that we have equality in (3). Consider the function

P =v (¢ [ r0ae) - ¢ [ v g oso)s 0aso
We see that F(a) = 0 and from derivative formula for F(x) we see that F'(x) < 0

for x € (a,b). Moreover, equality in (3) means that F(b) = 0 and it follows that, for
x € la,b], F(x) =0, ie.,

w(q[}@@m)—cLWmﬂm@vm@m. )

By differentiating (7) we find that

1 v (¢ [ 10de) - v o) o 8)
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and we conclude that (5) holds. On the other hand, assume that (5) holds. Then,
according to the assumptions, we find that (8) yields. Therefore, by integrating (8), we
see that (7) is satisfied, which, in particular, means that we have equality in (3).

The proof of the second case is similar. [

REMARK 2. We note that for every measurable function f the set f~1(0,00) is
also measurable. Therefore, according to Proposition 1, we find that the problem to
study equality in inequality (3) is equivalent to the problem of constructing a function
S, such that, for a given measurable subset A of [a, D], it yields that

(P) C/Xf(t)dg(t) =f(x)g(x) for x€A and f(x)=0 on A"

Similarly, the problem to study equality in the inequality (4) can be described in the
obvious analogous way.

Our main result for the C-monotone case reads:

THEOREM 2. Let y : [0,00) — R be a concave [convex] continuous function,
such that w(0) = 0 and ' is strictly decreasing [increasing].
1. We have equality in (3) for a non-trivial C-decreasing function f if and only if
C=1andf = Ax., where A>0 and c € (a,b).
2. We have equality in (4) for a non-trivial C -increasing function f if and only if
C=1and f = AXcp), where A >0 and c € (a,b).

Proof. We prove the first case. It is easy to see that we have equality in (3) for the
functions of the form f = Ay, . On the other hand, assume that we have equality
in (3) for the C-decreasing function f . We define ¢ = essinf {x € [¢,b] : f (x) = 0}
and note that since f (x) < Cf (¢) for r < x we have thatif f (x;) =0, then f (x) =0
for all x > x;. Moreover, according to Proposition 1, it yields that, for every x € [a, ],

0=C [ F(01ag0) @) = [ () 5 ) dglo)

and since the integrand in the last integral is nonnegative we conclude that Cf (1) =
for r <x. Now, if a < x; < x3 < x3 < ¢, then Cf (x1) =f(x2),Cf (x2) =f (x )
Cf (x1) = f (x3) and it follows that Cf (x;) = C?f(x;) so we musthave C = 1 a
f(x1) =f(x2) =f (x3). Therefore f is of the form f = Ax(a) -

The second case can be proved in analogous way. [J

()

Next we will prove the interesting fact that in the general (monotone in mean) case
it is possible to find non-trivial functions such that we have equality in (3) and (4) not
only for C = 1, as in the previous theorem, but also for every C > 0. We will mainly
treat the case (1) considered in Theorem 1 but this is no essential restriction because
the other cases can be treated in a similar way or even be derived from this case. Also,
we consider now the case of simple measurable sets (for general case see Section 3)
i.e. open sets which are union of the open intervals such that the family of intervals is
without accumulation points. (An accumulation point of a family of sets is a point such
that every neighbrohood of that point intersects infinitely many sets in this family.)
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THEOREM 3. Theorem 1 is sharp, i.e., there exist functions f such that we can
have equality in each of the inequalities (3) and (4). More generally the following
vields: Let K > 0 and let g and Wy be as in Theorem 1.

Il Leta=a1<bi<a<bh<..<a,<b, <...<bandlet f be defined by

Kg€1(x), a<x<b
Fe) =g KIS 58 @), an<x<b, )
0, otherwise.

Then f is C-decreasing in mean with respect to g and we have equality in (3).
On the other hand, if ' is strictly decreasing, | is C-decreasing in mean with
respectto g, f (0, 00) is a union of disjoint open intervals on (a,b) such that
the family of these intervals has no accumulation points in [a,b) and we have
equality in (3), then [ has the form (9).

2. Letb=by>a1=2by>2a>..2b, > a, > .. 2 a andlet f be defined by

Kgc’l(x), a; < x < b
fx)=< K[[- 11 ggbill ), a, <x< by (10)
0, otherwise.

Then f is C-increasing with respect to g and we have equality in inequality (4).
On the other hand, if ' is strictly decreasing, f is C-increasing in mean with
respectto g, f (0, 00) is a union of disjoint open intervals on (a,b) such that
the family of these intervals has no accumulation points on (a,b] and we have
equality in (4), then [ has the form (10).

For the proof of the necessity part of Theorem 3 we need to prove a lemma
which was partly guided by the following simple observation: If there is an interval
(c,d) C [a,b],suchthat C [ f (1)dg(t) = f (x)g(x),x € (c,d), then f is differentiable

n (c,d) and of the form f(x) = Ag¢~!(x),A > 0 on (c,d). In particular this
means that if f(x) = 0 for ¢ < x < ¢ and f(x) > 0 for ¢ < x < d, then
C ['f (t)dg(t) = f (x)g(x),x € (c,d), and this is in contradiction to the obtained local
form of the function f so we must avoid this situation. A stronger statement will be
given in our next lemma. In the sequel we let |A| denote the Lebesgue-Stieltjes measure
generated by absolutely continuous function g of the set A.

LEMMA 1. Let f be a nonnegative, nontrivial and integrable function on (a,b)
and C > 0. If Cf;f(t)dg(t) =f(x)g(x) for x € A and f (x) = 0 for x € A°, then
AN (a,a+€)| > 0 forevery € > 0.

Proof. Let xo = esssup {x € (a,b): [ f(1)dg(r) =0} . Itis sufficient to prove
that xo = a . On the contrary, we assume that xo > a. Itis obvious that lim,_,, f (x) =
0 because in a neighborhood of xy we have either f(x) = 0 or C f;) f(ndg(r) =

f (x)g(x). Thus, there exists x; > xo such that f (x) < g~ !(x) forevery x € (xo,x)
so that for x € (xg,x;) N A we have

- C/xf(t)dg(t) < g%(x) — g%(x0).
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Thus, f(x) < g~ 1(x) — g%(x0)/g(x),x € (x0,x1). Using this inequality we find that

f(x)g(x) = C/Xf(f)dg(t) <g(x) —8(x0) — Cg (x0) In (g(x)/g(x0)) ,x € (x0,x1)

and inductively

n

g (263)] xe

— 8(x0)

f(x)g(x) < g°(x) — g%(x0)

which, by letting n — oo, gives f(x)g(x) < 0,x € (xo,x;), and this is an obvious
contradiction. The proof is complete. [

Proof of Theorem 3. We prove the first case. It is easy to see that the function f
is C-decreasing in mean with respect to g and that it is a solution of the problem (P)
for the set A = U2, (au, by) . The reversed implication follows from Lemma 1 and a
simple induction procedure which is possible because of the simple structure of the set
f71(0,00) (compare also with the construction in our later Lemma 3).

The proof of the second case is analogous. [

3. Further investigations of the integral equation (P)

In the previous section we proved in particular that the problem of the integral
equation (P) or equivalently

(P) C/x xa(O)f (1)dg(t) = f (x)g(x), A measurable, C >0

can be solved for each simple open set A (and this, in its turn, implied that Theorem 1
is sharp). In this section we shall prove some corresponding results for the case with a
general measurable set A. According to Lemma 1 we see that (P) can be satisfied only
when f is built up on a set A with some restriction around x = a. We will prove a
result (see Theorem 4) which, in particular, shows that the positiveness of the one-sided
density of A at x =a i.e.

lim AN (a,a+ €)]
£e—0 g({;‘)

is sufficient to ensure that (P) holds for some nontrivial function f .

>0

THEOREM 4. Let C > 0, let A be a measurable subset of |a,b| and let g be
a strictly increasing function satisfying g(a) = 0. Then there exists a nonnegative
nontrivial function f such that (P) holds if and only if

b
wa) = [ mx)”;g(%) — co. (1)

For proving the Theorem we need the following technical lemma:
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LEMMA 2. Let U = U, (a;,b;), where (a;, b;) is a sequence of disjoint open
intervals in (a,b). If g is a strictly increasing function such that g(a) = 0 and

1=, gga, =0, then UN (a,a+ €) # 0 for every € > 0.

Proof. Let a* = inf{a;}. Tt is sufficient to prove that a* = a. Assume that
a* > a. Make an rearrangement of I, = (1,2,...,n) so that a;, < b;, < a;, < b;, <
.. < a;, < bj,. Then

and this is in contradiction with assumption that [T, £ ”’; =0. O

In our next lemma we present our key construction for optimal functions in the
inequality (3).

LEMMA 3. Let C > 0 and let U = U, (a;, b;), where (a;,b;) is a sequence
of disjoint open intervals in (a,b). If g is a strictly increasing function such that

gla) =0 and H?ol ia’ = 0, then there exists a nonnegative function f such that
C['f() =f(x)g(x) for x € U and f (x) = 0 for x € U°.

Proof Let U, = UL, (a;,b;), Lk = {i e {1,2,...n} : (a;,b;) C (bx,a1)}, RE =
{ie{1,2,..,n}: (a 1) (b1,ar)} for nk = 2. For K > 0 define the sequence
(fu) of functlons in the following way:

_ [ Kg“ (%), x € (a1,br)
hix) = { 0, otherwise

c Kgc_é(x)7 X € (ahbl)
f (x) B Kgc(al) HL’;l g Ezj;gc l(x), xe (almbk),bk <a
n = b
sctan ey cﬁa,igc '), x € (ag.bi). b < ay

, otherwise.

It is easy to see that the sequence (fn) has the following properties:

1. If 2 < k < n, then Kg€ ! (x) < fulx) < K( “(ar)/g(br)) g~ (x) for
ap < x < by < ay and Kg€ ' (x) = fulx) = K (¢(b1) /g (ar)) 8" (x) for
by < ap <x<bg.

2. If n > m,x € U,, then for x < a; we have f,(x) > f(x) and for x > b; we
have f,(x) < fu(x).

3. If x,y € Uyp,x <y, then Cf;fn(t)dg(t) :fn()’)g(y) ff,,(x)g(x).

We note that, according to the properties (1) and (2), the function f (x) := lim,—, o0 f(x)
is well defined on (a,b). Let af = min{q; : i = 1,2,...,n} . We use the Fatou lemma
and find that, for x € U,

¢ [rag) < ¢ lim [ s = Jim (0600 ~Fola; +0)gla)
= FWs() — lim £l +0)s(a))
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Moreover, according to the definition of the sequence (f,), the assumptions we made
and Lemma 2, we have

lim f,(a; + 0)g(a) = Kelan) [ S =
nooo” T\ n 5 gC(b)

where L = {i € N : (a;,b;) C (a,a1)},and weconcludethat C [ f (1)dg(r) < f(x)g(x).
On the other hand, choose € > 0 such that a + € € U. We note that the function f is
integrable and, by property 1 above, the sequence (fu) is dominatedon (a+€,b) by the
integrable function K (g (a1)/g(a + €)) g~ ' (x) . Therefore, by using the dominated
convergence theorem, we find that

c [ rids)=ctim [ 1,(0ds(0) = f (3)g(x) —f (a+ e)gla+ e).x € U.
ate ate
Moreover, in view of the assumptions, we have that limg_of (a + €)g(a + €) = 0 so
that for x € U we have C [ f (1)dg(t) = f (x)g(x). The proof is complete. [J

The following lemma gives us the exact relation between the previous lemma and
Theorem 4.

LEMMA 4. Let U = UX,(a;, b;), where (a;,b;) is a sequence of disjoint open
intervals on (a,b), and let g be a strictly increasing function on (a,b) such that

g(a) =0. Then [[72, gg”’ = 0 if and only if f xu(x ((>) =00

Proof. First we note that if liminf; {g(a;)/g(b;)} < 1, then both claims are
obvious, so we can assume that liminf; {g(a;)/g(b;)} = 1. In this case H°° g ”’ =0

is equivalent to condition >~ In(g(a;)/g(b;)) = —oc, which, in its turn, is obv1ous1y
equivalent to the second claim. [

Proof of Theorem 4. Assume that (11) holds. Let A = (N32,U,) \ Z, where
(Uy,) is a decreasing sequence of open sets in [a,b] and Z is a set of measure 0. Let
X0 € A be fixed and U, = U (an, by;), Where ((an;,by;)) is a sequence of disjoint
open intervals and where xy € (ay,1,by,,1) for every n € N. Consider now a sequence
(fa) of functions defined as in the proof of Lemma 3 for the open sets U,, where
fa(x) = Kg€1(x) for x € (@n1,bn1) and every n € N. We note that, according to
Lemma 3, Lemma 4 and the fact that u (U,) > u (A) = oo the sequence exists. Notice
that in contrast with the construction in Lemma 3 the sequence (f,(x)) is increasing
for x < xp,x € A, and decreasing for x > xo since we delete sets as n increases (both
statements follow by considering the definition of f,(x) and using the trivial fact that
if (x1,x2) C (x3,x4) then x1/x2 > x3/x4 ). Moreover, it follows by using property 1
in the proof of Lemma 3 that the sequence (f,(x)) is upper bounded on the interval
(a+ €,xp) forevery € > 0 and lower bounded by a strictly positive constant on (xo, b).
We conclude that the function f (x) = lim,— . f,(x) is well defined on [a,b] \ Z. We
complete the construction by defining f (x) = 0 for x € Z.
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Now we use the Fatou lemma and the optimality of the functions f,,(x) to obtain
that

¢ [rwagi < lin [ 50ag = lim f,0e00 =5 (o),

for every x € A,x < x9. Choose € > 0 so that a + € € A. We note that
lim,—, |U, \ A] = 0. Moreover, for arbitrary & > 0, there exists np € N such
that, for every n > ny,

[ rvag

WV

i £ (0ds(s) > /( L Jl0ds0)

/ Ful)dg(t) — / £u(0)dg (0
(a+ex)NUy [(a+e,x)NUZ]\A

[ nds) -«
(a+ex)NU,
& ()80~ fala + E)gla+ ) — &1

We conclude that for arbitrary & > 0 and all sufficiently large n € N, and arbitrary
a+€e€Ax<xp,x €A,ityields that

WV

Fo0)g(x) — fula + e)glat €) — Cer < C / £ (0ds() < f (Wgl),

which, in its turn, implies that

F()2() — fula+e)gla+e) — Cey < C / £ (1)dg(t) < f (x)g().

Moreover, as in the proof of Lemma 3, we find that lim,_of,(a + €)g(a + €) = 0,
which finally gives that

C/Xf(t)dg(t) =f(x)g(x), forx € A, x < xo.

For x € A, x > xo we use the fact that the sequence (f,) is bounded on [xo, b] and the
dominated convergence theorem to see that

C/xf(t)dg(t) = lim fn() g(7)

n—o0

= lim [fn(x) (x) = fal(x0)g(x0)] = f (x)g(x) — £ (x0)&(x0)

n—oo

which, in combination with previously proven equality (for x < xo ) shows that f is a
solution also for x > xg.
We shall now prove the reverse implication. We note thatitis obviousthat p (A N (a,x)) =

I XA(I)(;g(_(tt)) is either finite or infinite for every x € (a,b). Suppose that F(x) :=

U (AN (a,x)) isfinite. Then F is absolutely continuous, increasing and lim,_,, F(x) =
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0. This is of course also true for the function g(x)f (x) (since f is a solution of problem
(P)). Using integration by parts we have

o) = [ ar g = [ eoromnn?

— W W) — [ Fdle 07 (0]
[ F0dle 050 = ¢y 0 (R 1)

which is impossible since the left hand side is positive for all x > a but the right hand
side is negative for x close enough to a. This contradiction completes the proof. [

4. Concluding examples and remarks

First we illustrate the concepts of C -decreasing [ C -increasing] and C - decreasing
[ C -increasing] in mean functions.

EXAMPLE 1. Note first that, for every function f, if 0 < m = inff, 00 >
M = supf, then the function f is M/m— decreasing and M/m— increasing. The
increasing function f(x) = x*, o > 0, is also (1 — o/f) — increasing in mean on
(0, 00) with respect to g;(x) = x~# for a < B, which improves the inequality (4) for
power function y . Itis also (& + 1) — decreasing in mean on (0, c0) with respect to
g2(x) = x. The similar can be said about the function f>(x) = x77,0 <y < 1. The
nonmonotonuous function f3(x) which is equal to x~ /2, x € (0,1) and x~ /2 4+ 1,x €
[1,00) is 2—decreasing and 1— decreasing in mean with respect to g, .

By using our results in special cases we can obtain various generalizations of our
introductory inequalities (1) and (2). Here we only give the following simple but
illustrative example of such a generalization, which is still sharp:

EXAMPLE 2. Let f be a nonnegative function on (a, b) satisfying
1

X—a

fx) <

/xf(t)dt,a<x<b.

Then, according to Theorem 1 (1) applied with y (1) =#,0 <p < 1 and g(x) =x—a

we have
b P b
(/ f(x)dx) gp/ SPx)(x — a)”fldx. (12)

The inequality (12) is sharp and equality can occur not only for the functions of the
type f(x) = KX(ac)(x) but also for the functions of the following type (see Theorem
3):Leta=a; <by <a<by<..<a, <b, <..<b anddefine f(x) =1 on
(ar,br) ,f (x) = 112 (bi — a1) / (@is1 — a1) ,x € (an, by) and f (x) = O elsewhere.

In our next examples we will illustrate the discussion in the beginning of Section
4, Lemmas 3 and 4 for the case g(x) =x,C =1 and (a,b) = (0,1).
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EXAMPLE 3. Let A = U, (ay, b,), where a, = (n/(n+1))2'7" b, = 2'7".

Then [[,%; an/by = 1,2, (1 - ﬁ) =0, folXA(x)% =>2 Intt = co. The
one-sided density at a = 0 isequal to 0.

EXAMPLE4. Let A = UoO (an, by) , where a, = (n+2)/(n+1)% b, = 1/n. Then

L2 an/bn =112, (1 - (n+1 ) >0, and fo xa@)E =375 In (1 + n(n+2))
< 00. The construction in Lemma 3 gives us f (x) = K41 on (an, b,) and we obtain
Jo f (t)dt = xf (x) — K/2,x € A . The one-sided density at a = 0 is equal to 0.

EXAMPLES. Let A = U2, (ay, by,), where @, = 27" b, = 227" one can easily
see that the construction in Lemma 3 gives f (x) = K2" on (ay,b,) and O elsewhere.
Also, T2, an/by =0, fo 24(x)“ = 0o and one-sided density at a = 0 is positive.

REMARK 3. In [1] and [12] some multidimensional versions of (1) and (2) have
recently been proved and applied. Itis already proved that the inequalities in [1] are sharp
and the present authors believe that it is possible to develop the techniques presented in
this paper to prove that also the inequalities proved in [12] are sharp in all cases.

REFERENCES

[1] S. BARZA, J. PECARIC, L. E. PERSSON, Reversed Holder type inequalities for monotone functions of
several variables, Math. Nachr. 186 (1997), 67-80.

[2] J. BERGH, V. I. BURENKOV, L. E. PERSSON, Best constants in reversed Hardy’s inequalities for quasi-
monotone functions, Acta Sci. Math. (Szeged) 59 (1994), 221-239.

[3] J.BERGH, V. 1. BURENKOV, L. E. PERSSON, On some sharp reversed Holder and Hardy type inequalities,
Math. Nachr. 169 (1994), 19-29.

[4] V. 1. BURENKOV, On the best constant in Hardy’s inequality for 0 < p < 1. Trudy Mat. Instit. im
Steklova 194 (1992), 58-62 (in Russian).
[5] R.J. BUSHEL, W. OKRASINSKI, Volterra equations with convolution kernel, J. London Math. Soc. 41
(1990), 503-510.
[6] A GARCIA DEL AMO, On reverse Hardy’s inequality, Collectanea Math. 44 (1993), 115-123.
[7] G.H. HARDY, J. E. LITTLEWOOD, G.POLYA, Inequalities, Cambridge Univ. Press 1952.
(8] H. HEINIG, L. MALIGRANDA, Weighted inequalities for monotone and concave functions, Studia Math.
116 (2) (1995), 133-165.
9] G. G. LORENTZ, Some new functional spaces, Ann. of Math. 51 (1950), 37-55.
[10] W. G. MAZIA, Einbettungssdtze fiir Sobolewsche Raume I, Teubner, Leipzig, 1979.
[11] J. PECARIC, L. E. PERSSON, On Bergh’s inequality for quasi—monotone functions, J. Math. Anal. Appl.
195 (1995), 393-400.
[12] J. PECARIC, 1. PERIC, L. E. PERSSON, A multidimensional integral inequality for monotone functions of
several variables, Acta Sci. Math (Szeged) 62 (1996), 407-412.
[13] J. PECARIC, L. PERIC, L. E. PERSSON, Integral inequalities for monotone functions, J. Math. Anal. Appl.
215 (1997), 235-251.
[14] E. STEIN, G. WEISS, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Univ. Press,
Princeton, New Jersey 1971.

[15] W. WALTER, V. WECKESSER, An integral inequality of convolution type, Acquationes Math. 46 (1993),
212-219.



670

(Received May 3, 2001)

JosIP PECARIC, IVAN PERIC AND LARS-ERIK PERSSON

Josip Pecarié,

Faculty of Textile Technology,
University of Zagreb,
Pierottijeva 6,

10000 Zagreb, CROATIA

e-mail: pecaric@hazu.hr

Ivan Peric,

Faculty of Chemical Engineering and Technology,
University of Zagreb,

Marulicev trg 19,

10000 Zagreb, CROATIA

e-mail: iperic@pbf.hr

Lars-Erik Persson,
Department of Mathematics,
Luled University,

S-971 87, SWEDEN

e-mail: larserik@sm.luth.se

Mathematical Inequalities & Applications

e-math.com

e-math.com



