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OPERATOR MONOTONE FUNCTIONS OF SEVERAL VARIABLES
FRANK HANSEN

(communicated by T. Ando)

Abstract. We propose a notion of operator monotonicity for functions of several variables, which
extends the well known notion of operator monotonicity for functions of only one variable. The
notion is chosen such that a fundamental relationship between operator convexity and operator
monotonicity for functions of one variable is extended also to functions of several variables.

1. Introduction and main result

The notion of operator convexity for functions of several variables has been ex-
tensively studied in the literature. The first step is to define the functional calculus for
functions of several variables. This can be done in the following way:

Let I, ..., I; berealintervalsandlet f : I} x - -- x [; — R be a Borel measurable
and essentially bounded function. Let x = (x1,...,x;) be a k-tuple of bounded self-
adjoint operators on Hilbert spaces Hj, . .., H; such that the spectrum of x; is contained

in [; for i = 1,...,k. We say that such a k-tuple is in the domain of f. If
Xi = I/l,-Ei(d)Li) i=1,...,k
is the spectral decomposition of x;, we define
) :/ F O ) Er(dh) @ - @ Ex(dA) (1)
LI

as a bounded self-adjoint operator on H; ® --- ® Hy, cf. [4, 1, 9]. If the Hilbert
spaces are of finite dimension, then the above integrals become finite sums, and we may
consider the functional calculus for arbitrary real functions. This construction extends
the definition of Kordnyi [9] for functions of two variables and have the property that

fxn,x) =fila) ® - @ frlxw),

whenever f canbe separated as aproduct f (1, ..., %) = f1(t1) - - - fx(t) of k functions
each depending on only one variable.
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2 FRANK HANSEN

REMARK 1.1. One might consider the functional calculus only for commuting
operators xp, ..., x; on a single Hilbert space H and define

fcom(xl,...7xk) = /f(ﬂ,l,...7Ak)dE(Al,...,Ak)

as an operator on H, where E is the product measure of the commuting spectral
measures associated with each of the operators. This approach was suggested by Pe-
dersen and Lieb in [12, 10]. Our definition in equation (1) can then be written as

f('xla"'7xk):fcom(xl®1®"'®17~-~71®"'®1®xk)

for arbitrary non-commuting operators xi,...,x; on H. If however the operators
X1,...,%X do commute, then there is a self-adjoint projection P on H ® --- @ H
with range isomorphic to H such that feom(x1,...,xx) = Pf(x1,...,x)P. The two
approaches are thus essentially equivalent.

Once the functional calculus is defined, we say thata function f : I; X---xI; = R
is operator convex, if f is continuous and the operator inequality

FAx+ (1 =Apy) <A )+ (1 =-A)f ()  VAe[0,1]

holds for all & -tuples of self-adjoint operators x = (x1,...,x;) and y = (y,...,y) in
the domain of f acting on any Hilbert spaces Hj, ..., Hy. The definition is meaningful
since also the k-tuple Ax + (1 — A)y is in the domain of f. We say that f is matrix
convex of order (ny,...,n;), if the operator inequality holds for operators on Hilbert
spaces of finite dimensions (ny, ..., n).

The aim of this paper is to define the notion of an operator monotone function also
for functions of several variables. The definition should, when restricted to functions of
only one variable, be a simple reformulation of the ordinary condition for such functions.
We also want the following theorem to be valid.

THEOREM 1.2. Let f : [0, 0% - -+ X [0, 0g[— R be a continuous real function.
The following statements are equivalent:

(i) f is operator convex, and f (ry,... 1) < 0 if r; =0 forsome i =1,... k.
(ii) The function g :]0,04[X - - - X]0, ax[— R defined by setting

g(rl,...,rk):rf1-~-r,:1f(r1,...7rk)

is operator monotone.

The theorem above is known to be valid for functions of one variable [7, 2.4
Theorem]|, and the extension to functions of several variables seems to be very natural.
Our notion of operator monotonicity for functions of several variables is ultimately
given in Definition 2.14, but it depends on intermediary notions and results given in
Definition 2.1, Definition 2.2, Definition 2.3, and Corollary 2.13.

Before proceeding with this programme, we shall briefly discuss other possible def-
initions of operator monotonicity for functions of several variables, which we ultimately
have rejected.
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PROPOSITION 1.3. Let f be a non-negative continuous function of k variables
defined in the first quadrant [0,00[x --- X [0,00[. If f is matrix concave of order
(n1,...,m), then

O<xi<y i=L....k = f)<fO)

for arbitrary k-tuples of positive semi-definite matrices x = (x,...,x) and y =
(1, &) of order (ny, ..., ng).

Proof. Let the appropriate k-tuples of matrices be chosen and take A € [0, 1[. We
set z; = A(1 —A)~!(y; — x;) and notice that

A,y,' = /1x,- + (1 — A«)Zi and Zi Z 0

fori=1,...,k Since f is matrix concave and non-negative we obtain
FAY) ZAf () + (1 = A)f () = Af (x)
where z = (z1,...,2z). The result now follows by letting A tend to one. [J

The converse is not true. The function of two variables f (ry, r,) = rir; is indeed
matrix increasing of any order in the sense that

fx,x0)=xQx <y1 @y =f(,y)

for 0 < x; < y; and 0 < x < yp, but it is not even concave as a real function.
However, the situation is quite different for functions of only one variable. Mathias [11]
showed that a function, defined on the positive real half-line and matrix monotone of
order n, is matrix concave of order [n/2]. It follows from [3, 7], although not stated
explicitely, that a function, defined on the real positive half-line and matrix monotone of
order 4n, is matrix concave of order n. We may reproduce Mathias’ result by proving
that a function f : [0, co[— R, matrix monotone of order 2n, is matrix concave of
order n, and the following very simple argument will do. Let x;,x, be positive definite
matrices of order n and notice [3] that to a given € > 0 the inequality

<[ x1 O 1 x14+x x—x 2_1()61 —I-XQ) +€ 0
J— <
V(O x2>V 2<x2x1 x1+x2)\( 0 A

is valid for a sufficiently large A > 0, where

V‘?(i _11)

is a unitary block matrix of order 2n x 2n. We then obtain

Lf)+f(x2) fx)—f(x1) \ o« flx) O
_<f(xz)—f(X1) £0n) +/ (%) ) =V ( 0 f(Xz)>V

2
—F (V* (?8 22 ) V) < (f(2‘1(X1(;er)+8) f?/l))
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and consequently

2 2

from which the statement follows by letting € tend to zero, since matrix monotone
functions of order greater or equal to two are continuous (even continuously differen-

fx) +£(x2) <f (xl ta e)

tiable).
We shall finally mention that Koranyi and others have considered a notion of
operator monotonicity for functions of two variables defined on 1> where I =] — 1, 1[.

The notion is closely connected to the theory of analytic functions of several variables,
and in particular to a generalization of the Riesz-Herglotz formula [9, 13]. According
to this theory the function

rr
g(ri,m) = ( 172 ri,r2 €]0, 1]

L+r)(1+r)
would be called operator monotone, but this is not consistent with Theorem 1.2 as the
continuous function

2.2
nn

T = i)

r,r e [07 1 [

is not operator convex. Koranyi’s notion of operator monotononicity leads to no sig-
nificant distinction between functions of one and two variables as does the theory of
operator convex functions.

2. Decompositions and monotonicity

DEFINITION 2.1. Let x be a positive invertible operator acting on a Hilbert
space H. We say that an [-tuple (yy,...,y;) of positive invertible operators on H is a
decomposition of x (of length [) if

it y=x (2)

The [-tuple @ = (ay,...,a;) defined by setting a; = x’l/zy,-l/2 fori=1,...,1lis
called the associated unitary row.

We recall [1] that an /-tuple a = (ay, . ..,q;) of operators on a Hilbert space H is
said to be a unitary row, if there exists a unitary operator U on the direct sum of / copies
of H such that (ay,...,q) is the first row in the X [ block matrix representation of
U. The equation

aiay +---+aaf =1 (the identity on H) (3)
is a necessary, but in general not sufficient condition for @ = (ay, . .., a;) to be a unitary
row.

Therow a = (ay, . . . ,a;) associated with the decomposition of x in the definition

above satisfy condition (3) since

alaik _|_ . +ala;‘ :x—l/zylx—l/z + . +x_1/2ylx—l/2 — 1.
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Araki and the author proved that an [-tuple a = (ay, ..., a;) satisfying condition (3) is
a unitary row, if dimkera; = dimkera; for atleastone i = 1,...,/. The condition is
trivially satisfied in this case since the operators ajy, ..., q; are invertible. The [-tuple
a = (ai,...,q) in Definition 2.1 is therefore indeed a unitary row. We notice that
yi=ajxa; fori=1,...,L

DEFINITION 2.2.  An index is a pair (I,j) of integers, where / > 2 and 0 <j <
-1

DEFINITION 2.3.  Let f :]0,04[Xx ---%x]0,0%[— R be a real function. The
constants Q, ..., 0% may be plus infinity.

(i) We say that f is operator monotone of index (I, j), if f is continuous and

diag(f(yl‘117"'7yl‘kk)) X gf()Q,...,Xk)le—l (*)
|t|=7 (mod)

for every k-tuple x = (x1,...,x;) in the domain of f acting on any Hilbert
spaces Hj, ..., H; and all decompositions

y1i+"'+yli:xl‘ l:17,k

where Ly—: is the IF=! x ¥~ block matrix with the unit operator on the tensor
product H; ® - - - @ Hy, in each entry. The index ¢ is a multi-index of the form ¢ =

(t1,...,tx), where t; = 1,... [ fori=1,... k and weight |¢{| =#; + - - - + t.

(ii) We say that f is matrix monotone of index (I,j) and order (ny,...,n;), if the
same inequalities (x) are satisfied for operators acting only on Hilbert spaces
H,,...,H; of finite dimensions (nj,...,ng).

It is not difficult to establish that a continuous function is operator monotone of
index (1,7), if and only if it is matrix monotone of index (I, ) and all orders (ny, ..., ng).
The proof follows a suggestion by Lowner as reported by Bendat and Sherman |2,
Lemma 2.2] and can easily be adapted to the present situation. Furthermore, consider
k-tuples (my,...,mg) and (ny,...,ng) such that m; < n; for i = 1,... k. If a
function is matrix convex of order (ny,...,n;) then it is also matrix convex of order
(my,...,my). Likewise, if a function is matrix monotone of index (/,j) and order
(m1,...,m), then it is also matrix monotone of index (/,j) and order (my, ..., my).

PROPOSITION 2.4. A continuous real function f :]0, o[— R is operator monotone
of any given index (1,j), if and only if it is operator monotone. Likewise is [ matrix
monotone of any given index (l,j) and order n, if and only if it is matrix monotone of
order n.

Proof. If we set k = 1, the inequality () reads

flm) <f(x) for j =0
f ) <f () for j =1,...,1—1

where y;; + --- 4+ yy = x; is a decomposition of x;. These inequalities are trivially
satisfied if f is operator monotone. If on the other hand one of the above inequalities
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are satisfied for a given index (I,j) and all decompositions of any x; in the domain
of f, then f is operator monotone. The same reasoning applies to matrix monotone
functions. 0O

PROPOSITION 2.5. Let f :]0, oy [X - - - x]0, ox[— R be a continuous function and
consider for i =1, ...k the function of one variable

gi(ri) :f(rl, .. .,rk)

obtained from f by keeping all variables fixed except the ith variable. If f is operator
monotone of some index (1,j), then g; is operator monotone. Likewise, if f is matrix
monotone of some index (I,j) and order (ny,...,ny), then g; is matrix monotone of
order n;.

Proof. Let f be operator monotone (or matrix monotone) of some index (I, ;) and
assume i = 1. We choose operators y < x in the domain of g;. For some sufficiently
small € > 0 we set

_{y m=j+1
MMIE Ve k—w/U-1) mAj+1

andfor p=3,...k
R m=1
w={7
We thus have the decompositions yi; +---+y3 =x+ (I — 1)e and

r m=1—1

and ymz:{s m#£1—1

yip+ o +yp =1+ (- 1)e p=2,...,L
By only considering the index ¢ = (j + 1,1 — 1,1,...,I) with length |z| =j(mod!) in
(*), we obtain the inequality
f,r,... ) <fx+I-1De,nrn+({I-1),...,n+(I—1)¢)
from which the inequality g;(y) < g (x) is derived by letting € tend to zero. [

To further investigate the content of Definition 2.3 we set k = 2 and [ = 2. The
inequality () then reads

fOnsyiz) 0 fx1,x2) f(x1,x2) .
( 0 f(yzhyzz)) s <f(x1>x2) f(x1,x2) > j=90

and

0 f (321, y12) f(x,x) f(x1,x)
for decompositions yi; +y»; = x1 and y;2 + y2» = x». This is so because the solutions
to the equation [t| = #; + #, = j (mod2) are the multi-indices (1,1),(2,2) for j =0
and (1,2),(2,1) for j=1. If we set k =2 and [ = 3 the inequality (x) reads

(f(yu,yzz) 0 ) < <f(x1>x2) f(x1,x2) > i1

f i, y2) 0 0 11
0 f (a1, y12) 0 <flx) [ 111 Jj=0
0 0 fs1,y32) 111
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for decompositions yi1; + y21 + y31 = x1 and yi2 + y» + y32 = xp. This is so
because the solutions to the equation || = #; + # = 0 (mod3) are the multi-indices
(1,2),(2,1),(3,3). Finally, if we set k =3 and [ = 2 the inequality (x) reads

f i, y12,y23) 0 0 0
0 f (i y22,y13) 0 0
0 0 f (21,312, ¥13) 0
0 0 0 f(y217y227y23)

< flnx,xs)ly j=0

for decompositions yi; + y21 = X1, y12 +y22 = x2 and y;3 + y23 = x3. This is so
because the solutions to the equation || = #; +1, +13 = 0 (mod 2) are the multi-indices
(1,1,2),(1,2,1),(2,1,1) and (2,2,2).

THEOREM 2.6. Let f :]0,04[X - -+ x]0, ax[— R be a continuous, real function.
If the function g :]0, 04X - - - x]0, o4[— R defined by

~1 ~1
glriy...om)=ry -rg fr,... )
is matrix monotone of some index (1,j) and order (I,...,1), then f is convex.

2mifl

Proof. We consider the simple root § = e of the polynomial X' — 1 and set

. I
u = diag (B"),_,
which is a unitary matrix acting on C'. We introduce projections
Pi=WYPd j=1,...,1

where P defined by

is a one-dimensional projection acting on C'. We notice that

1 N
Pj:—(ﬁ(q”’)/) =11
l p.q=1

and consequently
I

! 1 (< .
j:zlpj =7 Zﬁ(q—p)J = E

= pa=1
where E; is the [ x [ identity matrix. The projections Py, ..., P; are thus mutually
orthogonal. Let xy;, ..., x; be real numbers in ]0, o;[ and set
!
x,-:diag(xj,-) i=1,... .k
j=1
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The k-tuple ((1+1€)xy,...,(1+1€)x;) is for a sufficiently small € > 0 in the domain
of g. We define

vi=xP(Pi+ent?  j=1,...Li=1,...k
and calculate

!
vt =2 (S (Pe) | )P = (U le =1,k
j=1

Since g is matrix monotone of index (/,j) and order (/,...,[) it follows that

diag(g(ynl7 . 7ytkk))|t\:j (mod) < g((L41e)xy, ..., (14 1€)xx) L

orinserting g(ri,...,r) =ry - -r 'f(r1,. .., ) that

. 1/2 —1/2 —1/2
dlag((ybll/ ® - ®ka s )f(yﬂlv""yskk)(ysll/ Q- ®ka ! )>| |=j (mod!)

<t (0P e ex P e, ey P 0 1) et

where ¢, = 1 + le. Multiplying to the left and to the right with the self-adjoint matrix

LR
1ag ybll ®y3kk |s|=j (mod 1)

we obtain
di ( silyeeen Vs
iag(f (vs1 y kk))mzj(modl)

<ot <(y1/12x; ® - ®)’zlk/k2 l/z)f(cexla S CeXy) X

12 1)2 —1/2_1/2 )
X s K- R®x s :
( 1 Y 11 Xk ‘kk) |t|=|s|=j (mod1)

We introduce for s; = 1,...,l and i = 1,...,k the [ x [ matrix

Qyii = ;( 11/2 1/264 )s )

X+ -+ pa=1

It is an easy calculation to show that Qy; is a projection and that

12p /2 _ Xt X
(PP xj? = ————

I Qs,‘i Si:17.-.,l;i:1,...7k.

Multiplying the above inequality from the left and the right with the projection

diag (Qsll ® - stk)

Is|= (mod 1)
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and letting € tend to zero we thus obtain

X+t Xig+ X\ .
f( ! 7 1,..., 7 )dlag(Qm@-'-@stk) B
Is|= (mod)

<(xll‘f“l"-l-)(ll)_l“.(x1k+‘l"+xlk)_lx 4)

<( 1/2P“ - ®x]1/2Plk)f(xl7 .- xk)(Pslxl/ ® - @ Pyx 11/2

)) If|=Is/=/ (mod )

where we used that

e\ V2 TN Vo
I LN (M) inixfl/ZZ(M) 2P,

as € tends to zero. We notice that (4) is an =1 x [*=1 block matrix inequality of
I¥ x I matrices. Let us in order to examine the inequality calculate the entry

[ l/an 2. ®x1/2P;k} _ [ l/thl] . [ 1/2Pt]
P1q1 Pkdk
= x/ T B R Bl = kBl

for p = (p1,...,px) and ¢ = (q1,-..,qx) With p1,....pi,q1,-- - qr = 1,...,1. We
proceed to calculate the entry

|:( 1/2Pt1 Q- - ®x11</2P’k)f(xl’ ey X )(P51X1/2 Q- ® Pbkxl/z):|pq

!
= Z [kplu=p)t X2 2 [f(xl,..., )(P“xl/2® ®kaxl/2)}

pll prk v
Uy ... up=1
1

_ —kg(u—p)-t 1/2. —kplg—u)ys 12 _1)2
- Z ! B pll pkkf (‘xulla CIEa ’-xukk)l B qul quk

Uy, up=1
— [2kBas—pity 1/2 1/2 1/2 1/2 (1—s)-u
_l Bq P 11 ..xpkk q11 : qkk ﬁ f xu117-~-7xukk)

,,,,,

where we used that f (xi,...,x;) is a diagonal matrix with f (x,,1,...,X,k) as the uth
diagonal entry, and finally calculate the diagonal entry

[qul ®-® Q‘Ikk]qq = [Qgi1lgiqn [Q‘Ikk]‘Ik‘Ik = Xqil o Xk H(xli +oee xli)71

We obtain from (4) an inequality between I~ x ¥~ matrices by retaining the (¢, s)-
entry in each (z, s) -block on both sides of the inequality and discarding all other entries.
We then insert the entries calculated above in the inequality obtained in this way and
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get

(14 )

=

X+ -+ Xig + - X
f l y*r l

i=1

dia (xs 1 Xs k)
S\ ) Is1=7 (mod1)

k

<r* H(xli o)X
i1

1/2 1/2 1/2 1/2 §es— 5)-u
xtl/l : xtk/k 91/1 o vk/k Z ﬁ rit (= (xulh e axukk)
""" |t|=Is|=j (modi)
Multiplying from the left and from the right with the self-adjoint matrix

k

d1ag< -2 xSk,i/ZH(xli—&—“-—sz,-)l/z)

=1 Is|=j (mod1)

we obtain

X1+ 4 xp Xip 4o+
f < l e l ) Elkfl
l 5
Z f( 11 kk) (ﬁ bl (mod )

Uy =1

lkfl % lkfl

We define foreach u = (uy,...,u) with uy,...,up =1,...,0 an matrix

I, by setting
I, = lf(kfl) ( S<s7t-t+(t7s)-u) ) 6
b |7|=[s[=j (mod 1) (6)

It is an easy calculation to show that the matrices I, are self-adjoint projections, and
the inequality (5) can in terms of these projections be written as

X +...+x X +...+x
f( 11 l 117”.’ 1k l lk)Elkl

Because of

it follows that
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Since each index (z,s) in each I, satisfy |¢| = |s| =j (mod!), confer equation (6), it
follows that I'l,, = I, for each v on the form

v=i1,...,v) = (ug +i(modl), ..., ux+i(modl)) i=0,1,...,01—1. (9)

We also notice that for each u there are exactly [ differentindices in (9). It follows that
each projection is counted / times in the sum (8). Two projections are consequently
either orthogonal, or identical with their indices connected as in (9). Setting u =
(1,...,1) and multiplying (7) with IT, we obtain

e I L

< l(f(xu,-nﬁclk) +"'+f(xll7~-~7xlk))nu~

l
Therefore f is convex. [
A matrix monotone function may tend to minus infinity as the argument of the
function approaches a point located on an axis, but it cannot go too fast.

COROLLARY 2.7. Let g :]0,04[x -+ x]0,0[— R be a continuous function,
which is matrix monotone of some index (1,j) and order (1,...,1). To each subset of
the domain of g of the form |0, B1[x - - - X0, Bx[ where B1,...,Br < oo, there is a
constant C > 0 such that

Cc

ry---rg

g(rl,...,rk) > — (rl,...,rk) E]O,Bl[x~-~x]0,ﬁk[.

Proof. The function f :]0, oy[X - - - x]0, ax[— R given by

fr,...om)=ri---rgr,....,n)

is convex by the preceeding theorem, and it is therefore bounded from below on bounded
subsets of the domain. [J

To proceed, we need the following slight generalization of [1, Theorem 1.2].

THEOREM 2.8. Let f be a real, continuous function of k variables defined on the
domain I X --- X Iy where I\,...,I; are intervals containing zero and let (l,j) be
any index. The following statements are equivalent:

(i) f is operator convex and f (ry,...,r) <0 if i =0 forsome i =1,... k.
(ii) The operator inequality

3 * *
diag (f (@5 - ’a“kkx"ask")) /= (mod)

< ((a;kll PIOERE ®a;kkk)f(x1a cee vxk)(asll Q- ®a5kk))

|t]=ls|=j (mod )
is valid for all unitary rows a; = (ay;, . . ., ay;) of length | acting on any Hilbert
space H; for i =1,... k and all k-tuples (xi,...,xx) of self-adjoint operators

in the domain of f acting on Hy, ..., H.
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(iii) The operator inequality

dlag (f (Psllxlpslh A 7I7skkxkpskk)) .
Is|= (mod1)

< ((Ptll @ @pui)f (X1, x) (P 1 ® - - ®pskk)) ,
[1]=]s|=j (mod1)

is valid for all partitions of unity py; + --- 4+ pi; = 1 on any Hilbert space H;

by orthogonal projections for each i = 1, ...,k and all k-tuples (xi,...,x;) of
self-adjoint operators in the domain of f acting on Hy, ..., H.
The indices s,t in (ii) and (iii) are multi-indices of the form s = (sy,...,S), where

si=1,....0 fori=1,... k withweight

sl=s14 -+ 5

In the reference [1] the sufficiency of (if) and (iii) in order to obtain (i) were
only established for indices of the form (I,0). However, rewriting of the original proof
shows, mutatis mutandis, that the inequalities are indeed sufficient for the operator
convexity of f for any index. The theorem above is stated for more general domains of
the function f than in the original reference, cf. the discussion in the survey article [3].
It has the following version for functions of matrices [3].

THEOREM 2.9. Let f be a real, continuous function of k variables defined on the

domain Iy X - - - X Iy where I, . .., I are intervals containing zero and let (1,j) be any
index. Let (ny,...,n;) be a k-tuple of natural numbers and consider the statements:
(i) f is matrix convex of order (Iny, ... Iny) and f (r1,...,r) <0 if r; =0 for
some i=1,... k.

(ii) The matrix inequality

. * *
diag (f (a5 s, ’a*‘k"xka“kk)) Is|=j (mod )

< (@ ® @@ (o, ) (@ - © ag)

|t]=Is|=j (mod )
is valid for all unitary rows a; = (ai;, ..., a;) of length | acting on a Hilbert
space H; of dimension n; for i = 1,....k and all k-tuples (xi,...,xc) of
self-adjoint operators in the domain of f acting on Hy, ..., H.

(iii) The matrix inequality

diag( (Po11Pasts - Pugeripe) )

I5|= (mod )

<(euo o W @py)
=|s|=j (mo

is valid for all partitions of unity py; + - -+ + pi; = 1 on a Hilbert space H; of
dimension n; by orthogonal projections for each i = 1,...,k and all k-tuples
(x1,...,x) of self-adjoint operators in the domain of f acting on Hy, ..., H.



OPERATOR MONOTONE FUNCTIONS OF SEVERAL VARIABLES 13
(iv) The matrix inequality

diag (£ (o, 11w - Poikpss))
|s|=7 (mod1)

<(euo oW @py)
=|s|=j (mo

is valid for all partitions of unity py; + --- + pi; = 1 on a Hilbert space H; of

dimension In; by orthogonal projections for each i =1, ...,k and all k-tuples
(x1,...,x%) of self-adjoint operators in the domain of f acting on Hy, ..., H.

(v) f is matrix convex of order (ny,...,n;) and f(ri,...,re) < 0 if r; =0 for
some i=1,... k.

)

The implications (i) = (ii) = (iii) and (iv) = (v) are then valid.

Theindices s, 7 in (ii), (iii) and (iv) are multi-indices of the form s = (s1, ..., s),
where s; = 1,...,l for i = 1,... k with weight |s| = s; + - - - + s¢. Since the Hilbert
spacesin (ii) are finite dimensional, it follows that any row a; = (ay;, . . ., a;;) satisfying

condition (3) is unitary.

THEOREM 2.10. Let f : [0, 04[x - -+ X [0, ox[— R be a continuous real function

such that f (r1,...,re) <0 if r; =0 forsome i =1,... k. The constants a, ..., 04
may be plus infinity. If f is matrix convex of order (Iny, . .., Iny) for some integer [ > 2
and some k -tuple of natural numbers (ny, ..., ny), then the function
griy o) =rit o (L) (riy. .. i) €]0, 00 [% -+ - X]0, o[
is matrix monotone of index (1,j) and order (ny,...,n;) for j=0,1,...,1—1.
Proof. Let (xi,...,x:) be any k-tuple of positive invertible operators in the
domain of f acting on Hilbert spaces Hy, ..., H; of dimensions ny,...,n; and let

Y+t =X

be any decomposition of x; of length / foreach i =1,... k. We set
asi,-:x,-_l/zybl,ié2 si=1,...,Li=1,...k
and observe that
Vsii = Ay XiQy;i si=1,...,Li=1,... k
If f ismatrix convex of order (Iny, . .., In;) we may apply Jensen’s matrix inequality for
functions of several variables, cf. Theorem 2.9 (i) = (ii). Foreach j=0,1,...,1—1

we have

diag (f suty - - ayskk))

Is|= (mod1)

. * *
= diag (f (a5, 1x1a41, - - . 7‘1skkxkaskk)) 1 (mod )
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< * . * e s e }
((atll ® ® atkk)f (.X] .Xk)(a i@ ®a kk))M:M:j (mod1)

1/2_—1/2 1/2_—1/2
= ((ytl/lx1 / ®"'®yrk/kxk /)f(xl,...7xk)><

—1/2.1/2

—12.12 o )
(o "y @ ®x ySkk) [t|=]s|=j (mod 1)

_ V2 o 1/2 2 1/2)
(bif e enDet. 0 o o) ol =I5/ (mod )

and multiplying to the left and to the right with the self-adjoint operator

' _1h2 12
C = diag (ynl/ @ ®yskk/ )M:j(modl)

in the above inequality, we obtain

diag( Yol @ @y Ot -5 Vs ) < (8 xl,...,xk)
( s11 Akk) ( ! k ) |s|=j (mod1) ( ) |t]=|s|=j (mod 1)
or equivalently

diag(g(yslh...,yskk)) . < g(xl,u-,xk)le—l
sl (mod)

showing that g is matrix monotone of index (/,j) and order (ny,...,n;). O

THEOREM 2.11. Let f : [0, 04[x - -+ x [0, og[— R be a continuous, real function
and suppose the function

g(rl,...,rk):r;1~-~r,:1f(r1,...,rk) (riy... ) €10, 00 - - x]0, o]

is matrix monotone of some index (l1,j) and order (Iny,...,Int). Then the following
statements are valid:

(@) f(ri,...,r) <0 ifr; =0 forsome i=1,... k.

(ii) f is matrix convex of order (ny, ..., ng).

Proof. Since g is an increasing function in each coordinate, cf. Proposition 2.5,
the first statement follows.

Let (xi,...,x) be a k-tuple of positive invertible operators in the domain of f
acting on Hilbert spaces Hj, ..., H; of dimensions Iny,...,In; and let

pli+"'+pli:1 l:177k

be resolutions of the identity on H; of length [. We choose a positive € such that
(1 + I&)x is in the domain of f and set

yi = X i+ )X si=1,..,Li=1,...,k
We consider the decompositions

yiit+ -4y = (1 +1e)x; i=1,...k
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and use the assumption to obtain

diag (g(ysll, o ,yskk)) <t I, (1 Le)x) Ly
s/ (mod )

We introduce the diagonal block matrix

C = diag (‘x}/z(pﬂl +E)XPs1 ® - ® x;/z(Pskk + E)kaskk) ,
Is1= (mod )

and multiply to the left with C* and to the right with C in the above inequality to obtain
diag (po1x1(pot + €)x}% @+ @ pygi(pyg + O )g s - yy) X
(x}/z(Psll + E)xips1 ® - - ®X;1</2(Pskk + E)kaskk)) )
' ' Is|=j (mod)
< ((Pnlxl (Pr1 + 8)x1/ Q- ®ptkkxk(ptkk + E)Xk/ )8((1 +le)xy, ..., (1 +le)xy)

(12 (ot + E)11pst @ - @ 5 (py + E)xkpskk)) .
[t]=Is]=j (mod?)
Inserting

12 - 12 _1.—1/2
g0sits V) = (%) /(ps11+5) 1)‘1 Q- QX /(PSkk+5) lxk /)X

1/2 1/2 1/2 1/2
f(xl/ (ps11+8)x1/ 7...7)ck/ (pskk—i—e)xk/)

1/2

and
g((L+1e)x,...,(1+1e)x) =

(141e) ;@ @x, Y (1 +1e)xy, ..., (1+Ie)x) () P @ @ x 1)
in the inequality, and then letting € tend to zero we obtain

1/2 1/2 1/2 1/2)><

1/2
/)f(xl PsilXy 5oy X DXy

. 1/2
d1ag<(psllx1/ ® -+ D Py

(xi/zpsllxlpsll K- ® x/i/zpskkxkpskk)) )
sl (mod )

< (([)tllxlptll ® - @ praXiPui)f (X5 - X)X

x@@x) .
(psll 1Psi1 Dsik kpékk) lt]=|s|=j (mod)

The identity
1/2 1/2 1/2 1/2 1/2 1/2
f(xl/ psllxl/ PR ,Xk/ pskkxk/ )()Cl/ Dsi1 @ - ®xk/ pskk) =

1/2 1/2
(xl/ Psi1 Q- ® xk/ pskk)f (psll-xlpnh DR 7pskkxkpskk)
follows by first considering polynomials and then applying Weierstrass’ approximation
theorem. Inserting the identity in the inequality above we obtain

diag((psllxlpsll ® e ®pskkxkpskk)f (psllxlpslla AR 7pSkk-xkpSkk) X
(pnlxlpnl Q- ®pskkxkpskk)> .
Is|= (mod 1)

< ((pnlxlpnl ® - @ pradalpk)f (X1, -0 X)X

(Psi1X1Ps11 Dk XkPsik) sl (mod )
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and hence

diag((psll Q- ®pskk)f (psllxlpmh o 7pskk-xkpskk)(psll Q- ®pskk)) [E—

< ((Pnl®"‘®pzkk)f(xl>~-~7xk)(psll®"'®Pskk)) . .
|t|=Is|=j (mod1)

Because of (i) we obtain
f(psll-xlpslb e 7pskkxkpskk)

< (psll Q- ®pskk)f (psll-xlpnb e 7pskkxkpskk)(psll Q- ®pskk)

and consequently

dlag (f (Psllxlpslh AR 7I7skkxkpskk)) .
Is|= (mod 1)

<(oue o x)eme eng)
=|s|=j (mo

which is Jensen’s matrix inequality. We thus deduce, cf. Theorem 2.9 (iv) = (v), that

f is matrix convex of order (ny,...,n;). O

One may think that the preceeding theorem, which ensures matrix convexity of
f, could replace Theorem 2.6 which with similar conditions only imparts ordinary
convexity on f. However, it is essential in the proof of the preceeding theorem that f
is defined also on the axes, while this is not required in Theorem 2.6. This problem can
easily be overcome for functions of only one variable by making a small translation of
the matrix monotone function g. This remedy is not available for functions of several
variables, since the translation of the decomposition of an operator no longer is a
decomposition of the translated operator, cf. equation (2).

COROLLARY 2.12. Let g :10, oy [x - - - X]0, o4 [— R be a continuous real function.
If g is matrix monotone of some index (l,j) and order (Imny, ..., lmny) for a natural

number m and a k-tuple of natural numbers (ny, . ..,ny), then it is matrix monotone
of index (m,h) and order (ny,...,ng) for h=0,1,...,m— 1.

Proof. The real and continuous function f defined by
f(rl,...,rk) :rl---rkg(rl,...,rk) O<ri<o for i=1,...,k
is convex by Theorem 2.6. It therefore extends to a continuous function

S0, 0u[x - x [0, 4[— R,

and it follows that fN(rl, cooyik) <0 if r; =0 for some i = 1,...,k. The function
f is matrix convex of order (mny,...,mn;) by Theorem 2.11. The function g is thus
matrix monotone of index (m,h) and order (ny,...,n;) for h =0,1,...,m— 1 by

Theorem 2.10. [

COROLLARY 2.13. Let g :]0,04[x - - - x]0, og[— R be a continuous function. If
g is operator monotone of some index, then it is operator monotone of all indices.
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DEFINITION 2.14.  'We say that a continuous function g :]0, o [x - - - x]0, [~ R
is operator monotone, if it is operator monotone of some and hence operator monotone
of all indices.

Proof (of Theorem 1.2): The statement follows by combining Theorem 2.10,
Theorem 2.11 and Definition 2.14. [

The simplest example of operator convex functions satisfying the boundary condi-
tions in Theorem 1.2 are the negative constants. The function

glriy...,m) = 7r1_1~-~rk_1

defined in the first (open) quadrant is thus operator monotone, cf. also Corollary 2.7.
The set of operator monotone functions defined on a given domain is a weakly closed
convex cone, but the constant function g(ry,...,r;) = 1 is not operator monotone for
k > 2. This must indeed be so since the function (ry,7r,) — 7, is not convex.
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